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Preface

The bioheat and fluid flow focus of this volume of Advances in Numerical Heat 
Transfer is motivated by the marked upwelling of current interest in these subjects 
that are critical to human health. Progress in these areas requires both ingenious 
modeling and innovative numerical simulation. These issues are at the heart of 
the compilation of knowledge that has been assembled in this volume.

The 10 chapters that comprise Volume 3 range widely over both fundamen-
tals and applications. The modeling of thermal transport by perfusion within the 
framework of porous-media theory is the focus of Chapter 1. other perfusion 
models are reviewed and synthesized in Chapter 2. Chapter 3 reviews different 
forms of the bioheat equation that are appropriate to several thermal therapies, 
including laser irradiation. In contrast to the continuum tissue models of the 
preceding chapters, Chapter 4 focuses on thermal transport in individual blood 
vessels.

Thermal methods of tumor detection and treatment are described in Chapter 5.  
Lengthy surgeries may require waste extraction from the blood with concomi-
tant issues of blood heating and cooling, as exposited in Chapter 6. In Chapter 7, 
the enhancement of heat conduction in tumor tissue by intruded nanoparticles is 
demonstrated to improve the efficacy of thermal destruction of the tumor.

Although the current bioheat and fluid emphasis is on localized anato-
mies, whole-body thermal models remain of critical importance, as detailed in 
Chapter 8. overarching issues in the thermal treatment of cancer are the focus 
of Chapter 9. Chapter 10 is a detailed case study describing the thermal ablation 
of an enlarged prostate.

The editors were vastly aided in the creation of Volume 3 by Professor John P. 
Abraham, who served as guest editor. All the editors owe a profound debt of grati- 
tude to the editorial staff of Taylor & Francis Group for their splendid cooperation.

W. J. Minkowycz
E. M. Sparrow
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1
Synthesis of Mathematical Models 
Representing Bioheat Transport
K. Khanafer and K. Vafai

1.1 IntroductIon

The application of computational methods in modeling biological systems has 
been a topic of interest for various physicians and engineers. This interest stems 
from the rapid advancement of computational technology. Many medical opera-
tions have sought the help of engineering methods to ascertain the safety and to 
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2 K. KHANAFER AND K. VAFAI

determine the risk levels involved in any surgery. Further, the accurate descrip-
tion of the thermal interaction between vasculature and tissues is essential for 
the advancement of medical technology in treating fatal diseases such as tumors 
and breast cancer. At present, mathematical models have been used significantly 
in the analysis of hyperthermia in treating tumors, cryosurgery, laser eye surgery, 
fetal-placental studies, and many other applications. For example, the success of 
hyperthermia treatment strongly depends on knowledge of the heat transfer pro-
cesses in blood-perfused tissues. As such, accurate thermal modeling is essential 
for effective hyperthermia treatment.

1.1.1 Hyperthermia

Hyperthermia treatment has been demonstrated effective as a cancer therapy 
in recent years. Its objective is to raise the temperature of pathological tissues 
above cytotoxic temperatures (41°C to 45°C) without overexposing healthy tis-
sues [1–4]. Conventional hyperthermia in conjunction with radiation has dem-
onstrated increased effectiveness in the treatment of certain types of cancer, such 
as those of liver metastases (the spread of a disease from one organ or part to 
another noncontiguous organ or part) [5–7]. Uniform temperature distributions 
are significant to achieve and maintain during hyperthermia treatment [8] since 
the use of temperatures above 55°C may directly destroy tissues through thermal 
coagulation, as was illustrated by Beacco et al. [9]. For safety consideration in 
clinics, it is essential to ensure necrosis (the death of living cells or tissues) of the 
total tumor cells within the desired volume of treatment while minimizing the 
thermal damage to healthy tissues surrounding the tumor. Temperature varia-
tions, which may be associated with the mechanisms of heat removal by the body 
and inadequate heating technologies, are often heterogeneous, and can lead to an 
undesired heating of the tissues, hot spots, and potential burning.

An important source of temperature nonuniformity is the presence of large 
vessels entering the heated volume and carrying blood at a low systemic tempera-
ture (37°C). Blood flow is found to have a profound influence on the efficiency of 
thermal therapy treatment. The design of delivered power devices and numer-
ous theoretical, experimental, and clinical studies have demonstrated that large 
blood vessels may produce localized cooling regions within heated tissues during 
hyperthermia treatment [10–15]. Thus, for process control, it is essential to obtain 
a temperature field of the entire treatment region in order to deliver an adequate 
amount of energy to the treatment target volume and raise its minimum temper-
ature above 42°C, while controlling the temperatures in the normal tissue to pre-
vent damage. Since it is important to determine accurately the temperature field 
over the entire affected region, many numerical and experimental methods have 
been developed to solve the bioheat equation. Tang et al. [16] and Dai et al. [17]  
developed a numerical method for obtaining an optimal temperature distribu-
tion in a triple-layered skin structure embedded with two countercurrent, multi-
level blood vessels: an artery and a vein. The authors concluded that their results 
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  SyNTHESIS oF MATHEMATICAL MoDELS REPRESENTING BIoHEAT TRANSPoRT 3

could be useful for certain types of hyperthermia cancer treatments, such as for 
skin cancer.

He et al. [18] developed a two-dimensional (2D) finite element thermal model 
of a human breast with a tumor to study the variation of the blood perfusion 
rate and distribution of oxygen partial pressure (Po2) in human tumors. Laser 
irradiation was used as an adjunct method in the treatment of cancer. The blood 
circulation inside the breast was modeled using one-dimensional nonlinear equa-
tions of pulsatile fluid flow. The distribution of Po2 inside the capillaries, tumor 
vessels, and surrounding tissue was obtained by the Krogh analysis model (the 
Krogh model predicts a biphasic relationship between o2 delivery and the rate 
of o2 uptake per unit tissue volume). Shih et al. [19] used the explicit finite dif-
ference method to solve the transient equation for the temperature field within a 
perfused tumor tissue encompassing a blood vessel in an axisymmetric configu-
ration during thermal therapy. Their results illustrated that short-duration high-
intensity heating was more effective for treating a tumor with a blood vessel of 
200 µm or less diameter, while neither longer heating duration nor higher heat-
ing power density was sufficient for complete necrosis of a tumor with a blood 
vessel with a diameter larger than 2 mm. Zhou and Liu [20] developed a three-
dimensional (3D) time-dependent heat transfer model coupled with the Navier-
Stokes equation-based blood flow model to solve for temperature distributions 
in laser-irradiated tissues embedded with large blood vessels and the flow field 
within the vessels. A better understanding of the role of a large vessel in laser-
induced thermotherapy (LITT) was obtained.

Khanafer et al. [21] conducted a numerical study to determine the influence 
of pulsatile laminar flow and heating protocol on the temperature distribution 
in a single blood vessel and tumor tissue receiving hyperthermia treatment 
using physiological velocity waveforms. Their results showed that the presence 
of large vessels had a significant effect on temperature distributions. Further, a 
uniform heating scheme was found to generate larger temperatures compared to 
the pulsed heating scheme, which may induce areas of overheating (beyond the 
therapeutic regions) that could damage normal tissues (Figure 1.1).

Craciunescu and Clegg [22] analyzed the effects of pulsating blood flow on 
the temperature distribution of a heated tissue. They found that the pulsation 
of blood flow rate yields an obvious change of the energy transport between the 
vessel wall and the blood flow within large blood vessels. Their results were based 
on the assumption that the vessel wall was a perfect thermal sink.

1.1.2 Bioheat Transfer in the Human Eye

With the growing interest in the bioengineering field, the area of ophthalmol-
ogy, in particular laser eye surgery, has become better known in the last 20 years 
[23]. This field has gained increasing popularity with the advancement of com-
putational technology. The popular employment of laser technology for surgical 
applications has given rise to a new area of burn studies, that is, the change in 
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4 K. KHANAFER AND K. VAFAI

temperature of the bio-organ associated with the absorption of high-intensity 
irradiation of light. As early as the 1960s, when lasers were first introduced in 
the medical field, there was immediate concern over the potential of incurring 
injury to the eye owing to the absorption of energy causing elevated tempera-
tures. Injury to the eye can be severe when the blood flow cannot regulate the 
heat loading within the ocular tissues. The tissues most vulnerable in the eye are 
the cornea and the aqueous humor, as the infrared radiation raises the overall 
temperature of the aqueous eye [23,24]. Invasive or direct-contact techniques ini-
tially used in measuring the eye temperature are now confined to animal experi-
ments due to the damaging nature of the test procedures [25]. The application of 
military technology in medical sciences has a way for measuring human body 
temperature utilizing infrared imaging. Infrared (IR)-imaging techniques have 
been widely used in measuring the temperature of the eye ever since. The human 
eye is very sensitive, and any direct contact with foreign objects is intolerable. 
Computational modeling of the human eye is thus very important for estimating 
the eye temperature during an eye procedure. A mathematical model can be use-
ful for the doctors in enabling them to optimize their surgical protocol. This will 
lead to a reduction in intraocular tissue thermal damage.

ooi et al. [26] used the boundary element method to analyze the 2D steady-
state bioheat model of the human eye. The human eye was modeled as compris-
ing four distinct homogeneous regions. The boundary condition on the outer 
surface of the cornea was nonlinear due to heat radiation. An iterative approach 
was used to treat the nonlinear heat radiation term. The authors showed that the 
calculated heat flux results were more accurately obtained using the boundary 
element method than the finite element method on the corneal surface. Ng and 
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Figure 1.1 Influence of the heating protocol on the temperature distribution at various flow conditions. 
(Reprinted from Khanafer et al. [21]. With permission from Elsevier.)
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  SyNTHESIS oF MATHEMATICAL MoDELS REPRESENTING BIoHEAT TRANSPoRT 5

ooi [27] developed a 2D finite element model to simulate the thermal steady-state 
conditions of the human eye based on the properties and parameters reported in 
the open literature. Their results were verified against previous studies on human 
as well as animal eyes. Their results compared favorably with images from IR 
screening and another finite element model. Extending earlier work, Ng and ooi 
[28] also developed a 3D model of the human eye to simulate the steady-state 
temperature distribution during standard conditions and during electromag-
netic (EM) wave radiation. Their results were in good agreement with the experi-
mental results in the open literature.

A mathematical model of the human eye based on the bioheat transfer equa-
tion was developed by Scott [29]. The intraocular temperature distribution was 
calculated using the Galerkin finite element method. A mathematical model to 
predict the temperature distribution within the human eye when subjected to 
a laser source was presented by Chuak et al. [30]. The model was developed by 
employing the Pennes bioheat transfer equation. The intraocular temperature 
distributions were calculated using the finite volume method. To compute the 
intraocular temperature distribution, Amara [31] presented a thermal model of 
the human eye exposed to laser irradiation. The physical system was described by 
a set of partial differential equations consisting of the heat equation that included 
the laser heat source, and the boundary and initial conditions. The analytical sys-
tem was transformed to an integral formulation where a Galerkin function was 
applied. The results illustrated that decreasing the laser wavelength increases the 
adverse effects on the eye. This was due to the production of higher temperatures 
that can lead to the denaturation of the ocular tissues.

Long-term industrial exposure to low levels of infrared radiation has for many 
years been associated with the development of cataracts, which is considered 
to be a thermally related injury. A finite element model of the human eye was 
employed to calculate the temperature rise experienced by the intraocular media 
when exposed to infrared radiation [32]. The model was used to calculate tran-
sient and steady-state temperature distributions for various exposure times and a 
range of incident irradiances. The effect of the eye’s natural cooling mechanisms 
on the heating was investigated. Hirata et al. [33–35] applied the finite difference 
time domain method to study the temperature rise in the human eye exposed to 
electromagnetic waves. Hirata [33] investigated the effect of frequency, polariza-
tion, and angle of incidence of an electromagnetic (EM) wave on the specific 
absorption rate (SAR) and maximum temperature increase in the human eye at 
900 MHz, 1.5 GHz, and 1.9 GHz. In particular, the temperature increase in the eye 
was compared for near-field and far-field exposures. The results illustrated that 
the SAR and temperature increase in the eye were found to be largely dependent 
on the separation between the eye and a source, and the frequency, polarization, 
and angle of incidence of the EM wave. Lagendijk [36] conducted measurements 
on rabbit eyes and used the results to predict the thermal properties of the rabbit 
eye using a finite difference method. The measured temperature at the cornea 
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6 K. KHANAFER AND K. VAFAI

surface was in good agreement with the calculated temperature using the finite 
difference method (FDM) mathematical model at the same location.

1.2 thermal models for Blood-Perfused tIssues

Heat transport in biological tissues, which is usually expressed by the bioheat 
equation, is a complicated process since it involves thermal conduction in tis-
sues, convection and perfusion of blood (delivery of the arterial blood to a capil-
lary bed in tissues), and metabolic heat generation. Therefore, several authors 
have developed mathematical models of bioheat transfer as extended and modi-
fied versions of the original work of Pennes [37], as reported by Charny [38] and 
Arkin et al. [39]. An example of the applications of the bioheat equation exists in 
the fetal-placental studies. The existence of a thermal gradient between fetal and 
maternal tissue has been considered a medical subject of research interest. This 
gradient is found to play a significant role in dissipating heat produced by the 
fetus during its metabolic processes. The magnitude of this temperature differ-
ence is determined by the fetal metabolic rate and the rate of heat exchange from 
fetal to maternal tissues [40–46].

Another example of the bioheat equation is related to the presence of the 
global system mobile (GSM) electromagnetic fields in the environment due to  
cellular phones and base stations, which have been causing increasing public con-
cern regarding the possible adverse health effects of these fields. Electromagnetic-
thermal analysis of human exposure to base station antenna radiation was 
presented by Poljak et al. [47]. The formulation was based on a simplified cylin-
drical representation of the human body. The electromagnetic analysis involved 
incident and internal field dosimetry, while the thermal model was based on 
the Pennes bioheat transfer equation for solving thermal processes inside the 
human body. In what follows, a concise summary of the pertinent thermal mod-
els and their limitations for blood-perfused tissues that best categorize different 
approaches in modeling the bioheat transfer is presented.

1.2.1 The Pennes Bioheat Equation

The Pennes model [37] was initially developed for predicting heat transfer in the 
human forearm. Due to the simplicity of the Pennes bioheat model (it assumes 
uniform thermal conductivity, perfusion rate, and metabolic heating), it was 
implemented in various biological research works such as for therapeutic hyper-
thermia for the treatment of cancer [48–50]. The equation that Pennes developed 
is expressed in its simplest form as

 
( ) ( )rc T

t
k T q qp t

t
t t p m

∂
∂

= ∇⋅ ∇ + +
 

(1.1)
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  SyNTHESIS oF MATHEMATICAL MoDELS REPRESENTING BIoHEAT TRANSPoRT 7

where r, , , ,c T kp t t and qm  are tissue density, tissue-specific heat, tissue tempera-
ture, tissue thermal conductivity, and uniform rate of metabolic heat generation 
in the tissue layer per unit volume, respectively. The heat transfer from the blood 
to the tissue, qp , is assumed to be proportional to the temperature difference 
between the arterial blood entering the tissue and the venous blood leaving the 
tissue. This quantity is presented as

 q c T Tp b b a in v out= -ωr ( ), ,  (1.2)

where Ta in,  and Tv out,  are the temperature of the blood upon entering and leaving 
the tissue via the arteriole–venule network, respectively; rb  is the blood density; 
cb is the blood-specific heat; and ω is the volumetric rate of blood perfusion in  
the tissue per unit volume. The Pennes model assumed thermal equilibrium 
between the venous blood and the tissue temperatures (i.e., T Tv out t, ),= yielding 
the familiar Pennes perfusion heat source term:

 q c T Tp b b a in t= -ωr ( ),  (1.3)

1.2.2 Wulff Continuum Model

Due to the simplicity of the Pennes model, many authors have looked into the 
validity of the assumptions used to develop the Pennes bioheat equation. Wulff’s 
study [51] was one of the first that questioned the assumptions of the Pennes 
model. Wulff [51] assumed that the heat transfer between flowing blood and tis-
sue should be modeled to be proportional to the temperature difference between 
these two media rather than between the two bloodstream temperatures (i.e., the 
temperature of the blood entering and leaving the tissue). Thus, the energy flux at 
any point in the tissue should be expressed by

 q k T ht t b b h= - ∇ + r v  (1.4)

where vh  is the local mean blood velocity and Tt  is the tissue temperature. The 
specific enthalpy of the blood hb , which accounts for both the sensible enthalpy 
plus the enthalpy of reaction, is given by

 

h c T dT P Hb b b b

T

T

b
f

o

b

= + + -∫ ( ) ( )* *

r
fD 1

 

(1.5)

where P  is the system pressure, DH f  is the enthalpy of formation of the meta-
bolic reaction, and f  is the extent of reaction, respectively. To and Tb are the 
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8 K. KHANAFER AND K. VAFAI

reference and blood temperatures, respectively. Thus, the energy balance equa-
tion can be written as

r r rc T
t

q k T h k T cp
t

t t b b h t t b h b
∂
∂

= -∇• = -∇• - ∇ + = ∇• ∇ -( )v v (( )

( )

* *T dT

P H

b b

T

T

b
f

o

b

∫














+ + -














r
fD 1

 

(1.6)

Neglecting the mechanical work term ( / ),P br setting the divergence of the 
product ( )rb hv  to zero, and assuming constant physical properties, Equation 
(1.6) can be simplified as follows:

 
r r fc T

t
k T c T Hp

t
t t b h b b f

∂
∂

= ∇ - ∇ - ∇2 v ( )D
 

(1.7)

Since blood is effectively microcirculating within the tissue, it will likely be in 
thermal equilibrium with the surrounding tissue. As such, Wulff [51] assumed 
that Tb  is equivalent to the tissue temperature Tt . The metabolic reaction term 
( )r fb h fHv D ∇ is equivalent to qm ; therefore, the final form of the bioheat equation 
that was derived by Wulff [51] is

 
( ) ( )r rc T

t
k T c T qp t

t
t t b h t m

∂
∂

= ∇ - •∇ +2 v
 

(1.8)

The main challenge in solving this bioheat equation is in the evaluation of the 
local blood mass flux rb hv .

1.2.3 Klinger Continuum Model

Since the Pennes model [37] neglected the effect of blood flow inside the tissues, 
Klinger [52] considered the convective heat transfer caused by the blood flow 
inside the tissue. Taking into account the spatial and temporal variations of the 
velocity (v) and heat source, and assuming constant physical properties of tissue 
and incompressible blood flow, the modified Pennes model was expressed as

 
( ) ( )r rc T

t
c T k T qp t

t
b t t t m

∂
∂

+ •∇ = ∇ +v 2

 
(1.9)

1.2.4 Continuum Model of Chen and Holmes (CH)

Similar to the analysis of Wulff [51] and Klinger [52], the bioheat transfer analy-
sis of Chen and Holmes [53] is a microvascular model. The Chen and Holmes 
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(CH) model [53] assumes that the total tissue control volume is composed of 
the solid-tissue subvolume (Vs) and blood subvolume (Vb). Using a simplified 
volume-averaging technique, the energy balance equations for both the solid-
tissue space and vascular spaces can be written as follows:

Solid Phase

 
d rV c T

t
dQ dQ dQs s

s
ks bs m( ) ∂

∂
= + +

 
(1.10)

where ρs and cs are the solid-tissue density and specific heat, respectively; dVs 
is the differential volume of the solid phase; dQks  is the energy transferred by 
conduction; dQbs  is the heat gain from the blood subvolume; and dQm  is the 
metabolic heating energy.

The energy balance equation for the vascular space is similar to Equation (1.10) 
except with an additional term associated with the bulk fluid flow in this space:

Fluid Phase

 

d r rV c T
t

dQ dQ c T db b
b

kb bs b

S

( ) ( )∂
∂

= - + •∫ v s

 
(1.11)

where ρb and cb are the blood density and specific heat, respectively; dVb is the 
differential volume of the blood in the vascular space; dQkb  is the conductive 
contribution; and the integral term in Equation (1.11) denotes the energy transfer 
by convection as the blood flows across the surface area S  at velocity v. Therefore, 
the energy balance for the tissue space is derived by the addition of Equations 
(1.10) and (1.11) and division of the result by the total control volume dV , which 
yields the following:

 
( )rc T

t
q q qt

k m p
∂
∂

= + +
 

(1.12)

where ρ and c are

 
r ε r ε r= - +( )1 b s b b

 
and

 
c c cb s s b b b= - +1 1

r
ε r ε r[( ) ]

 
(1.13)

where εb  is the porosity of the tissue where blood flows and Tt  is the local mean 
tissue temperature expressed as

 
T

c
c T c Tt b s s b b b= - +1 1

r
ε r ε r[( )( ) ( ) ]

 
(1.14)

The quantity qk denotes the heat transfer by conduction per unit volume, qm is 
the metabolic heat generation per unit volume, and qp  is the perfusion energy 
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generated per unit volume. The total heat transfer by conduction per unit volume
( )qk  in the tissue control volume is expressed by

 
q Q Q

V
k Tk

ks kb
eff t= + = ∇• ∇

d
( )

 
(1.15)

where keff is the effective thermal conductivity of the combined tissue and vascu-
lar spaces. The effective thermal conductivity is written as

 k k keff b b b s= + -ε ε( )1  (1.16)

Since ε d
d

d
db

V
V

V
V

b b
s

= <<~ ,1 it follows that keff is independent of blood flow and 
equal to the conductivity of the solid tissue ( ).k keff s≅

In Wulff’s formulation [51], thermal equilibrium was assumed between blood 
and the solid-tissue medium at all locations within the control volume. However, 
Chen and Holmes [53] allowed for the blood within the tissue matrix to flow at 
a temperature different than the tissue temperature. Therefore, the convective 
heat transfer across the surface ( )qp due to blood flow was written as the sum of 
the perfusion heating term (originated by Pennes), a contribution proportional 
to local blood perfusion velocity as represented by the Wulff model [51], and a 
contribution due to the perfusion thermal conductivity. Thus, the perfusion term 
including all these terms is

 
q

V
c T ds c T T c Tp b b

S

b a s b p s= • ≅ - - •∇ + ∇∫1
d

r r ω rv v( ) ( ) ( )* * •• ∇k Tp s

 
(1.17)

where v p is the mean perfusion velocity; ω* is the total perfusion bleed-off to  
the tissue only from the microvessels, while the Pennes term ω includes bleed-off 
from all generations of the vasculature; Ta

*  is the blood temperature; and Ts is the 
solid-tissue temperature. Note that Ta

* is different from Ta (temperature of blood 
entering the tissue), which was used in the Pennes model; see Equation (1.2). The 
second term in Equation (1.17) is indicative of blood convective perfusion, and 
the third term on the right-hand side of Equation (1.17) indicates the enhance-
ment of thermal conductivity in a tissue due to the blood flow within microves-
sels (i.e., the thermal dispersion effect).

Therefore, the bioheat equation based on the Chen and Holmes [53] model can 
be written as

( ) ( ) ( ) ( ) ( )* *r r ω rc T
t

k T c T T cp t
t

eff t b a t b p
∂
∂

= ∇• ∇ + - - v ••∇ +∇• ∇ +T k T qt p t m
 

(1.18)

where Ts  is replaced by the volume-weighted continuum temperature ( ).Tt This is 
reasonable as long as εb <<1.
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1.2.5 The Weinbaum, Jiji, and Lemons (WJL) Bioheat Equation Model

Weinbaum and colleagues [54–56] modified the thermal conductivity in the 
Pennes equation by means of an “effective conductivity,” which is a function of 
the blood flow rate and vascular geometry. The modified bioheat equation was 
obtained based on a hypothesis that small arteries and veins are parallel and the 
flow direction is countercurrent, resulting in counterbalanced heating and cool-
ing effects. It should be noted that this assumption is mainly applicable within 
the intermediate tissue of the skin. Neglecting axial conduction, the artery and 
vein energy balances are written as

 
( ) ( ) ( )r π r πc d

ds
n a uT nq c an g Tb a a b a

2 2( ) = - -
 

(1.19)

 
( ) ( ) ( )r π r πc d

ds
n a uT nq c an g Tb b

2 2v v v( ) = - -
 

(1.20)

where qa  is the heat loss from the artery by conduction through its wall, qv  is 
the heat gain by conduction per unit length through the vein wall into the vein,  
Ta  and Tv are the bulk mean temperatures inside the blood vessel, n is the num-
ber of arteries or veins, u  is the mean velocity in either the artery or vein, a 
is the radius, and g  is the perfusion bleed-off velocity per unit vessel surface 
area. The second term on the right-hand side of Equation (1.19) indicates heat 
loss from the arterial blood due to perfusion bleed-off, while in Equation (1.20) 
it represents the heat gain by the venous blood from perfusion drainage. For an 
equal-size artery–vein pair, subtracting Equation (1.20) from Equation (1.19) 
yields

( ) ( )r π πc d
ds

n a uT d
ds

n a uT n q qb a v a v
2 2( )- ( )





= - - - (( ) ( )( )r πc ang T Tb a v2 -
 

(1.21)

where the first term on the right-hand side is the net heat transfer by conduction 
from the tissue into the paired vessels, and the second term is the net heat depos-
ited in the tissue due to the perfusion bleed-off. The first term on the left-hand 
side represents the total blood heat exchange in the countercurrent vessels and 
the surrounding tissue. This term can be balanced by conduction and metabolic 
heating as follows:

 
( ) ( )r π πc d

ds
n a uT d

ds
n a uT k Tb a v t t

2 2( )- ( )





= ∇• ∇ + qqm
 

(1.22)

If the continuity equation [ ( ) ]d
ds na u nag2 2= - is used, the second terms in the 

right-hand side of Equations (1.19) and (1.20) can be eliminated, yielding the 
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following equations:

 
q c a u dT

ds
q c a u dT

dsa b
a

v b
v= - = -( ) ( ) & ( ) ( )r π r π2 2

 
(1.23)

Therefore, the rate of the energy entering and leaving the tissue control vol-
ume can be expressed as

 
q q c a u d

ds
T Ta v b v- = -( ) ( ) [ ]r π 2

a
 

(1.24)

Thus, the final form of the bioheat equation can be obtained by substituting 
Equation (1.22) for the left-hand side of Equation (1.21) and substituting Equation 
(1.24) for the first term on the right-hand side of Equation (1.21) as

( ) ( ) [ ] ( ) ( )( ) (r π r πc n a u d
ds

T T c n a g T T kb a v b a v
2 2- - - = ∇• tt t mT q∇ +)

 
(1.25a)

or

 
( ) ( ) [ ] ( ) ( ) ( )r π r ωc n a u d

ds
T T k T c T Tb a v t t b a v

2 - = ∇• ∇ + ′ - ++ qm
 

(1.25b)

where ′ =ω π( ).n a g2 Equation (1.25) includes a perfusion bleed-off term that 
apparently resembles the Pennes perfusion term. This term is proportional to 
( )T Ta v- rather than ( ).T Ta t-

1.2.6 The Weinbaum-Jiji Bioheat Equation Model

Since both Ta  and Tv  are unknowns in Equation (1.23), the tissue temperature 
Tt cannot be determined. Therefore, Weinbaum and Jiji [57] derived a simplified 
single equation to study the influence of blood flow on the tissue temperature 
distribution. The mean tissue temperature can be approximated as

 
T T T

t
a v≅ +

2  
(1.26)

Thus, the magnitude of the difference ( )q qa v-  is much smaller than the mag-
nitude of either qa or qv . Moreover, Weinbaum and Jiji [57] assumed that the tis-
sue surrounding the vessel pair is a pure conduction region such that

 q q k T Ta v t a v≅ = -s ( )  (1.27)

where s is a geometrical shape factor given by

 
s π=

-cosh ( / )1 L as  
(1.28)
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The ratio ( / )L as indicates the ratio of the vessel spacing to vessel diameter. 
Equations (1.23), (1.26), and (1.27) are solved to obtain an equation for the artery–
vein temperature difference and the tissue temperature gradient by adding the 
qa  and qv  terms from Equation (1.23):

 
T T a u c

k
dT
dsa v

b

t

t- = - π r
s

2 ( )

 
(1.29)

Substituting Equation (1.29) in the original WJL model, Equation (1.25a), 
yields a new bioheat equation proposed by Weinbaum and Jiji [57] as follows:

 

n ak
k

Pe gPe
u

dT
ds

d
ds

a Pe dT
ds

b

t

t tπ
s s

2

4
2 - 











== ∇• ∇ +( )k T qt t m

 
(1.30)

where Pe  is the Peclet number; which is defined as Pe a c u
k

b
b

= 2 ( ) .r

Table 1.1 illustrates a summary of variants within the previously discussed 
models.

1.3 mathematIcal modelIng of BIoheat 
equatIon usIng Porous-medIa theory

1.3.1 Energy Equation

Although Pennes’s bioheat equation is considered to be a useful model to predict 
temperature distribution in the human body due to its simplicity, it is still ques-
tionable. Based on the previous section, one can note that the summarized bio-
heat transfer models in Table 1.1 are extended or modified versions of the original 
work of Pennes’s model. They were based on improving the main flaws of Pennes’s 
equation. An accurate description of the thermal interaction between vasculature 
and tissues is essential for the advancement of medical technology through effec-
tive modeling of arteries, tissues, and organs. Therefore, it is crucial to develop a 
more robust bioheat model that incorporates the effects of blood thermal disper-
sion, porosity variation, effective tissue conductivity, and effective tissue capaci-
tance, and a more precise representation of the heat exchange between the blood 
and the tissue. Since the compound matrix of tissues, arteries, veins, and capil-
lary tubes can be considered as a porous medium, porous media theory is very 
well suitable for developing a rigorous model of a bioheat equation.

Transport phenomena in porous media have received continuing interest 
in the past five decades. This interest stems from their importance in many 
industrial and clinical applications [58–60]. Examples include computational 
biology, tissue replacement production, drug delivery, advanced medical imag-
ing, porous scaffolds for tissue engineering, and transport in biological tis-
sues [61–65]. Porous media theory may also be utilized in biosensing systems 
[66–69]. Some aspects of transport in porous media were also discussed in the 
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Table 1.1 Analysis of Variants within Bioheat Transfer Models

Model Transient Term Conduction Term Perfusion Term Metabolic Heat Source
 

Generala ( )rc T
tp t

t∂
∂

∇• ∇( )k Teff t qp qm

Pennes ( )rc T
tp t

t∂
∂

k Tt t∇2 ( ) ( ), ,r ωc T Tb a in v out- qm

Wulff ( )rc T
tp t

t∂
∂

k Tt t∇2 - ∇( )rc Tb h tv r fb h fHv D ∇

Klinger ( )rc T
tp t

t∂
∂

k Tt t∇2 - ∇( )rc Tb tv qm

Chen and Holmes ( )rc T
tp t

t∂
∂

∇• ∇( )k Teff t

- •∇ + -

+∇• ∇

( ) ( ) ( )

( )

* *r r ωc T c T T

k T

b p t b a t

p t

v
qm

Weinbaum, Jiji,  
and Lemons

NA ∇• ∇( )k Tt t

( ) ( )( )

( ) ( ) [ ]

r π

r π

c n a g T T

c n a u d
ds

T T

b a v

b a v

2

2

-

- -
qm

Weinbaum and Jiji NA ∇• ∇( )k Tt t
n ak

k
Pe gPe

u
dT
ds

d
ds

aPe dT
ds

b

t

t tπ
s s

2

4
2- + 











qm

 
a

 
( ) ( ) .rc T

t
k T q qp t

t
eff t p m

∂
∂

= ∇• ∇ + +
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two editions of the Handbook of Porous Media [69,70] and in Hadim and Vafai 
[71] and Vafai and Hadim [72]. Complicated and interesting biomedical aspects 
can be modeled using the porous media concept. Xuan and Roetzel [73,74] uti-
lized the porous media approach to model a tissue–blood system composed 
mainly of tissue cells and interconnected voids that contain either arterial or 
venous blood. The thermal energy exchange between the tissue and blood was 
modeled using the principle of local thermal nonequilibrium as described in 
the works of Amiri and Vafai [75,76]; Alazmi and Vafai [77]; Lee and Vafai [78]; 
Vafai and Sozen [79–81]; and Sozen and Vafai [82,83]. Thus, two energy equa-
tions were derived that represent the blood phase and the solid matrix phase, 
as given below:

Blood Phase

 
ε r( )c T

t
V T T hb

b
b b

b
a b∂ < >

∂
+ < > ⋅∇ < >



 = ∇⋅ ⋅∇ < >( )+

�
k bbs

s bT T[ ]< > - < >
  

  (1.31)

Solid Matrix Phase

( )( ) [ ]1- ∂ < >
∂

= ∇⋅ ⋅∇ < >( )- < > - < > +ε rc T
t

T h T Ts

s

s
a s

bs
s bk (( )1- ε qm

 
(1.32)

where < > < > < >T T Vb s
b
a

s
a, , , ,k k b

�
and hbs , and ε are the local volume-averaged 

arterial blood temperature, local volume-averaged solid-tissue temperature, blood 
effective thermal conductivity tensor, solid-tissue effective thermal conductivity 
tensor, blood velocity vector, and interstitial convective heat transfer coefficient, 
respectively. The interstitial convective heat transfer coefficient is a function of 
blood velocity and properties and geometric structure of the solid phase. The heat 
exchange between the blood and the tissue is expressed as h T Tbs

s b[ ].< > - < >  
For isotropic conduction, the effective thermal conductivity kb

a  of blood and 
solid tissue k s

a can be expressed as

 k kb
a

b b
t

s
a

s= + = -ε εk k kand ( )1  (1.33)

where kb
t  is the thermal dispersion conductivity. The concept of thermal disper-

sion is well established in the theory of porous media as presented in the works 
of Amiri and Vafai [75,76]. Due to insufficient knowledge about the thermal and 
anatomic properties of tissue, the velocity field of the blood, and interstitial con-
vective heat transfer coefficients, the local thermal equilibrium model represents 
a good approximation for determining the temperature field in applications 
involving small-sized blood vessels ( ).ε <<1 This implies that blood flowing in 
these small vessels will be completely equilibrated with the surrounding tissue. 
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Therefore, Equations (1.31) and (1.32) reduce to the following equation [21,85]:

 

( ) ( )( ) ( )r ε ε r ε rc c T
t

c V Tb s b
b+ - 

∂ < >
∂

+ < > ⋅∇ < > = ∇1
�

k ss
a

b
a

m

T

q

+( )⋅∇ < > 

+ -

k

( )1 ε
  

  (1.34)

The second term on the left-hand side of Equation (1.34) represents the heat 
transfer due to the blood perfusion. Note that the perfusion source term in the 
Pennes model was derived based on a uniform blood perfusion assumption and 
was equal to ωrb b a in v outc T T( )., ,- The representation of the blood perfusion in 
Equation (1.34) is more consistent with representation in the Klinger and Wulff 
models. In hyperthermia applications, tissue may absorb energy from an external 
source such as electromagnetic or ultrasonic radiation, and, therefore, another 
heat source term should be added to the right side of Equation (1.34) as follows:

 

[( ) ( )( ) ] ( )r ε ε r ε rc c T
t

c V Tb s b
b

s
a+ - ∂ < >

∂
+ < > ⋅∇ < > = ∇1

�
k ++( )⋅∇ < > 

+ - + -

kb
a

m h

T

q q( ) ( )1 1ε ε   
  (1.35)

Table 1.2 and Table 1.3 summarize the previously discussed bioheat transfer 
models in this work.

Table 1.2 Main Characteristics of Bioheat Models Using the Porous Media Approach

Bioheat Model Main Characteristics
 

Porous media model (local thermal 
equilibrium principle)a

This model modifies the Pennes equation by accounting for the 
following effects:

Variable tissue porosity
Effective tissue conductivity
Effective tissue capacitance
Blood dispersion

Porous media model (local thermal 
nonequilibrium principle)b

This model requires more knowledge about the thermal and 
anatomic properties of the tissue, the velocity field of the 
blood, and interstitial convective heat transfer coefficients.

This model considers the following effects:
Variable tissue porosity
Blood dispersion
Effective tissue conductivity
Effective tissue capacitance

 
a Amiri and Vafai [75,76]; Marafie and Vafai [84].
b Amiri and Vafai [75,76]; Alazmi and Vafai [77]; Lee and Vafai [78]; Vafai and Sozen [79–81]; Sozen 

and Vafai [82,83].
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Table 1.3 Main Characteristics of Bioheat Models Using a Simplified Approach

Bioheat Model Assumptions Main Characteristics
 

Pennes [37] Uniform physical properties and 
metabolic heating

Simple model

Heat transfer from the blood to the 
tissue is proportional to the 
temperature difference between the 
arterial blood entering the tissue and 
the venous blood leaving the  
tissue

Not valid for all tissues

Wulff [51] Thermal equilibrium between flowing 
blood and the surrounding tissue

Modified version of the Pennes 
model

Uniform mean blood velocity inside the 
tissue

Klinger [52] Constant physical properties Considers the convective heat 
transfer caused by the blood flow 
inside the tissue

Considers the spatial and temporal 
variations of the velocity field and 
heat source

Chen and Holmes 
[53]

Utilized two separate volumes: one for 
solid tissue and one for blood in the 
vascular space

The total heat transfer by 
conduction relates to heat 
transfer by conduction in the  
solid tissue and in the vascular 
space

The total perfusion term 
corresponds to the effect of  
blood flow on tissue temperature 
around large vessels, heat 
transfer that takes place as a 
result of the blood flow, and heat 
transfer due to the small 
temperature changes 
(microvessels)

Introduce perfusion conductivity 
tensor in the bioheat equation.

Allows for the blood within the 
tissue matrix to flow at a 
temperature different than that of 
the tissue temperature

 
(Continued )

© 2009 by Taylor & Francis Group, LLC



18 K. KHANAFER AND K. VAFAI

1.3.2 Mathematical Model of Velocity Field and Macromolecule 
Transport within the Arterial Wall and Arterial Lumen

In order to solve Equations (1.31), (1.34), and (1.35), the velocity distribution within 
a tissue should be determined first. Khanafer et al. [21] modeled the arterial wall 
as a homogeneous porous medium. The velocity distribution within the tissue was 
determined using the volume-averaged governing equations of porous media cou-
pled with the velocity field in the blood vessel. Vafai and coworkers [61–65] had 
developed a new fundamental and comprehensive four-layer model for the descrip-
tion of the velocity field and mass transport in the arterial wall coupled with the 
velocity field and mass transport in the arterial lumen. The endothelium, intima, 
internal elastic lamina (IEL), and media layers were all treated as macroscopically 
homogeneous porous media and mathematically modeled using proper types of 
the volume-averaged porous media equations, with the Staverman filtration and 
osmotic reflection coefficients employed to account for selective permeability of 
each porous layer to certain solutes. The typical anatomical structure of an arterial 
wall is shown schematically in Figure 1.2.

1.3.2.1 Lumen

Assuming incompressible and Newtonian fluid flow, blood flow in the arterial 
lumen was modeled using Navier-Stokes and continuity equations as follows:

 ∇⋅ =
�

V 0  (1.36)

 

∂
∂

+ ⋅∇ = - ∇ + ∇
�

� � �V
t

V V P V1 2

r
ν

 
(1.37)

Table 1.3 Main Characteristics of Bioheat Models Using a Simplified Approach (Continued)

Bioheat Model Assumptions Main Characteristics
 

Weinbaum, Jiji, 
and Lemons 
[54–56]

Based on a hypothesis that small 
arteries and veins are parallel and the 
flow direction is countercurrent, 
resulting in counterbalanced heating 
and cooling effects

Coupled energy equations for 
artery–vein pair and tissue

Isotropic blood perfusion between the 
countercurrent vessels

Utilizes the effective conductivity

Weinbaum and Jiji 
[57]

The mean tissue temperature is 
approximated by an average 
temperature of the bulk mean 
temperatures inside the blood vessel

Valid when arteries and veins are 
close, leading to negligible blood 
perfusion effects

Assumes that the tissue around the 
vessel pair is a pure conduction region

Utilizes the effective conductivity

 

© 2009 by Taylor & Francis Group, LLC



  SyNTHESIS oF MATHEMATICAL MoDELS REPRESENTING BIoHEAT TRANSPoRT 19

The concentration field in the arterial lumen is computed using the mass 
transport equation:

 
∂
∂

+ ⋅∇ = ∇c
t

V c D c
�

2

 
(1.38)

1.3.2.2 Endothelium and Internal Elastic Lamina

The endothelium and IEL were modeled as biological porous membranes [61–65]. 
The Staverman filtration and osmotic reflection coefficients were employed to 
account for selective rejection of species by the membranes and for the effects of 
osmotic pressure. The volume-averaged governing equations were given by

 ∇⋅< > =
�

V 0  (1.39)

 
r
ε

m
ε

m s∂ < >
∂

= -∇ < > + ∇ < > - < > + ∇ < >
�

�
�

V
t

p V V
K

R T cf
u d

2

 
(1.40)

 
∂ < >

∂
+ - < > ⋅∇ < > = ∇ < >c

t
V c D cf e( )1 2s
�

 
(1.41)
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Figure 1.2 Schematic illustration of the geometric artery wall. (Reprinted from Yang and Vafai [62]. 
With permission from Elsevier.)
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where K  is the permeability, and De  is the effective macromolecule diffusivity 
in the medium. The symbol < >  denotes the local volume average of a quantity 
[86,87], and the superscript f  refers to the local volume average inside the fluid. 
The parameters s f  and sd  are the Staverman filtration and osmotic reflection 
coefficients (to account for the selective permeability of biological membranes to 
certain solutes), respectively; T  is the absolute temperature of the medium; and 
Ru  is the universal gas constant.

1.3.2.3 Intima and Media

The intima and media were also modeled as macroscopically homogeneous 
porous media. Since the layers comprising the arterial wall are selectively per-
meable to certain species such as low-density lipoprotein (LDL), the Staverman 
filtration reflection coefficient has to be introduced here as well to account for 
this effect. The osmotic effect in the transport modeling is not included in this 
part since the maximum osmotic pressure gradient in the media layer is far below 
the hydraulic pressure gradient [88]. Therefore, the volume-averaged governing 
equations of the intima and media layers are as follows [61–65]:
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where k is the effective volumetric first-order reaction rate coefficient. Table 1.4 
shows various momentum equations used in modeling flow in the arterial wall. 
yang and Vafai [62] presented an analytical solution for a robust four-layer porous 
model for description of the LDL transport in the arterial wall coupled with the 
transport in the lumen. The analytical results were found consistent with the 
numerical data for different physiological conditions, as depicted in Figures 1.3 
and 1.4.

1.4 conclusIons 

Most of the previous studies in the literature have assumed rigid walls for the 
arteries, Newtonian blood flow, and steady flow when analyzing flow and heat 
transfer characteristics in human tissues. Proper analysis of the arterial wall is 
critical in accurate modeling of arterial transport. This must be done through 
the use of a multilayer model that accounts for various physical attributes of the 
vessel and interfacial aspects between the layers. The multilayer model describes 
the arterial anatomy most accurately. In this model, the arterial wall is composed 
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Table 1.4  Momentum Equations Using the Modeling Flow in the Arterial Wall
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Figure 1.3 Calculated species profiles across the intima, IEL, and media layers. (Reprinted from Yang 
and Vafai [62]. With permission from Elsevier.)
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of four porous layers with different physiological characteristics. The multilayer 
model requires a number of transport parameters (properties) for each layer and 
in return provides an accurate profile for macromolecule distribution across the 
arterial wall, illuminating the role and behavior of each porous layer in the trans-
port of macromolecules across the arterial wall. Another important factor in the 
accurate modeling of arterial transport is the use of a proper set of governing 
equations that take into account the dominant processes involved in the trans-
port phenomenon. The Staverman filtration and osmotic reflection coefficients 
must be included to account for the selective rejection of species by the endothe-
lium and IEL porous membranes as well as the effects of osmotic pressure.

The interaction between blood flow and wall can involve a wide range of flu-
id-mechanical phenomena. When blood flows through the lumen, the flow may 
deform the arterial walls and consequently alter the properties of the wall, which 
in turn affect flow and heat transfer characteristics in the lumen and arterial 
wall. Also, it will be beneficent to consider variations in the porosity and per-
meability of an arterial wall in future studies. In addition, the variations in the 
physical properties of the arterial walls such as young’s modulus and Poisson’s 
ratio can be considered in future studies since the materials of the walls are 
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Figure 1.4 Calculated filtration velocity profiles at the lumen endothelium interface along the axial 
direction. (Reprinted from Yang and Vafai [62]. With permission from Elsevier.)
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nonlinear and nonhomogeneous. However, these variations at this time cannot 
be properly described due to lack of pertinent data. For an accurate analysis of 
heat transfer during a hyperthermia procedure in the treatment of fetal diseases 
such as tumors, the porous media approach is highly recommended in order to 
deliver the required amount of heat source to the target volume of cancer without 
destroying the surrounding healthy tissues. This is because the porous media 
approach takes into account many pertinent effects that were neglected or simpli-
fied in the existing bioheat equations. Therefore, the mathematical models based 
on the porous media approach presented in the previous section are applicable in 
various biomedical applications such as laser eye surgery.

nomenclature

 a: radius
 c: concentration
 cb: blood-specific heat
 cp: tissue-specific heat
 cs : solid-specific heat
 De : effective macromolecule diffusivity in the medium
 g: perfusion bleed-off per unit vessel surface area
 DH f : specific enthalpy of the metabolic reaction
 hb : specific enthalpy of the blood
 hbs: interstitial convective heat transfer coefficient
 K : permeability
 kb

a: blood effective thermal conductivity tensor
 keff : effective thermal conductivity
 k s

a: solid-tissue effective thermal conductivity tensor
 kt : tissue thermal conductivity
 n: number of arteries or veins
 P : system pressure
 Pe: Peclet number
 qa : heat loss from the artery by conduction through its wall
 qk : heat transfer by conduction per unit volume
 qm: rate of metabolic heat generation in the tissue layer per unit 

volume
 qp: heat transfer from the blood to the tissue
 qv : heat gain by conduction per unit length through the vein wall into  

the vein
 Ru: universal gas constant
 Ta in, : temperature of the blood entering the tissue
 Ta

*: blood temperature in the vascular space
 Tb : temperature of blood
 < >T b : local volume-averaged arterial blood temperature
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 To: reference temperature
 Ts : solid temperature
 < >T s : local volume-averaged solid tissue temperature
 Tt : tissue temperature
 Tv out, : temperature of the blood leaving the tissue
 < >
�

V b: blood velocity vector
 vh : local mean blood velocity
 v p : mean perfusion velocity

greek symBols

 r: tissue density
 rb: blood density
 ρs: solid-tissue density
 ω: volumetric rate of blood perfusion in the tissue per unit volume
 ω*: total perfusion bleed-off to the tissue only from the microvessels
 f: extent of reaction
 ε: porosity
 s: geometrical factor
 sf: osmotic reflection
 sd: Staverman filtration
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2.1 IntroductIon

This chapter reviews the numerical methods used to predict temperatures in 
perfused tissues for temperatures just above or below normal body tempera-
ture where the effects of phase change are unimportant. our emphasis is on the 
effects of blood flow that make tissue different from a simple conducting solid. 
The range of temperatures considered covers those for thermal therapies such as 
hyperthermia treatment (seeking temperatures from 43°C to 50°C) and moder-
ate forms of thermal ablation that exceed this range but neither char nor boil 
away tissue. Likewise, cooling will be discussed, but little emphasis will be given 
to tissue freezing. The reader is directed elsewhere [1–3] for information on these 
topics.

Heat transfer in perfused tissues is shaped by processes on many scales from 
the nanoscale of cell membranes and organelles through the macroscale of the 
organism as a whole. For most clinical applications, the scales of most interest 
range from that of the smallest blood vessels, the capillaries, with dimensions of 
several microns through those of specific anatomical structures such as organs 
measuring several centimeters or more. Between these two limits, the intended 
purpose of the model will be a major factor in deciding whether a blood ves-
sel will need to be considered individually or whether its effects might be mod-
eled collectively with those of numerous other vessels. For example, the question 
of whether underheating during hyperthermia treatment occurs near a 2 mm 
diameter blood vessel will likely include a geometric description of the vessel, 
its blood flow, and the local heating pattern, whereas a question of whether the 
same hyperthermia treatment will increase the average temperature in the same 
or an adjacent organ might be addressed with a continuum model of the vicinity 
of the heat source. Such a model would likely include the net effects of blood flow 
in each organ, but would not represent individual blood vessels. Between these 
two extremes, a question of whether there might be a small fraction of tissue 
within an organ that is underheated due to numerous blood vessels measuring a 
few hundred microns in diameter or smaller will require a model that links the 
vascular scale to the organ scale.

The formulation of suitable continuum models that account for the effects of 
many blood vessels in a collective sense has been a lively subject of debate for 
many decades. While some such models have been proposed on purely empirical 
grounds, the goal of putting these models on a firm theoretical foundation has 
spurred efforts to model heat transfer due to numerous blood vessels in realistic 
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geometrical arrangements. In the following sections, we will review the basic 
physics of heat transfer in perfused tissues and the most widely used approaches 
to account for the thermal effects of blood flow in individual vessels or collections 
of vessels.

2.2 BasIc concePts

The most common formulation of heat transfer in perfused tissue begins with a 
division into two subvolumes that share an internal boundary, the vascular wall. 
Inside the vessel walls, the blood subvolume contains liquid blood moving under 
the action of the upstream pressures produced in the heart (and to a lesser extent 
by smooth muscle in the vascular wall). The surrounding tissue subvolume is 
considered to be a solid through which no flow occurs. For heat transfer pur-
poses, the small quantity of interstitial flow that arises from permeability of the 
vessel walls is generally neglected.

Heat transfer in the tissue subvolume is represented by a standard heat con-
duction equation as follows [4]:

 
∇⋅ ∇ + ′′′ = ∂

∂
k T t q t c T t

tt t t t t
t( , ) ( , ) ( , )r r rr

 
(2.1)

where Tt  is the local tissue temperature, kt  is the thermal conductivity of the 
tissue, ′′′qt  is the rate of volumetric heat generation from metabolism or external 
sources, rt  is the tissue density, and ct  is the tissue specific heat. The material 
properties are effective values averaged over any heterogeneities that exist on the 
cellular scale. In the blood subvolume, heat transfer may occur by advection as 
well, yielding the following [4]:

 
∇⋅ ∇ - ⋅∇ + ′′′ =k T t c t T t q tb b b b b b b( , ) ( , ) ( , ) ( , )r r r rr rub cc T t

tb
b∂
∂
( , )r

 
(2.2)

where ub  is the local blood velocity and all other parameters pertain to the local 
properties of the blood. Potential energy, kinetic energy, and viscous dissipation 
effects are typically negligible in living tissue.

The blood vessel walls form the internal boundary between the tissue and 
blood subvolumes. on this surface, we expect a continuity of heat flux:

 k T t k T tb b b t t b∇ = ∇( , ) ( , )r r  (2.3)

and temperature:

 T t T tb b t b( , ) ( , )r r=  (2.4)

where rb  represents points on the vessel wall.
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Determining the geometry and velocity field inside a single, particular blood 
vessel is a challenging but tractable problem, but the major obstacle in modeling 
perfused tissues is that the total number of blood vessels in even a cubic cen-
timeter of tissues can number 10,000 or more with the vascular architecture 
being extraordinarily complex and specific to each organ. The issue then is not 
with merely formulating the coupled convection–advection problem above, but 
with having adequate information on the blood velocity and the geometry of the 
boundary linking the tissue and blood subvolumes. In Section 2.2.1, we review 
some of the basic approaches used to model heat transfer to individual blood ves-
sels when they are well characterized, followed by discussion of the continuum 
models used to represent large numbers of vessels collectively.

2.2.1 Heat Transfer to Blood Vessels

Inside each blood vessel, the heat transfer problem is generally a question of how 
the temperature of the blood changes along the length of the vessel as heat is 
exchanged with the surrounding tissue. Figure 2.1 shows the immediate sur-
roundings of a typical blood vessel. Each vessel is assumed to be surrounded by 
similar vessels so that the outer surface of the tissue cylinder forms an approxi-
mate boundary of symmetry with adjacent tissue cylinders. The tissue surround-
ing each vessel can be expected to include capillaries or other small vessels, but 
most analyses of individual blood vessels neglect advective effects from blood ves-
sels on a smaller scale. A full transient analysis of a typical blood vessel is readily 
accomplished, but the focus in here is on steady-state processes. This is justifiable 

S

Figure 2.1 Geometry near a typical blood vessel. The shaded area represents the approximate 
circular area of solid tissue over which averaging is done to determine the local average tissue tem-
perature. The diameter of the tissue cylinder ranges from 10 to 40 times the diameter of the blood 
vessel for thermally significant blood vessels. Large vessels tend to be more widely spaced than small 
vessels.
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because the distance over which heat conducts in most clinically relevant prob-
lems is much greater than the vascular spacing. Recognizing the diffusion time 
scales as tDiffusion ∼ d a2/ ,  where d is the distance over which diffusion takes place 
and a is the thermal diffusivity, we see that gradients near an individual vessel 
decay much faster than those over several vessel spacings. Heat generation, axial 
conduction, and pulsatility in the blood are also neglected.

The rate of heat transfer into the vessel under the prescribed conditions can be 
represented by the following [5]:

 
�m c dT s

ds
q sb b

b( ) ( )= ′
 

(2.5)

where T sb( )  is the mixed mean temperature of the blood for a given vessel cross 
section, ′q s( )  is the rate at which heat conducts into the vessel per unit length, s 
is the spatial coordinate along the vessel axis, and �mb  is the mass flowrate of the 
blood in the vessel. Assuming a circular cross section for the blood vessel, we can 
relate the mass flowrate of the blood to the velocity with

 �m r ub b b b= π r2  (2.6)

where rb  is the vessel radius and ub  is the mean speed of the blood across the 
vessel cross section. The mixed mean temperature of the blood is defined as  
follows [4]:

 
T s

r u
u r T r rdrb

b b

rb

( ) ( ) ( )= ∫1 2
2

0
π

π
 

(2.7)

The rate of heat transfer into the blood vessels may be related to the local 
average tissue temperature T st ( )  (see Figure 2.1) and the blood temperatures as 
follows:

 ′ = ′ -q s U r T s T sb t b( ) ( ( ) ( ))2π  (2.8)

where ′U  is the overall heat transfer coefficient between the tissue and the blood. 
The thermal resistance due to conduction through the surrounding solid tissue 
and that between the vessel wall and the mixed mean temperature of the blood 
are included in the calculation of ′U . Local heat transfer rates are typically cal-
culated from a steady-state analysis of the vicinity of the vessels. Convection 
between the vessel wall at T rt b( )  and the mixed mean temperature of the blood 
can be represented by

 ′ = -q h r T r Tb t b b2π ( ( ) )  (2.9)

© 2009 by Taylor & Francis Group, LLC



34 J. W. BAISH, K. MUKUNDAKRISHNAN, AND P. S. AyyASWAMy

where the convective heat transfer coefficient h is related to the Nusselt number 
Nu by

 h r Nu kb b= 2 /  (2.10)

The convective heat transfer coefficient h may be found from Victor and Shah’s 
[6] recommendation that the Nusselt number may be obtained from

 
Nu r h

k
Gzb

b
= = +2 4 0 155 1 58 10. exp( . log )

 
Gz < 103

 
(2.11)

where Gz is the Graetz number, defined as

 
Gz c u r

k L
b b b b

b
= 4 2r

 
(2.12)

where L is the vessel length. See also Barozzi and Dumas [7]. Many studies use 
approximations based on established flow conditions that yield Nu ≈ 4  [8,9].

Neglecting advection in smaller vessels in the tissue nearby, the rate of heat 
conduction into the vessel of interest can often be expressed as

 ′ = -q k T T rt t t bs( ( ))  (2.13)

where the conduction shape factor s depends only on the geometry of the vessel 
and surrounding tissue in cross section. For a vessel centered in a cylinder of tis-
sue, the shape factor can be approximated by

 
s π≈ ( )

2
ln r

r
t
b  

(2.14)

where rt is the radius of the tissue cylinder. Recognizing that the thermal resis-
tances inside and outside the vessel are in series, we have

 

1 2 2
′

= +
U

r
k

r
Nuk

b

t

b

b

π
s  

(2.15)

Numerous other configurations of the blood vessels such as vessels near sur-
faces, near vascular junctions, or in countercurrent pairs have been considered 
in the literature [10,11]. For example, closely spaced arteries and veins in counter-
flow can be modeled by the following (Figure 2.2):

 ′ = -q s k T s T st v a( ) ( ( ) ( ))sD  (2.16)
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where T sa( )  is the mixed mean temperature in the artery, T sv ( )  is the mixed mean 
temperature in the adjacent vein, and the conduction shape factor (neglecting ther-
mal resistance inside the vessels) is given approximately by the following [4]:

 

s π
D ≈ ( )- - -

2
1

2
2 2 2

cosh w r r
r r

a v
a v  

(2.17)

where w is the distance between the vessel axes, ra is the radius of the artery, and 
rv is the radius of the vein.

2.2.2 Equilibration Lengths

A valuable application of the simplified vascular models above is in determina-
tion of the anatomical scale at which blood exchanges the greatest amount of 
heat with the tissue and as a result where the blood reaches equilibrium with the 
surrounding tissue temperature [12]. Consider an idealized situation in which a 
single blood vessel passes through a representative tissue cylinder such as that 
shown in Figure 2.1, which is held at a constant temperature Tt . The difference 
between the blood and the tissue temperature will decay along the length of the 
vessel according to

 

T s T
T T

s
L

b t

b t e

( )
( )

exp-
-

= -




0  

(2.18)

where the equilibration length is given by

 
L m c

U re
b b

b
=

′
�
2π  

(2.19)

The anatomical site of equilibration can be obtained by comparing the equili-
bration length as calculated in Equation (2.19) to the actual length of the vessels. 
Numerous studies show that blood passes through the largest vessels in the body 
with little change in temperature ( )L Le >> [11,12]. In contrast, the equilibration 

w
ra

rv

Artery
Vein

Figure 2.2 Cross section of an artery–vein pair with countercurrent flow. The diameter of the vein is 
often two to three times that of the artery.
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length in the capillaries is so short that blood entering these vessels must be 
assumed to be already in equilibrium with the surrounding tissue ( ).L Le <<  Blood 
in vessels of an intermediate size, ranging from 50 to several hundred microns 
in diameter, can be expected to undergo the most active thermal equilibration
( ).L Le ≈ Such vessels have been identified as “thermally significant.” Vessels in the 
thermally significant range are frequently found in a countercurrent arrangement 
that has been shown to influence their net effect on tissue heat transfer [11,13,14].

The configurations considered in equilibration length studies are highly ideal-
ized, suitable for making order-of-magnitude estimates of blood temperatures. 
More detailed and realistic models of the vascular architecture and the interac-
tion of large numbers of blood vessels with the tissue will be described in later 
Section 2.5. Nonetheless, equilibration length estimates are valuable for assessing 
when vessels must be analyzed explicitly rather than lumped together in a con-
tinuum formulation such as those in Section 2.3.

2.3 models of Perfused tIssues

2.3.1 Continuum Models

Continuum models of perfused tissues are used to predict a local average tissue [12]:

 
T t

V
T t dVt t

V

( , ) ( , )r r= ′ ′∫1
d

d  
(2.20)

where dV  is a volume that is assumed to be large enough to encompass a rea-
sonable number of thermally significant blood vessels, but is much smaller than 
the scale of the tissue as a whole. These models are based on modifications to the 
standard heat diffusion equation such that the collective effects of blood flow 
can be approximately incorporated without having to solve the full, coupled con-
duction–advection problem defined in Equations (2.1) through (2.4). The various 
forms of the continuum models arise from the differing assumptions used with 
regard to the effects of the blood subvolume. These models all have the advan-
tages that they require relatively little or no information on the vascular architec-
ture and the flow in any particular blood vessels. Blood flow is modeled with only 
a few adjustable parameters that may be obtained empirically or from analysis of 
simplified vascular geometries. Moreover, the governing equations are all readily 
solved by a variety of well-established numerical methods, which will be sum-
marized later in this chapter.

2.3.2 Pennes Heat Sink Model

The most widely used continuum model of perfused tissue was introduced in 
1948 by Harry Pennes [15]. The Pennes formulation is so widely used that it is 
sometimes known as the “bioheat equation” despite the existence of several 
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alternatives. Pennes modified the heat diffusion equation by introducing a source 
or sink term as follows [15]:

 
∇⋅ ∇ + - + ′′′k T t t t c T T t qt b b b a t( , ) ( , ) ( , ) ( ( , )) (r r r rε ω r rr r, ) ( , )t c T t

t
t= ∂
∂

r
 

(2.21)

where ε  is a heat transfer effectiveness ( ),0 1≤ ≤ε ωb is taken to be the blood per-
fusion rate in units of volume of blood per unit volume of tissue per unit time, 
and Ta  is an arterial supply temperature. The properties k, r, and c are com-
posite properties taken to incorporate the tissue and blood subvolumes. The key 
assumption in this model is that blood is delivered to each capillary (and, as a 
result, the vicinity of every cell in the body) at a constant arterial temperature, 
which is generally taken to equal the core temperature of the body, nominally 
37°C. After delivery to the capillary bed, the blood is then assumed to be removed 
through veins that no longer influence the tissue temperature. Pennes originally 
introduced ε to allow for the possibility that blood never reached full equilibra-
tion with the tissue. Later equilibration length studies showed that full equilibra-
tion takes place long before blood reaches the capillary bed, implying that ε = 
1. A more modern interpretation of the heat transfer effectiveness accounts for 
heat exchange between closely spaced arteries and veins in the thermally signifi-
cant size range. Studies of countercurrent exchange yield estimates in the range 
0 5 0 8. .≤ ≤ε  [14,16,17]. The issues related to numerical solutions of the Pennes 
equation are unchanged by whether the combination εωb  is known or ε and ωb 
are known independently.

The actual size of the volume dV over which T tt ( , )r is averaged when inter-
preting the Pennes equation is somewhat ambiguous. In order for blood to be 
available to each dV of tissue at near-core temperature, we would expect that dV  
should be large enough to consistently include nonequilibrated vessels, which 
will typically have diameters greater than several hundred microns. Equilibration 
length studies point to a scale of about dV > 1 cm3. The tissue temperature T tt ( , )r  
would then be a sort of moving average over this scale. Unfortunately, such a 
moving average does not yield information on the range of temperatures present 
in the averaging volume. Inherent to the Pennes approach is the assumption that 
each averaging volume contains at least one vessel carrying blood near the core 
temperature. When used to model a thermal therapy such as hyperthermia in 
which the heating of the entire tumor to > 43°C is desirable, the Pennes formu-
lation implicitly carries an assumption that a small volume of tissue remains at 
37°C. While such an undertreated bit of tissue may or may not actually exist, its 
possible presence cannot be assessed with the Pennes formulation alone.

2.3.3 Directed Perfusion Model

In 1974, Wulff criticized the Pennes formulation on the grounds that it contains an 
awkward assumption of two temperatures at each point in space ( ( , )T tt r and Ta ) 
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and that it neglects the directional nature of blood flow. As an alternative to the 
Pennes equation, he proposed the following [18]:

 
∇⋅ ∇ - ⋅∇ + ′′′ = ∂k T t c t T t q t c T

t t
t( , ) ( , ) ( , ) ( , ) (r u r r r rr r ,, )t

t∂  
(2.22)

where u r( , )t  is a velocity averaged over both the tissue and blood subvolumes. 
Wulff could have resolved the apparent contradiction in the Pennes formulation 
of two temperatures at each spatial point by interpreting the tissue temperature 
as a local average over dV  rather than as a temperature at a point, but he raises 
a more complex issue with regard to the directional nature of blood flow. Baish 
et al. [9] showed that the Wulff formulation is valid when the tissue and blood 
subvolumes are in near equilibrium ( ( , ) ( , )),T t T tt br r≈  as is commonly true in 
nonbiological porous media. In small volumes of tissue, including only thermally 
insignificant blood vessels, this assumption might be valid, but even on such a 
small scale many vessels are found in countercurrent pairs. The net contribution 
of a countercurrent pair with equal supply and return flows to u r( , )t  will cancel 
out, leading to the misleading conclusion that blood flow does not contribute 
to heat transfer in perfused tissue. Despite its limited practical applicability, the 
Wulff formulation prompted a more careful examination of the vascular contri-
bution to tissue heat transfer.

2.3.4 Effective Conductivity Model

Historically, the oldest continuum model simply added an enhancement to the 
thermal conductivity to account for the blood flow such that [19]:

 
∇⋅ ∇ + ′′′ = ∂

∂
k T t q t c T t

teff t
t( , ) ( , ) ( , )r r rr

 
(2.23)

where the effective conductivity keff is composed of the intrinsic thermal con-
ductivity of the tissue and a perfusion-dependent increment. An empirical value 
of keff can be defined in any situation in which a heat flux can be related to tem-
perature difference between parallel surfaces, that is,

 
k q

Teff ≡ ′′
D  

(2.24)

An important application of this approach is in the use of small inserted therm-
istor probes to measure the blood perfusion. The heat loss from such a heated probe 
can be modeled with an effective or apparent conductivity that can, in turn, be cor-
related analytically with the perfusion rate in the Pennes equation [20–28].

While use of such an effective conductivity sometimes provides a convenient 
way of correlating experimental data, caution is advised unless the value of keff  is 
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independent of the geometry of the problem, as would be the case for an intrinsic 
thermodynamic property such as kt .

An alternative perspective on the effective conductivity model was developed 
in the 1980s by several investigators [12,13]. This approach views the effective 
conductivity as being analogous to an eddy diffusivity. Estimates of how the 
effective conductivity depends on the vascular architecture and flow were then 
developed by analytical means. For example, the Weinbaum-Jiji formulation [13] 
considered a tissue that had closely spaced, countercurrent artery–vein pairs as 
its dominant vascular feature. Under the condition that the tissue temperature 
along the vessel axes satisfied

 
T T Tt a v≈ +1

2
( )

 
(2.25)

they were able to show that the effective conductivity could be calculated with

 
k k c nr u

keff t
b b a b

t
= +





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1
2 2 2 4 2 2

2

π r f
s

cos
D  

(2.26)

where the enhancement is in the direction of the vessel axes, n is the number of 
artery–vein pairs per unit area, and f is the angle of the vessel axes relative to the 
temperature gradient. Further studies extended the model to vessels of unequal 
size and better identified the limitations of the model. The Weinbaum-Jiji for-
mula for the effective conductivity is most appropriate for tissue without intense 
volumetric heating and containing vessels no larger than 300 µm in diameter. 
When the blood vessels are not in near equilibrium with the tissue, as required 
above, Baish showed that a countercurrent pair of vessels could still be modeled 
as a highly conductive pathway through the tissue, but one that was not necessar-
ily in local equilibrium, much like metal fibers in a low-conductivity composite 
[29]. The radius of such a fiber was found to satisfy

 r wrfiber b= ( ) /1 2
 (2.27)

while its conductivity is given by

 
k c u r w r

wkfiber
b b b b b

t
=

-r2 2 2 3 1cosh ( / )

 
(2.28)

2.3.5 Combination Models

A landmark study by Chen and Holmes in 1980, showed that the effective 
conductivity, heat sink, and directed perfusion mechanism are likely to be 
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simultaneously present in perfused tissue [12]. They proposed a combination 
model expressed as

 

∇⋅ ∇ + -

-

k T t t c T T t

c t

eff t b b b a t( , ) ( , ) ( ( , ))

( ,

*r r r

u r

ω r

r )) ( , ) ( , ) ( , )⋅∇ + ′′′ = ∂
∂

T t q t c T t
tt

tr r rr
 

(2.29)

where Ta
* is the temperature exiting the last artery that is individually modeled. 

on a practical level, the combination formulation presents little new difficulty 
for numerical solution, but requires knowledge of many adjustable parameters 
that are seldom known simultaneously with high precision. In particular, the 
directed perfusion term similar to that found in Equation (2.22) is rarely known 
well enough to be used.

Roemer and Dutton [30] extended the work of Chen and Holmes by introduc-
ing additional terms that more completely represent the many ways in which the 
tissue and blood subvolumes can interact in tissue. Roemer and Dutton’s formu-
lation yields valuable insight into the meaning of the various terms, but does not 
reduce to a single differential equation as in the other continuum formulations. 
Instead, their model is now of the integro-differential form, requiring simultane-
ous evaluation of integrals over the blood subvolume and differential equations 
for the averaged tissue temperature.

2.3.6 Parameter Values

An extensive review of the parameter values used in the various preceding for-
mulations may be found elsewhere [31]. The intrinsic thermal properties of tissues 
such as the density, specific heat, and thermal conductivity depend primarily on 
the water, fat, and protein content of the tissue. More complex, dynamic rela-
tionships may exist between the tissue temperature and the perfusion rate and 
metabolism due to thermoregulation. A few representative examples follow.

Changes in blood flow due to thermoregulation may be modeled by the fol-
lowing dependence of the effective conductivity on the tissue temperature [32]:

 k W m Keff
Tt= - -- -4 82 4 44833 1 00075 1 575 25. . [ . ] /. ( )

 (2.30)

Alternatively, the blood perfusion term in the Pennes equation (ω rb b in kg/m3–s)  
can be assigned a temperature dependence on the tissue temperature (°C) as fol-
lows for muscle [33,34]:

 

ω rb b

t
t

T T
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+ - -
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2
. . exp ( . )

.
, .

.. , .00 45 0Tt >




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

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(2.31)
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for fat:
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t
t
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(2.32)

and for tumors:
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(2.33)

Metabolic rates also show a dependence on temperature that may be modeled 
by the following [35]:

 ′′′ = -q W mmet
T To t170 2 10 3( ) /[( )/ ]

 (2.34)

where To  is a reference temperature. Numerical solution of the continuum mod-
els will sometimes require iteration due to the nonlinearities introduced by the 
temperature dependence of the parameter values. Because these dependencies 
are relatively weak, the numerical difficulties are seldom problematic.

2.4 solutIons of contInuum models

The majority of numerical methods for solving the equations of the continuum 
models can be broadly classified in three types, namely, (1) finite difference 
method, (2) finite element, and (3) finite volume methods.

The combination model of Chen and Holmes will be taken as the representa-
tive equation for our numerical analysis since all other continuum models are 
but limit cases of the combination model. For example, the Pennes equation can 
be recovered from the combination model by setting ub = 0. Hence, in this study, 
for generality purposes, the numerical solution of the Pennes equation for tissue 
heat transfer modeling will be discussed mainly in the context of the combina-
tion model of Chen and Holmes given by Equation (2.29).

Consider Equation (2.29):
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(2.35)
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where W is the physical domain over which the problem is posed with the follow-
ing boundary conditions,

 T f t tt = >( , ) ,r rfor on G1 0  (2.36a)

and

 - ∇ ⋅ = >k T t g t teff t ( , ) ( , ) ,r n r rfor on G2 0  (2.36b)

where n is the unit normal vector on the boundary of W that consists of the union 
of G G1 2and . The initial condition for the problem is

 T h tt = =( ) ,r rfor on W 0  (2.37)

2.4.1 Finite Difference Method

The bases of the finite difference method are the construction of a discrete grid, 
the replacement of continuous derivatives in the governing equation to equiva-
lent finite difference expressions using Taylor series expansion techniques, and 
solving the resultant algebraic equations.

Consider a discrete point in the grid uniquely specified by the spatial indices 
(i, j, k) such that the coordinates are given by ( , , ) ( , , ),, ,x y z i x j y k zi j k = D D D where 
Dx, Dy, and Dz  are the mesh discretization sizes. Let the time at which the tem-
perature is evaluated be denoted by n such that t n tn = D ,  where Dt is the discrete 
time step size. Then, the Taylor series expansion for the temperature at the point 
(i + 1, j, k) about the point (i, j, k) at a time level n, and the Taylor series expansion 
for the temperature at the point (i, j, k) at the time level n + 1 about the time level 
n, are given as follows:
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(2.38)

only the ith direction expansions are considered, and expansions along other 
directions follow from a change of the appropriate subscript indices.

A more methodical way of constructing general finite difference expressions 
for the pth derivative of T at point xi is given as

 

∂
∂

=
=-

+∑p
i

p j
j N

N

i j
T

x
Tb

1

2

,
 

(2.39)

where the coefficients b j  are determined by a Taylor series expansion of Ti j+  
using Equation (2.38) about the point i and equating coefficients of similar terms. 
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In Equation (2.39), N1 and N2 are integers depending on the accuracy of the 
approximation of the derivative. If N1 = N2, the finite difference approximation 
is centered in space. Some of the standard finite difference expressions for first- 
(p = 1) and second-order (p = 2) derivatives obtained using Equations (2.38) and 
(2.39) are given below:
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Backward:
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(2.42)

Using a second-order accurate centered difference scheme (Equation 2.40) for the 
discretization of spatial terms in Equation (2.35) and collecting coefficients for 
the temperature at a given node, we obtain
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(2.43)

where
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  (2.44)

In the above, u ux y, , and uz are the components of the velocity u. Equation 
(2.43) can be written in compact linear algebraic form as follows:

 MT KT Q� + =  (2.45)

where M is a diagonal matrix with entries rc, K is a matrix with entries -a1  
through -a7, and Q is the source term matrix with entries b. The overdot denotes 
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a time derivative. Since Equation (2.45) is a transient equation, one needs to inte-
grate it with respect to time. Conventionally, time advancement from level n to  
n + 1 is done using any of the following finite difference procedures:

 Forward difference (explicit scheme): MT M K T Qn n nt t+ = - +1 ( )D D

 Backward difference (implicit scheme): ( )M K T MT Q+ = ++ +D Dt tn n n1 1
  (2.46)

 Central difference: MT MT KT Qn n n nt t+ -= - +1 1 2 2D D

 q method: ( ) ( ( ) ) ,M K T M K T Q+ = - - + ≤ ≤+ +q q qqD D Dt t tn n n1 1 0 1

In general, the central difference time discretization scheme is numerically 
unstable. A forward differencing in time and a central differencing in space 
are also referred to as the forward-time centered-space (FTCS) scheme. When 
q = 0 5. , the time-stepping method is also called the Crank-Nicolson method and 
is second-order accurate in both time and space. A central differencing of the 
convective terms together with an explicit treatment of the spatial terms lead 
to numerical instabilities for convection-dominated problems (i.e., a large Peclet 
number Pe c L keff= >>r | | /u 1, where L is a characteristic length of the problem) 
if either the mesh size or the time step is large such that it violates the Courant-
Friedrichs-Lewy (CFL) condition [36]. Stability of numerical solution is guaran-
teed if a1 0≤  and the coefficients a2 7 0- ≥ . For large Pe, an upwind method of 
discretization can be employed to satisfy the above condition for the coefficients 
and hence avoid instabilities. If the velocity is positive (negative), the temperature 
gradient in the convective term is discretized using backward (forward) differ-
encing (see Equations 2.41 and 2.42). It should be noted that such an upwind 
scheme is only first-order accurate and also introduces artificial diffusion due 
to the leading-order truncated terms in the backward (forward) differencing. 
Assuming the velocity ub  is positive and using a backward differencing for the 
convective terms and a central differencing for other terms, the following coef-
ficients are obtained for a a1 7- in Equation (2.43):
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 (2.47)

 b ω r= + ′′′b b b ac T q*
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Higher-order upwind discretizations can also be obtained from the general pro-
cedure outlined in Equation (2.39), and the coefficients a a1 7-  can be obtained 
in a straightforward manner.

The matrices M and K in Equation (2.45) are generally sparse due to relatively 
few nonzero elements. The overall computational cost for solving a given prob-
lem will be primarily determined by the method of solution employed for such 
sparse linear algebraic equations. Direct solution methods based on Gaussian 
elimination are usually not practical for large-sized problems due to the exces-
sive memory and computational (central processing unit, or CPU) requirements. 
Iterative methods for sparse linear systems are the most preferred solution tech-
niques because of lesser memory requirements even for fully three-dimensional 
(3D) problems and also because of their ease of implementation for parallel com-
putations. An excellent review of sparse linear iterative methods including mul-
tigrid techniques [37] can be found in the book by Saad [38].

2.4.1.1 Treatment of Boundary Conditions

The oft-encountered boundary conditions in bioheat transfer can be classified 
into three types: (1) Dirichlet, where the temperature is specified at the bound-
ary (Equation 2.36a); (2) Von Neumann, where the heat flux is prescribed at the 
boundary (Equation 2.36b); and (3) mixed or convective boundary conditions, 
where the heat flux at the boundary is specified as a function of the boundary 
temperature with a specified convective heat transfer coefficient h and an ambi-
ent temperature T∞  (see Equation 2.51, below). Now, for the purposes of numeri-
cal discretization, consider Figure 2.3 for a representative boundary point (i,j,k) 
and assume n = ( , , ).1 0 0 The following discussions can be suitably modified for 
points lying on different coordinate directions (with a different value of n).

 1. Dirichlet boundary condition. Here, the temperature is directly speci-
fied and Equation (2.43) is not solved for this node point.

 2. Von Neumann boundary condition:

 - ∇ ⋅ =k T t g teff t ( , ) ( , )r n r  (2.48)

Ghost point

Boundary

(i,j,k) (i+1,j,k)(i–1, j,k)

Figure 2.3 Boundary point (i, j, k) together with the interior point (i – 1, j, k) and a ghost point  
(i + 1, j, k).
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  For the boundary points, the gradient term in Equation (2.48) can be dis-
cretized using only the boundary and interior points (one-sided differ-
ence), say, a first-order backward-difference scheme (Equation 2.41). This 
yields the following relation between the boundary and interior points:

 
T T g x

ki j k i j k
eff

, , , ,- + =-1 0D

 
(2.49)

  Now, Equation (2.43) is replaced by Equation (2.49) for all the bound-
ary points, and hence the corresponding entries for Ti j k, ,  of matrix K 
in Equation (2.45) are altered accordingly. Higher-order discretization 
using more interior points can also be constructed using Equation (2.39) 
by setting N2 = 0 (which guarantees that only interior points are to be 
considered).

  Another method of discretizing Equation (2.48) is with the intro-
duction of ghost points or fictitious points outside the problem domain 
(see Figure 2.3). The advantage with such a procedure is that a centered 
difference procedure can still be used with the boundary points main-
taining a second-order accuracy. The gradient term in Equation (2.48) is 
differenced using a centered scheme at the point (i, j, k) using the ghost 
point and is written as follows:

 
( ), , , ,T T g x

ki j k g i j k
eff

+ -= -1 1
2 D

 
(2.50)

  where the subscript g on Ti j k+1, ,  denotes the ghost point. Equation (2.50) 
is then used in Equation (2.43) to replace Ti j k+1, ,  (term 3 of the right-
hand side, or RHS) and then rearranged to yield the respective terms in 
matrix K.

 3. Mixed or convective boundary condition:

 - ∇ ⋅ = - ∞k T t h T Teff t t( , ) ( )r n  (2.51)

  where h is the convective heat transfer coefficient and T∞  is a known 
temperature of the surrounding fluid. For simplicity, the gradient term 
in Equation (2.51) is discretized using a first-order backward-difference 
scheme to yield the following relation between the interior and bound-
ary points:
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(2.52)

  Again, for such boundary points, Equation (2.43) is replaced with 
Equation (2.52). Higher-order one-sided differences or ghost point meth-
ods can also be used to discretize the gradient term in Equation (2.51).
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2.4.1.2 Treatment of Multimaterial Contact Problems

Another physical situation of great interest in bioheat transfer is the presence 
of multiple materials within the same physical domain on which the problem is 
posed. The condition that is generally imposed at the interface of two materials is 
that both the temperatures and the heat flux are the same across the interface.

For example, consider Figure 2.4, where two materials of different conduc-
tivities, keff1 and keff2, are in contact with each other. Let (i, j, k) denote the point 
that lies on the interface between the two materials. By the construction of the 
discrete grid, the temperature is continuous at (i, j, k), and hence temperature 
continuity is satisfied. The flux continuity condition to be imposed at (i, j, k) can 
be expressed as follows:

 k T t k T teff t eff t1 21 2( ( , ) ) ( ( , ) )∇ ⋅ = ∇ ⋅r n r n , on the innterface  (2.53)

where subscripts 1 and 2 denote respective materials in contact with each other. 
Discretizing using a simple first-order finite difference using the points as shown 
in Figure 2.4, we get the following relation for the temperature at (i, j, k):
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(2.54)

As with the treatment of other boundary conditions, Equation (2.54) replaces 
Equation (2.43). Higher-order differences considering more interior points in 
each material can also be considered.

Several numerical studies have used finite difference techniques to numeri-
cally analyze the problems relating to tissue heat transfer. Most of these studies 
typically consider the Pennes equation (see Equation 2.21) for modeling the heat 
transfer. As mentioned earlier, in our numerical analysis presented above, the 
Pennes equation can be recovered by setting u = 0. Also, by setting the mass 
matrix M = 0, a steady-state version of the governing equation can be obtained.

Kotte et al. [39] numerically studied the tissue heat transfer problem associated 
with the interstitial hyperthermia using ferromagnetic seeds. A one-dimensional 

Interface point 

Interface 

(i,j,k) (i+1,j,k)(i–1,j,k)

keff1 
keff2 

Figure 2.4 Interface point (i, j, k) together with point (i – 1, j, k) in material 1 and point (i + 1, j, 
k) in material 2.
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(1D) Pennes equation was used to model the transient heat transfer behavior 
of both the ferromagnetic seed and the surrounding tissue. An explicit FTCS 
scheme finite difference in conjunction with a novel seed-modeling method was 
used in their numerical simulation. A simple von Neumann stability analysis of 
the governing equation assuming a constant keff  was performed to evaluate the 
time step restriction in their problem. They showed that the time step Dt  used in 
their numerical simulations had to satisfy the following inequality for achieving 
numerical stability:
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(2.55)

Van Leeuwen et al. [40] carried out a 3D numerical model of the heat trans-
fer in a neonatal that was also performed using the FTCS scheme. A 3D Pennes 
equation was used as their governing equation.

Dai et al. [41] used a fourth-order compact finite difference scheme as sug-
gested in Reference [42] to solve a 1D Pennes equation in a triple-layered skin 
structure and compared their solution with a Crank-Nicolson finite difference 
scheme. They obtained highly accurate solutions with compact differencing with 
almost the same CPU time compared to the standard Crank-Nicolson finite dif-
ference scheme. For a 3D triple-layered skin structure, Dai et al. [43] developed 
a numerical method to obtain optimal temperature distributions embedded 
with multilevel blood vessels. The heat transfer in the tissue was solved using a 
3D Pennes equation. A Crank-Nicolson-centered second-order finite difference 
scheme was used in the discretization of individual terms. A large number of 
grid points was used along the z-direction in their simulation due to the thinness 
of the epidermic layer. In view of the latter observation, the usage of a compact 
finite difference scheme as given in Reference [41] was suggested to increase the 
accuracy with fewer grid points, although results were not shown in that regard.

Karaa et al. [44] presented an implicit numerical solution of the 3D Pennes 
bioheat transfer equation and applied it to study some typical bioheat transfer 
processes often encountered in cancer hyperthermia, laser surgery, and thermal 
parameter estimation. A second-order Crank-Nicolson scheme in conjunction 
with an incomplete factorization (ILU) preconditioned generalized minimal 
residual (GMRES) scheme [38] was used to iteratively solve the resulting linear 
algebraic equation (Equation 2.45). Their study showed the acceleration of con-
vergence due to the use of such preconditioners. It should, however, be noted that 
an extensive comparison of their preconditioned iterative solver with various 
other available iterative techniques was not undertaken in their study.

In Deng and Liu [45], the effects of large blood vessels on the transient tissue 
temperature distributions during cryosurgery treatment were studied. The model 
considered both the perfused tissue and large blood vessels. The Pennes bioheat 
transfer equation was used to describe the heat transfer in perfused tissues, while 
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for a single or countercurrent blood vessel, the heat transfer was described by 
means of an energy equation (a convective heat transfer equation) with a constant 
Nusselt number. A finite difference method based on the effective heat capacity 
method was applied to solve the heat transfer. All terms in the Pennes equation 
were treated using an explicit scheme except the arterial source term, which was 
treated in a weighted semi-implicit manner (similar to the q method in Equation 
2.46, i.e., T T Ti j k i j k

n
i j k
n

, , , , , ,( )≡ - + 
+1 1b b , where b is the relaxation parameter and 

0 1≤ ≤b ). The instability due to the explicit treatment of diffusion terms in the 
Pennes equation was avoided by choosing a time step Dt such that it satisfies 
the following relation: 1 1 6 0- - - ≥W t Fo( )b D , where W Fob b bc

c
k t
c x= =r ω

r r, .D
D 2 This 

relation was obtained by using the fact that, for stability, the coefficient a1 0≤  in 
Equation (2.43). The properties of the tissue were assumed to be isotropic and 
constant (with k keff = , a constant). A convective heat transfer equation was used 
to model the temperature variation along the flow direction for large blood ves-
sels. The numerical analysis in Section 2.4.1, being a more general one, encom-
passes the energy equation, too. The convective terms were discretized using an 
implicit upwind scheme to alleviate the convective numerical instabilities.

2.4.2 Finite Element Method

The finite element method belongs to the class of integral techniques for solv-
ing the governing equation. The most commonly used integral approach method  
is the weighted residual method. This technique forms an integral equation (also 
known as weak formulation) by multiplying the governing equation by a weight-
ing function W and then integrating it over a prescribed interval. A functional 
form of the independent variables with unknown coefficients is then assumed 
and substituted into the integral equations. The space over which the heat trans-
fer equation is solved is divided into N intervals of integrations (finite elements) 
that give rise to a system of equations for N unknown temperatures at these nodal 
locations.

When W = 0 or 1, the method is known as the subdomain or integral-rela-
tion method; when W = xi (i = 0 … N), the method is known as the method of 
moments; and when W = F, with F being a known function set that is assumed to 
represent the solution, the method is known as the Galerkin method.

The first step in finite elements is the construction of the weak form or the 
integral formulation of Equation (2.35). This is obtained by first multiplying the 
equation with a set of weighting functions W (which satisfies the condition W = 0  
on G1) followed by integration over the domain W.
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After integrating the second-order derivatives by parts using the Gauss diver-
gence theorem and using the fact that W = 0 on G1, we obtain the following weak 
formulation of Equation (2.56) on application of the boundary conditions given 
by Equation (2.36a,b):
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(2.57)

Integrating by parts reduces the continuity requirements for Tt  (hence called a 
weak formulation) while they are increased for the weighting functions. Equation 
(2.36b) is also called a “natural boundary condition.”

The second step is the formulation of the Galerkin solution method. In this 
method, both Tt  and W are expanded in terms of complete trial and weighting 
function sets P and Q, which are defined as follows:
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(2.58)

where j j’s are the basis functions, and Tj  and bj  are unknown coefficients.
The third step is to construct an approximate solution T̂t  for Tt , obtained by 

using finite dimensional subsets P PN ⊂  and Q QN ⊂ , which are defined below:

 

PN
t t j

j

N

jT t T T t T f t= =





=

=
∑ˆ ( , )| ˆ ( ) ( ), ˆ ( , )r r r

1

j oon G

Q

1

1

0N
t j

j

N

jW t W b t W= =





=

=
∑ˆ ( , )| ˆ ( ) ( ), ˆr rj oon G1

 

(2.59)

The final step is the matrix formulation. The problem now is to find T̂t  in PN , 
such that the approximate form of Equation (2.57) is given by
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(2.60)
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Using the definitions of T̂t  and Ŵ  from Equation (2.59) in Equation (2.60) 
leads to the following set of N equations after some simplifications:
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(2.61)

Using matrix notation, Equation (2.61) can also be written as

 MT KT Q� + =  (2.62)

where the overdot denotes a time derivative. The NxN matrices M, K and the Nx1 
matrix Q are given as follows:
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(2.63)

If a mixed or convective boundary condition of the form g t h T Tt( , ) ( )r = - ∞  is 
prescribed on G2 , then in Equation (2.60), g is replaced with the above convective 
term and then integrated. Here, h and T∞  are the known convective heat trans-
fer coefficient and the temperature of the surrounding fluid. The entries in the 
matrices K and Q are modified as follows:
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(2.64)
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For multimaterial contact problems, the interface boundary condition 
becomes a natural boundary condition in the finite element method. In such 
cases, it can be shown that [46]:

 

K n nij eff i j eff effk k T k T= ∇ ⋅∇ + ∇ ⋅ - ∇ ⋅∫ j j
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ju
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(2.65)

With heat flux continuity at the interface (Equation 2.53), the boundary flux  
term (second term) of Kij  in Equation (2.65) vanishes identically.

The solution of Equation (2.62) for the coefficients Tj constitutes the approxi-
mate solution T̂t  for Tt . The coefficients Tj can also be interpreted as the nodal 
unknowns of the temperature T̂t , for which jj’s serve as the interpolating  
functions. These interpolating functions are almost exclusively chosen from 
low-order piecewise polynomials, for example, piecewise linear or quadratic ele-
ments, whose support extends only over a few contiguous elements. This produces 
relatively few nonzero terms in the matrix K and thus helps in achieving the 
solution in an economical way. Usually, for higher-dimensional problems (two-
dimensional [2D] or 3D), the numerical integrations in Equation (2.63) (and also 
Equations 2.64 and 2.65) are performed on an element-by-element basis. This 
is achieved by mapping every element in the physical space to a master element 
defined by an element-based coordinate system. The transformation from the 
physical element to the master element is done using elementary transforma-
tion techniques. The individual terms in the equation are then integrated to form 
elemental matrices with element nodes as unknown quantities. The individual 
elemental matrices are then assembled into a global matrix of the form given by 
Equation (2.62). More details on the steps involved in the above method can be 
obtained in References [46–48].

Equation (2.62) is a transient equation similar to Equation (2.45). The tran-
sient equation is advanced in time using a finite difference approach similar to 
the one explained in Section 2.4.1 (see Equation 2.46).

In order to avoid numerical stabilities for convection-dominated problems 
( | | / ),Pe c L keff= r u �1 Taylor-Galerkin or streamline upwinding methods can be 
used. The details of such methods are given in References [46,47,49].

In regard to finite element studies of tissue heat transfer, Torvi and Dale 
[50] studied the thermal effects of flash fires on skin to predict skin tempera-
tures and the times taken to attain second- and third-degree burns. The effects 
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of variations in thermal physical properties on skin temperature and burn 
predictions were carried out numerically using a multiple-layer, variable-
property, finite element model. The multiple-layered skin consisted of the epi-
dermis, the dermis, and the subcutaneous layer. Heat transfer in the skin was 
assumed to be transient and 1D and obeyed the Pennes equation. A Galerkin 
weighted-residual method with cubic Hermitian temperature interpolation 
functions were used (see Reference [48] for the definitions of cubic Hermitian 
interpolation functions). A Crank-Nicolson scheme was used to discretize the 
equations in time. It was noted from their studies that five Hermitian elements 
for their problem domain (one for the epidermis, and two each for the der-
mis and subcutaneous region) provided the same or better accuracy than nine 
elements using quadratic interpolation or 18 elements using linear elements. 
Chatterjee and Adams [51] studied the thermal response during hyperthermia 
treatment of the prostrate region of a human body using a 2D Pennes bio-
heat transfer equation. A Galerkin finite element model in conjunction with 
automatic mesh generation capabilities of the commercial software ANSyS® 
(Canonsburg, Pennsylvania) was used to solve the equation. The limitations of 
the commercial software in modeling the thermal behavior of the human body 
were also discussed in their work. Dennis et al. [52] numerically studied the 
cooling profiles of the brain in response to various external cooling methods 
and protocols.

A transient simulation of the 3D Pennes equation was carried out assuming 
local tissue properties using a Galerkin finite element technique. The simulations 
performed considered ice packs applied to the head and neck as well as the use 
of a head-cooling helmet. Tetrahedral-shaped elements were used exclusively to 
discretize the complex 3D geometry of a human head. A Crank-Nicolson scheme 
was employed to discretize the equation in time, and the resulting linear alge-
braic equation was efficiently solved using a preconditioned conjugate gradient 
method. A typical time-accurate numerical simulation was performed on a note-
book PC (PIII 700 MHz) in less than 20 minutes using less than 64 MB of in-core 
memory. From the simulations, it was found that both the cooling approaches 
resulted in insubstantial cooling within 30 minutes. It was suggested that addi-
tional cooling methods need to be explored, such as cooling of other pertinent 
parts of the human anatomy.

In a similar fashion, Wainwright [53] used finite element techniques to 
model the heat transfer in a human leg in the high-frequency domain of radiof-
requency and microwave radiation. Galerkin-weighted residual methods were 
used to solve the partial differential equations for both the electromagnetic and 
thermal fields. Construction of the finite element mesh was done by processing 
the voxel data set using the automatic mesh generator as described in Reference 
[54]. This method was based on a modified Delaunay triangulation algorithm.  
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The mesh was refined in the region of the ankle to show the details of the  
specific absorption rate (SAR) distribution in the intricate anatomy of muscle, 
tendon, and bone.

2.4.3 Finite Volume Method

The basis of the finite volume method is that the integral form of the conservation 
equation (Equation 2.35) is used to derive the discretized approximations. Let us 
assume for the purposes of simplicity that the properties of tissue are constant 
and isotropic, and that the flow field (u) is known everywhere.

The first step in the finite volume method is to divide the physical domain 
into a number of nonoverlapping control volumes such that there is one control 
volume surrounding each grid point. In the second step, the governing equation 
for the unknown variable Tt  is integrated over each control volume. Finally, the 
integrals are evaluated by assuming a piecewise profile for the variation of Tt ,  
which results in a set of algebraic equations for the grid point and its neighbors 
under consideration. The important aspect of the finite volume formulation is 
that the resulting solution satisfies an integral conservation property on the 
whole domain.

There are two common ways of constructing finite volumes. The first one is to 
place the grid points and draw control volume faces midway between neighbor-
ing points (see Figure 2.5). This method is more accurate in evaluating the fluxes 
at the control volume faces. However, special treatment is required for evaluating 

Control volume

N

n

wW P e

S

s

E

∆x

∆y

Figure 2.5 A typical 2D control volume with faces e, w, n, and s. Node points are denoted by E, W, 
N, S, and P.
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the boundary conditions at the boundary nodes. The second method of con-
structing finite volumes is to draw the control volumes that coincide with the 
domain and multimaterial boundaries and then place the grid point at the center 
of each control volume. Control volume sizes are generally nonuniform. In this 
method, the boundary grid points are located on the control volume faces (see 
Figure 2.6). The second scheme of constructing finite volumes is more common 
in practice, and hence all the discussions below pertain to this scheme.

Consider a representative control volume as shown in Figure 2.5. only a 2D 
situation is considered for elucidation purposes, and an extension to 3D situa-
tions is straightforward. By convention, the control volume faces are denoted by 
e, w, n, and s for the east, west, north, and south faces, respectively. E, W, N, S, 
and P denote the grid points along the east, west, north, south, and center of the 
control volume, respectively. The unknown temperature is solved for these grid 
points as follows.

Integrating Equation (2.35) over a representative control volume, as given 
above, yields

 
r ω r rc T

t
dV k T c T T c Tt

dV
eff t b b b a t

∂
∂

= ∇⋅ ∇ + - - ⋅∇∫ [ ( )* u tt

dV

q dV+ ′′′∫ ]
 

(2.66)

∆y

N

n

P

s

S

W
w e

E

Boundary

Control volume

∆x

Figure 2.6 A typical 2D boundary control volume with boundary face w passing through the grid  
point W.
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Application of Gauss divergence in Equation (2.66) yields Equation (2.67) for 
T  (after dropping the subscript t on the variable T ):

 
r rc T

t
dV k T d c T d

dV
eff

∂
∂

= ∇ ⋅ - ⋅ -∫ ∫ ∫
d d

( ˆ ) ( ˆ )n u nG G
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  (2.67)

where n̂  is the unit normal vector on a given control volume face, and 
′′′ = ′′′ +Q q c Tb b b aω r * is the total volumetric source of heat. Here, dG  denotes sur-

face integration of quantities, and dV denotes volume integration. The individual 
terms on the right-hand side of Equation (2.67) are integrated as follows:

 
Diffusion term:

 
k T deff ( ˆ )∇ ⋅∫ n G

Gd

The above integral is evaluated on each face of the control volume. The integral is 
usually approximated as the product of the integrand at the cell face center and 
the cell face area. This gives
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  (2.68)

where the surface areas are calculated assuming unit depth along the z-direction 
(for 2D problems). Higher-order approximations can be used, and the details can 
be obtained in Reference [36]. Assuming a linear profile for the variation of T  
between neighboring points, the following difference expression for the right-
hand side of Equation (2.68) can be obtained:
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  (2.69)

where dx x xe E P= - , and so on. Equation (2.69) can be rearranged conveniently 
as follows:

 
k T d a T a T a T a T a Teff
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E W
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W N
D
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D
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(2.70)
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where

a
k y
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a
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d
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Equation (2.70) is second-order accurate and is equivalent to the central differ-
encing scheme (which is space centered) in finite difference methods.

 
Convection term:

 
rc T d

d

( ˆ )u n⋅∫ G
G

Depending on the relative magnitude of the convective terms, one can choose 
to evaluate the convective terms using upwind schemes. In this study, two 
schemes will be discussed, namely, a linear interpolation scheme and a first-order 
upwind scheme.

2.4.3.1 Linear Interpolation of Temperature

As with the diffusion terms, the convective terms are evaluated using the product 
of the integrand at the cell face center and the cell face area. Thus,
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- Equation (2.71) can be simplified as
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with

 

a cu y a cu y a cuE
C

e x e W
C

w x w N
C

n y= = - =λ r λ r λ r( ) , ( ) , ( )D D nn

S
C

s y n P
C

E
C

W
C

N
C

S
C

M
C

x

a cu x a a a a a

a

D

D= - = + + +( )
=

λ r( ) ,

[[( ) ( ) ] [( ) ( ) ]r r r rcu cu y cu cu xx w x e y s y n- + -D D

The values of the velocities at the control volume faces can be obtained 
through suitable interpolation from the known nodal values. In Equation (2.72), 
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the reason for separating the coefficient aM
C  is that it represents an approxima-

tion of the integral r rc d c dVd dV∫ ⋅ = ∫ ∇⋅G G( ˆ ) ,u n u which is identically zero if the 
given velocity field is incompressible (i.e., ∇⋅ =u 0). In such cases, aM

C = 0. Equation 
(2.72) is also second-order accurate and is equivalent to the central differencing 
scheme (space centered) in finite difference methods.

2.4.3.2 Upwind Scheme

The linear interpolation scheme produces numerical instability if Pe >> 1. In order 
to alleviate this, an upwind differencing scheme is used similar to the one used in 
“finite differences.” In the present study, a first-order upwind difference method 
will be used to evaluate the convective term for simplicity. Such a scheme is only 
first-order accurate and introduces artificial diffusion in the problem. Hence, for 
more accurate solutions, higher-order upwind schemes like quadratic upwind 
interpolation for convective kinematics (QUICK) can be utilized. A good review 
of such schemes can be seen in References [36,55].

Consider Equation (2.71) in compact form:

 
rc T d F T F T F T FT
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(2.73)

where
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In the upwind scheme, depending on the signs of Fe w n s, , , , the upstream nodal 
values of T  are picked as the representative values for the faces of the control 
volume. For example, for the east face (e),
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Similar expressions hold true for other faces. Following the above convention, 
Equation (2.73) can be simplified as follows:
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(2.75)

where
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Here, max denotes the maximum of two quantities within parentheses. As 
noted earlier, aM

C = 0  if the velocity field u is such that ∇⋅ =u 0.
For the convection term, either Equation (2.72) or Equation (2.75) can be used 

depending on the magnitude of the Peclet number.
The sink term (term 3 of the RHS in Equation 2.67) can be evaluated to  

second-order accuracy as follows:

 
ω r ω rb b b

dV

b b b P P
S

Pc T dV c T x y a T= =∫ D D
 

(2.76)

where a c x yP
S

b b b= ω r D D . The product D Dx y is the volume of the control volume 
under consideration.

The volumetric source term (term 4 of the RHS in Equation 2.67) is evaluated 
at point P of the control volume, namely,

 
′′′ = ′′′ =∫ Q dV Q x y q

dV

P PD D
 

(2.77)

Finally, the transient term (the left-hand side, or LHS, of Equation 2.67) is also 
evaluated at point P as follows:
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dV cT x y m T
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P P
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∂
∂
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(2.78)

where the overdot denotes the time derivative and m c x yP
T = r D D .

Using Equations (2.70), (2.72) (or 2.75), (2.76), (2.77), and (2.78) in Equation 
(2.67), and combining coefficients of the same node and rearranging, results in 
the following algebraic equation for the node P:

 m T a T a T a T a T a T qP
T

P P P E E W W N N S S P
� + = + + + +  (2.79)

where a a a a aP P
D

P
C

M
C

P
S= + + + and a a aE W N S E W N S

D
E W N S
C

, , , , , , , , , .= + In terms of the indi-
ces (i, j) (for point P in 2D), Equation (2.79) can be rewritten as

 m T a T a T a Ti j
T

i j i j i j i j i j i j i j, , , , , , , ,[ (� + - ++ + - -1 1 1 1 ++ + =+ + - -a T a T qi j i j i j i j i j, , , , ,)]1 1 1 1  (2.80)

In compact linear algebraic form, Equations (2.79) and (2.80) are equivalent to

 MT KT Q� + =  (2.81)

where the entries of matrices Mij, Kij, and Qi are the coefficients of T given in 
Equation (2.80).
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Equation (2.81) is a transient equation for T  and resembles Equation (2.45). 
In order to evolve the equation in time, a time discretization of �T  is performed. 
The main time discretization methods are the same as presented in Equation 
(2.46) and will not be repeated here.

2.4.3.3 Treatment of Boundary Conditions

In the finite volume scheme, with control volume faces coinciding with the 
boundary (see Figure 2.6), there is no need for special treatment of the bound-
ary grid points. All the available boundary data such as the temperature or heat 
flux are directly substituted at the boundary face. For example, with regard to 
Figure 2.6, if the temperature is specified at point W, TW  is replaced with the 
given temperature in Equation (2.79). If the heat flux is specified as in Equation 
(2.36b), the given data are directly substituted in Equation (2.68) for the flux on 
face w (for the term keff

T
x w( ) ).∂

∂

2.4.3.4 Multimaterial Contact

As mentioned above, the finite volumes are constructed such that their faces 
coincide with the interface boundaries. Both flux and temperature continuity is 
satisfied in such a scheme without any additional treatment. If the interface acts 
as a source or sink of heat flux, it can always be added into Equation (2.68).

Indik and Indik [56] used a finite volume discretization similar to the method 
described above for the three-dimensional Pennes equation to compute steady-
state temperatures from ferromagnetic seed heating. They solved the discretized 
equation (steady-state form of Equation 2.81 with M = 0) using multigrid meth-
ods [37] and concluded that their multigrid technique was much faster than other 
iterative techniques like the conjugate gradient, the successive overrelaxation 
technique, and the preconditioned conjugate gradient methods. Chua et al. [57] 
developed an analytical model to study the rate of cell destruction within a liver 
tumor subjected to a freeze-thaw cryosurgical process. Temperature transients 
were obtained using a finite volume method on a 3D Pennes equation. Their 
numerical results showed good comparison with experimental studies. Details 
of the model and the boundary conditions used are given in Reference [57]. In 
a later study, Chua et al. [58] used a 3D Pennes equation to predict the tempera-
ture distribution in a human eye when subjected to a laser source of heating. 
The resulting set of equations (Equation 2.81) was transformed into a tridiagonal 
matrix format and solved. The temperature at every time step in their scheme was 
updated using an underrelaxation scheme given as

 
T T TP

n
P
n

P
n+ += + ( )1 1

computedε

where ( )TP
n+1

computed  is the iterative solution obtained by solving Equation (2.81) 
and ε is the relaxation factor with 0 1< <ε . Becker and Kuznetsov [59,60] used an 
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implicit finite volume scheme to numerically model thermal effects during the 
skin electroporation process representing the composite layers of the skin. Their 
domain for thermal analysis consisted of a blood vessel, composite tissue, and 
an electrode plate. The composite tissue domain thermal analysis was carried 
out using a Pennes equation. The heat transfer in the blood vessel domain was 
described by the convection–diffusion energy equation with the blood velocity 
assumed to be unidirectional with a parabolic profile along the axis. A variable 
rectangular grid was used in their finite volume simulation. The convective term 
in the blood vessel heat transfer equation was modeled using an upwind scheme 
similar to the one explained in Section 2.4.3.2 under convective term discretiza-
tion. Reinders et al. [61] studied the safety and efficacy of endometrial thermal 
balloon ablation treatment for menorrhagia. The heat transfer in a simplified 
geometry of a uterus was studied using a 1D Pennes equation that included the 
dependence of blood perfusion rate on balloon pressure, hyperthermia, and the 
extent of vascular damage. A stable Crank-Nicolson finite volume discretization 
was used to numerically solve the above problem in a symmetrical spherical 
coordinate system.

2.5 couPled tIssue–Vascular models

In the foregoing discussion of vascular models, the temperature in the blood sub-
volume was estimated from simplifications to the temperature distribution in the 
tissue. Conversely, the continuum models for the tissue were made tractable by 
simplifying assumptions with regard to the blood. However, neither the vascular 
models such as the equilibration length analysis nor any of the continuum mod-
els can yield simultaneous detail on the local details of the temperature in the 
blood vessels and the adjacent tissue. When such information is needed, there is 
little alternative to solving a fully coupled formulation that links the blood and 
tissue subvolumes.

The overall structure of coupled models will include all or most of the elements 
shown in Figure 2.7. First, the boundary conditions as defined by the vascular 
architecture and the flow field must be known to create a well-posed problem. 
Next a means of solving the problem is used to predict the blood and tissue tem-
peratures. And finally, the temperatures must be interpreted in the context of the 
assumptions introduced to pose and solve the problem. In some cases, the post-
processor will yield details along particular vascular paths. In others, a statistical 
summary of expected temperatures might result.

The first step, a sufficiently detailed description of the vascular architecture 
and flow characteristics, will typically require a combination of real anatomi-
cal data about the larger vessels and some assumptions about the more numer-
ous smaller vessels. The largest blood vessels can be readily located by current 
imaging technologies or standard anatomical databases. Unfortunately, the 
smaller thermally significant vessels are too small to be routinely located with 
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routine imaging technologies and display considerable variability between indi-
viduals. Several approaches are used for modeling the smaller vessels. They are 
as follows:

 1. The smaller vessels are combined into the tissue subvolume, with their 
convective effects neglected. A few large blood vessels form boundaries 
on the combined tissue–small blood vessel subvolume.

 2. The smaller blood vessels and tissue are modeled with a continuum for-
mulation, such as one of those introduced earlier that can approximately 
account for the thermal effects of blood perfusion.

 3. The vascular architecture and flow in the smaller vessels are idealized 
based on careful anatomical observations that sometimes make use of 
fine-scale castings of the entire vascular tree.

 4. The missing, fine details of the vasculature are reconstructed by com-
puter algorithms that mimic the growth processes of the blood vessels 
that would be expected in this anatomical site. An ideal algorithm should 
be able to produce vessels with the proper number, length, diameter, 
orientation, connectivity, and branching patterns. An algorithm that 
predicts the flow in each blood vessel must be linked to the geometrical 
algorithm.

The selection of the approach will depend on the availability of data and com-
puting power as well as the needs of the modeler for accurate detail. The following 

Vascular geometry
descriptor

Numerical solver for
coupled tissue–vascular
heat transfer problem 

Temperature field
postprocessor 

Well-posed problem with
sufficient anatomical detail

Geometry of known
supply vessels

Interpretation of vascular and
tissue temperatures

Complete prediction of vascular
and tissue temperatures for

assumed geometry 

Figure 2.7 Coupled tissue–vascular models.
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paragraphs review an example of a coupled tissue–vascular model. Alternative 
algorithms for each element of the model exist.

2.5.1 Vascular Geometry–Generating Algorithm

Baish [16] used the following algorithm suggested by Gottlieb [62] to generate the 
centerline of the vascular geometry:

 1. Begin with an incomplete vascular tree.
 2. Assume a grid of tissue cells (typically larger than true biological cells) 

in the volume surrounding the existing tree.
 3. Calculate the distance from each cell to the nearest point on the existing 

tree.
 4. If a cell is farther than a set threshold distance, then add a new vessel 

from the nearest point on the existing tree to the cell.
 5. Increase the size of the tissue and the tree by the same factor.
 6. Introduce new cells so that each cell remains at constant volume.
 7. Repeat steps 3 through 6 until the newly added vessels are as numerous 

as desired.

Numerous variations on the basic algorithm are feasible by varying the rate of 
growth per generation, the threshold distance, and the methods of creating tissue 
cells. Various alternatives to this vessel growth algorithm are available [63–66].

After creating a skeleton of vascular centerlines, the next step is to define a 
radius for each segment of blood vessel (Figure 2.8). Variations on Murray’s law 
[67,68] can be applied such that each vessel junction satisfies

 
r rbi

n
bj
n

j

=∑
 

(2.82)

where j is the daughter of vessel i. Murray recommended n = 3. Empirical studies 
suggest other exponents such as n = 2.7 [69].

rb2

rb3

rb1

Figure 2.8 Vessels 2 and 3 join to form vessel 1 such that rb
n

b
n

b
nr r1 2 3= + .
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2.5.2 Solution of Coupled Tissue–Vascular Models

The basic formulation of the coupled tissue–vascular heat transfer problem dif-
fers little among the various numerical approaches available. Typically, the heat 
transfer into discrete segments of blood vessel is related to the blood tempera-
ture in each segment and the temperature in the adjacent tissue. The differences 
among the available methods arise primarily in how the temperature in the tis-
sue subvolume is calculated.

In steady state, the temperature in the tissue subvolume satisfies

 ∇⋅ ∇ + ′′′ =k T qt t t( ) ( )r r 0  (2.83)

and while blood temperature along the axes of each vessel satisfies

 
�m c dT s

ds
q si b

b
b

( ) ( )= ′
 

(2.84)

the rate of heat flow into the vessel is given by

 ′ = -q s Nuk T s T sb b w b( ) ( ( ) ( ))π  (2.85)

where T sw ( ) is the temperature on the vessel wall at s.
The vessels are divided into N short segments along their axes, where the heat 

flow is assumed to be constant over the length of the segment at the rate ′qbi  so 
that the temperature of the blood exiting the segment is given by the following 
(and see Figure 2.9):

 
T s T q s

m cbi i bi
bi i

i b
( ) ( )= + ′0

�  
(2.86)

Mass is conserved at vascular junctions:

 

� �m mi j
j

=∑
 

(2.87)

q´b1 q´b2
q´b3

q´b4

Figure 2.9 Discretization of blood vessels into short segments with heat flows to be determined from 
the interaction between tissue and blood subvolumes.
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And the vascular temperature is continuous at the bifurcation of arteries (sub-
script a):

 T L Tai i aj( ) ( )= 0  (2.88)

while mixing occurs at the junction of veins (subscript v):

 

� �m T L m Ti vi i j vj
j

( ) ( )=∑ 0
 

(2.89)

The temperature in the tissue subvolume may be calculated by the finite 
element, finite difference, or finite volume methods reviewed in Section 2.4. 
Alternatively, Baish [16] employs a Green’s function approach that links the tis-
sue and vessel subvolumes as follows:
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r
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(2.90)

where the Green’s function is an infinite, homogeneous medium and is given by

 
G

kt
( , )

| |
r r

r r
′ =

- ′
1

4π  
(2.91)

(In finite media, the approach can be modified by suitable changes to the Green’s 
function or by integrating the effects of additional source terms over the exterior 
bounding surfaces. See, for example, Reference [70] for a mathematically similar 
treatment of oxygen transport.)

The goal is then to find the values of all N ′qbi’s such that temperature and flux 
conditions between the blood and tissue subvolumes match near the midpoint of 
each blood vessel segment. That is,
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(2.92)

where T Li( ( / )r 2 is the temperature in the tissue subvolume at a point on the ves-
sel segment wall near its midpoint and T Lbi i( / )2 is the blood temperature at the 
vessel midpoint. The temperature at any point in the tissue subvolume is given 
by
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(2.93)
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where Ti( )r  is the local contribution to the tissue temperature from a given vessel 
segment. Assuming that the flux from each segment is approximately uniform 
along its length, we can use

 

T q
k

ds q
ki

bi

t
s

L

i
bi

t
i

i

( )
| |

log
tan

r
r r

= ′
- ′

= ′∫4
1

4

2
2

π π

q(( )
( )











tan q1

2
 

(2.94)

where the angles are defined in Figure 2.10.
A heat generation field ′′′ ′qt ( )r must be specified. For example, a constant volu-

metric heat source in a spherical volume of radius tissue yields a convenient ana-
lytical expression for the first volume integral in Equation (2.93):
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In the absence of such a simple heat generation pattern, routine numerical meth-
ods may be employed to evaluate the volume integral.

Temperatures must be specified at the inlets to all vessel segments that do 
not simply collect blood from upstream. For the major supply arteries, the inlet 
temperatures must be specified. The case of the smallest veins is somewhat more 
complex depending on the source of anatomical data. If the veins collect blood 
from specific terminal arteries or capillaries, no special accommodations need to 
be made since the blood subvolume is fully connected. There may, however, be 
cases in which the actual connection between the terminal arteries and the small-
est collecting veins is not fully specified. Here, we may introduce various closure 
schemes. Since the terminal arteries and smallest veins are likely to be thermally 
equilibrated with the surrounding tissue, it is reasonable to assign the small-vein 
inlet temperature to be either the local tissue temperature or the temperature 

θ1 

θ2 

r´ 

r – r´

r 

si = 0 si = Li 

Figure 2.10 Geometry near a blood vessel segment.
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exiting the nearest terminal artery. Both assumptions are sound provided that 
the vascular architecture is modeled to a sufficiently fine scale.

2.5.3 Solution

The Green’s function approach given in Section 2.5.2 yields a system of N linear 
algebraic equations with N unknowns, the values of the ′qbi’s. After the ′qbi’s have 
been obtained, the temperature at any point or set of points in the tissue can then 
be readily calculated from Equation (2.93). The coefficients in the matrices depend 
on the geometrical configuration of the vessels, the flow rates in the vessels, and 
the values of the heat generation integral. Since the temperature near each vessel 
depends on the heat flow into every other vessel, the matrices are fully populated, 
creating a computationally intensive solution per unknown. Even though each 
interaction between two distant vessel segments is weak due to the 1/r decay with 
distance, the total interaction arising from all distant vessels cannot be neglected.

In contrast, finite element, finite difference, and finite volume methods yield 
large, but sparse, matrices because each unknown depends only on local interac-
tions with near neighbors. The advantage of the Green’s function approach is that 
the number of unknowns may be less than in the other methods because only 
the vascular subvolume is discretized into line segments, whereas finite element, 
finite difference, and finite volume methods require discretization of both tissue 
and blood subvolumes.

Baish [16] improved the efficiency of the Green’s function method by using a 
relaxation technique that began by finding an approximate solution using only 
the largest arteries and their nearest neighbors. The solution then was improved 
by adding smaller, more numerous vessels.

2.5.4 Statistical Interpretation

Models using computer-simulated vasculature [16,64,71–75] can be used to pre-
dict various statistics about the effects of blood perfusion. While the vessel-gen-
erating algorithms employed above may not reproduce all details of the actual 
vasculature, such algorithms can be quite good at mimicking the numbers and 
sizes of the vessels typically present. By sampling the temperatures throughout 
one or more instantiations of a vascular growth algorithm, we may obtain stable 
statistics on the tissue and blood temperatures. For example, a local mean tem-
perature Tt ( )r  can be estimated by the following average over n randomly cho-
sen points within a desired sample volume dV:

 
T

n
Tt t i

i

n

( ) ( )r r≈
=

∑1

1  
(2.96)

This method has an advantage over the use of the continuum models in that the 
size of the sampling volume can be precisely selected and controlled rather than 
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be dictated by the vague assumptions underlying some continuum formulations. 
Sampling can also yield a histogram of local temperatures giving insights into 
local maximum, minimum, and variance. The range of temperatures may be sig-
nificant because small volumes that go undertreated or dangerously overtreated 
may affect the clinical outcome. For example, local hyperthermia is based on the 
equivalent time at 43°C. Small fractions of the tumor volume that are heated to 
lower temperatures will likely experience rapid tumor regrowth. In addition, the 
range of temperatures expected in a small sampling volume can change the way 
an implanted temperature sensor might be interpreted. Incidental placement of 
a sensor near a blood vessel that produces a local temperature disturbance might 
produce a misleading view of the local average temperature.

The effectiveness of the heat sink can be determined by comparing the local 
average temperature to that predicted by the Pennes equation. This yields effec-
tiveness values. In the absence of large-scale gradients, we have

 

ε ω r( ) [ ( ) ( )]r r=
′′′

-b b bt
a

c
q

T T 0
 

(2.97)

In Baish [16], the value of ε was found to depend on whether the arteries and veins 
were in close proximity with each other. Vessels spaced approximately one vessel 
diameter apart gave ε ≈ 0 8. , which is in the same range as found by Weinbaum  
et al. [14] and Brinck and Werner [17] by other methods.

All the above models for vasculature consider the flow of blood to be steady 
and Newtonian, with the vessel walls assumed to be rigid. However, blood flow is 
essentially pulsatile in nature, with the frequency characterized by the Womersley 
number. A blood vessel wall expands and contracts with changes in pressure. 
Pulsatility effects on heat transfer are most significant with large arteries [76,77]. 
Hence, the viscoelasticity of the blood vessel walls must be accounted for in such 
cases. With the branching of blood vessels, the reflection and transmission of 
pressure waves need to be considered. Blood flow is also non-Newtonian due to 
two reasons: (1) blood rheology is shear thinning, and (2) blood viscosity depends 
on the diameter of the vessel in blood vessels less than 500 µm in diameter. The 
inhomogeneous nature of blood starts to have an effect on the apparent viscosity 
at such a small diameter (the Fahraeus-Lindqvist effect). An introductory discus-
sion of all these features is available in Chapter 17 of Ayyaswamy’s book [78], and 
some of the commonly used models to approximate the shear-thinning rheology 
such as the Casson model can be found in Mukundakrishnan et al. [79].

2.6 conclusIons

The numerical methods employed to model heat transfer in perfused tissues gen-
erally differ little from the standard methods available in numerous general texts 
provided that continuum methods are used. In fact, commercial packages such 
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as CoMSoL® (Burlington, Massachusetts) can often be directly used with little 
or no modification. For example, the heat sink term used to model the blood flow 
in the Pennes equation is readily introduced into parameter windows without 
need for special macros or externally linked computer code. only when a fully 
coupled model of the tissue and vasculature is desirable do the methods become 
sufficiently specialized that user-developed code may be required.
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3.1 IntroductIon

Bioheat transfer simulations have significant applications in a wide variety of 
clinical, basic, and environmental sciences [1,2]. Especially, understanding the 
heat transfer in biological tissues involving either the raising or lowering of 
temperature is a necessity for many therapeutic practices such as cancer hyper-
thermia [3], burn injury [2,4], brain hypothermia resuscitation [5], disease diag-
nostics [6], thermal comfort analysis [7], cryosurgery [8,9], and cryopreservation 
[10,11]. Up to now, much attention has been generally paid to the simulations of 
hyperthermia and cryosurgery. This is because such endeavors are more often 
urgently requested in tumor treatment.

In a hyperthermia process, whose primary objective is to raise the tempera-
ture of the diseased tissue to a therapeutic value, typically above 43°C, and then 
thermally destroy it, various apparatuses such as the microwave [12], ultrasound 
[13], and laser [14] have been used to deposit heat for treating the tumor in the 
deep biological body. Temperature prediction would be used to find an optimum 
way to either induce or prevent such thermal damage to the target tissues. In 
contrast to the principle of hyperthermia therapy, cryosurgery realizes its clinical 
object by a controlled destruction of tissues through deep freezing and thawing 
[15]. Applications of this treatment are quite wide in clinics owing to its out-
standing virtues such as being quick, clean, and relatively painless, providing 
good homeostasis, and resulting in minimal scaring. An accurate understand-
ing of the extent of the irregular shape of the frozen region, the direction of ice 
growth, and the temperature distribution within the iceballs during the freezing 
process is a basic requirement for the successful operation of a cryosurgery.

Until now, the classical Pennes equation has been commonly accepted as the 
best practical approach for modeling bioheat transfer in view of its simplicity 
and excellent validity [1,2]. This is because most of the other models either still 
lack sound experimental grounding or just appear too complex for mathemati-
cal solution. Although the real anatomical geometry of a biological body can 
be incorporated, the Pennes equation remains the most useful model for char-
acterizing the heat transport process in clinical hyperthermia or cryosurgery. 
Therefore, this review will be focused on illustrating several typical numerical 
methods for solving this classical model. However, different from the previous 
treatments in mathematics, complex situations such as independent solutions of 
temperature at a single site of interest, irregularities of the calculation domain, 
a moving boundary due to freezing phase change, the nonlinearity of the bio-
heat transfer model and boundary conditions due to the temperature-dependent 
thermal properties or the phase change process involved, the existence of discrete 
large blood vessels, and the coupling multifields transport due to laser heating 
and the like will be especially addressed.
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For brevity, here only cases for space-dependent thermal properties will be 
adopted for illustration purposes. A generalized form for the Pennes equation 
can then be written as

 

r rc T t
t

k T t w c T T tb b b a
∂

∂
= ∇⋅ ∇ + -( , ) ( ) [ ( , )] ( ) [ ( , )X X X X X ]]

( , ) ( , ),+ + ∈Q t Q tm rX X X W  

(3.1)

where r and c are the density and the specific heat of the tissue, respectively; rb and 
cb denote the density and specific heat of the blood, respectively; X contains the 
Cartesian coordinates x, y, and z; W denotes the analyzed spatial domain, respec-
tively; k( )X  is the space-dependent thermal conductivity; and wb( )X is the space-
dependent blood perfusion, which can generally be measured through a thermal 
clearance method. The value of blood perfusion represents the blood flow rate 
per unit tissue volume and is mainly from microcirculation, including the capil-
lary network plus small arterioles and venules. Ta  is the blood temperature in the 
arteries supplying the tissue and is often treated as a constant at 37°C; T t( , )X is 
the tissue temperature; Q tm( , )X  is the metabolic heat generation; and Q tr ( , )X is 
the distributed volumetric heat source due to externally applied spatial heating.

From the historical viewpoint, we can find that the development of the bioheat 
transfer art and science can, in fact, be termed as one to modify and improve the 
Pennes model [1]. Among the efforts, the blood perfusion term in Pennes’s equa-
tion has been substantially studied, which led to several conceptually innovative 
bioheat transfer models such as Wulff’s continuum model [16], the Chen-Holmes 
model addressing both the flow and perfusion properties of blood [17], and the 
Weinbaum-Jiji three-layer model to characterize the heat transfer in the periph-
eral tissues [18].

The bioheat transfer equation and its extended forms can be directly used 
to characterize the thermal process of the biological bodies subject to various 
external or interior factors such as convective interaction with a heated or cooled 
fluid, radiation by fire or laser, contact with a heating or freezing apparatus, elec-
tromagnetic trauma, or a combination among them. Such issues can be treated 
using different boundary conditions as well as spatial heating or freezing pat-
terns [19–21].

Generally, the geometric shape, dimensions, thermal properties, and physi-
ological characteristics for tissues, as well as the arterial blood temperature, 
can usually be used as the input to the Pennes equation for a parametric study. 
According to the situation most commonly encountered in clinics, external 
energy applicators such as cryoprobes or hyperthermia needles can be inserted 
into target tissues for localized ablation of tumor tissues (Figure 3.1a). For a 
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feasible simulation purpose, a relatively complex yet mathematically solvable bio-
logical body geometry can generally be stratified as three layers: the skin, fat, and 
flesh layers (Figure 3.1b). In each layer, the thermal parameters can be treated as 
constant, or temperature and space dependent, or just different from each other 
in the areas of interest. Clearly, if desired, more anatomical geometry can still be 
incorporated into this model. According to a specific need in clinics, the bioheat 
transfer model can be modified by taking more factors into concern.

So far, many different numerical approaches such as the finite difference me- 
thod (FDM), the finite element method (FEM), and the boundary element method 
(BEM) have been developed for solving bioheat transfer problems in various 
coordinates. Among these, the FDM is convenient for compiling the computer 
code but is not convenient for resolving the coordinates of the complex biological 
shape. As an alternative, the FEM has good adaptability to the complex shape. 
Compared with these, the BEM has the unique virtue of providing a complete 
problem solution in terms of boundary values only, with substantial savings in 
computer time and data preparation [22]. overall, the geometry and properties of 
biological bodies vary drastically, which make the simulations of bioheat transfer 
rather complex. The numerical calculations are, therefore, often required. Unlike 
an analytical solution for mainly tackling relatively simple cases, the numerical 
simulation would provide more information for optimizing the best treatment 
protocol in clinics.

This review is dedicated to presenting an overview on several of the latest 
numerical methods as developed in the authors’ laboratory for solving complex 
bioheat transfer problems. For illustration purposes, their typical applications 
from low to high temperatures will be discussed.

Heating or freezing generator Skin surface

Flesh

Fat layer

Skin layer

Tumor

Body core

Tumor

(a) (b)

Probes

y
z

x

Figure 3.1 (a) Schematic illustration of a clinical hyperthermia or cryosurgery configuration, and (b) 
a simplified three-layer (skin, fat, and flesh layers) model geometry for the calculation of a region of 
interest in the human body.
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3.2 monte carlo method for solVIng the 
BIoheat equatIon In hyPerthermIa

3.2.1 Probability Model for Monte Carlo Algorithm

Monte Carlo (MC), a branch of experimental mathematics, is a method of directly 
simulating mathematical relations by random processes [23]. It has been applied 
to solve many heat conduction problems in nonliving materials with various 
boundary conditions and has received a great deal of attention in recent years 
[24–29]. In contrast to the classical FDM, FEM, and BEM, the efficiency of the 
Monte Carlo method (MCM) depends weakly on the dimensions and geometric 
details of the problem. Thus, compiling a computer code in this way appears rela-
tively simple.

A particularly attractive feature of the MCM still lies in that the solution at 
a desired point (which can be arbitrary) can be obtained independently from 
the solutions of the other points within the domain [28], which will be an asset 
when temperatures are needed at only some isolated sites. This is rather unusual, 
since for all the other conventional methods of solving the discretized equations, 
the temperatures at all mesh points must be computed simultaneously [23]. It is 
because the MCM allows many independent statistical experiments to be carried 
out simultaneously that no communication between central processors is needed 
when using multiprocessor computing systems. The MC algorithms can be easily 
parallelized, which may greatly speed up the solution [30,31]. In fact, during a 
hyperthermic treatment of tumors, only temperatures at some desired tissues are 
of especial interest and must be known [32,33]. Therefore, the MCM turns out to 
be an excellent tool for tackling such bioheat transfer issues [34]. This will save 
a large amount of computational time if people wish only to know the thermal 
information at a certain specific area. It better satisfies the real-time requirement 
in clinics.

For other numerical methods such as FDM [35,36], FEM [13,37], and BEM 
[22], special care is needed to handle the complicated geometry and properties of 
the biological bodies. It is, therefore, difficult to compile a computer code to solve 
some complex cases with a three-dimensional (3D) domain or variable thermo-
physical properties. Compared with the above approaches, the MCM success-
fully avoids this disadvantage since it depends weakly on the dimensions and 
geometry of the problem. The recent work by Deng and Liu [34] demonstrated 
that the MCM can be used to solve nearly every kind of bioheat transfer problem 
with transient or space-dependent boundary conditions, blood perfusion, meta-
bolic rate, and volumetric heat source for tissue.

The core ingredient of the MCM to solve differential equations is the random 
walk. The following part will illustrate the basic development and the subsequent 
application of the MCM for the solution of bioheat transfer problems. And the 
fixed random walk, with the step size and the pathways that are fixed in advance, 
is used.
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Equation (3.1) can be rewritten as

 

∂
∂

= ∇ - + ∈
T t

t
T t c

c
T t Q tb b b( , ) ( , ) ( , ) ( , ),X X X X Xa ω r

r
2 W

 
(3.2)

where Q t Q t Q t c T cm r b b b a( , ) [ ( , ) ( , ) ]/ ,X X X= + + r ω r and a r= k c/ is the thermal 
diffusivity of tissue. The initial condition for Equation (3.2) can be defined as

 T t T t( , ) ( ),X X= =0 0  (3.3)

In an MC solution, there are three major types of walls encountered; these 
are classified as absorbing, reflecting, and partially absorbing barriers [23]. They 
correspond to the Dirichlet, Neumann, and mixed boundary conditions [38], 
respectively, and read as

 T t g t( , ) ( , ),X X X= ∈G1  (3.4)

 
- ∂

∂
= ∈k T t q t( , ) ( , ),X

n
X X G2

 
(3.5)

 
- ∂

∂
= -  ∈k T t h T t T tf f

( , ) ( ) ( , ) ( , ) ,X
n

X X X X G3
 

(3.6)

where G1  is the Dirichlet boundary, G2  the Neumann boundary, and G3  the 
mixed boundary; n is the unit normal vector on the boundaries.

Applying explicit discretization formulation to Equation (3.2), and using the 
following relation to express the linear term T t( , )X  in the right of Equation 
(3.2),

 T t T t t T t( , ) ( , ) ( ) ( , )X X X= + + -b bD 1  (3.7)

where b is the relaxation factor, and 0 1≤ ≤b , one can obtain Equation (3.8):
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where Dt  is the time increment; W b b bc
c= r ω

r ; Fo t
x

k t
c x= =⋅D

D
⋅D
D

a
r2 2  is the Fourier number;  

m = 2 4 6, , corresponds to the cases of one, two, and three dimensions respec-
tively; and

 D D D D D DX X X1 2 30 0 0 0 0 0= = =( , , ), ( , , ), ( , , )x y z  (3.9)
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For convenience of presentation, it is assumed that

 D D Dx y z= =  (3.10)

Since
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Equation (3.8) does not satisfy a probability model required by the classical 
MC method. In order to solve this problem, a common factor can be extracted 
from Equation (3.8) as follows (see Reference [34]):
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The laws of probability do not allow negative probability; one can therefore 
have

 1 1- - - ⋅ >W t m Fo( )b D 0  (3.13)

Besides the explicit form of finite difference representation, the implicit formu-
lation can also serve as the basis for the MC solution using the fixed random walk 
formulation, and it can be used to test the effect of various differential schemes 
on the computational results. The implicit probability model for Equation (3.2) 
is given as follows:
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Similarly, the probability must satisfy:

 1 1- - >W t( )b D 0  (3.15)

The discretized initial and boundary conditions can be written as

 T t T P P P tP P P( , ) ( ), { | , }X X= ∈ ∈ =0 0W  (3.16)

 T t g t PP P P P( , ) ( , ),X X= ∈G1  (3.17)
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where Bi( ) ( ) / .X X= ⋅h x kf D For convenience of presentation, it is often assumed 
that the unit normal vector on the boundary n is parallel to one of the three coor-
dinate axes, and point I is the interior node next to point P along the direction of 
the normal vector.

3.2.2 The Fixed Random Walk Formulation

The random walk refers to a statistical procedure that is used to solve the differ-
ence form of various partial or ordinary differential equations. The description of 
a random walk is well documented in the literature [23]. In the fixed random walk 
method, a domain grid is constructed, and a random walker is dispatched from 
the desired interior node, as shown in Figure 3.2 [34]. The MC procedure deter-
mines the path of the random walk, which terminates when the Dirichlet bound-
ary is reached. The computation of the temperature at any interior mesh point (x0, 
y0, z0), as indicated in Figure 3.2, can be illustrated as follows. Here, the case where 
the boundary temperature is prescribed will be considered. A random-walking 

x

y 

(x0,y0,z0)

Figure 3.2 Schematic of the path of a random walk that a particle travels.
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particle is dispatched from the point (x0, y0, z0) whose temperature is desired. It 
steps randomly within the domain grid in terms of the probabilities, stated by 
the finite difference representation of the governing equation, until it arrives at a 
boundary node. Then the temperature at that boundary node is tallied. Similarly, 
a second particle is dispatched and reaches a boundary node whose temperature 
is also tallied. This procedure is repeated for the third, the fourth, and so on to 
the nth particle dispatched from the same point (x0, y0, z0), and the correspond-
ing boundary temperatures are recorded. Then, the sum of these temperatures 
divided by n, the total number of particles, is the approximate temperature of the 
point (x0, y0, z0) where the particles start. In the limit as n approaches infinity, the 
temperature thus calculated would approach the real solution.

The above is a brief description of the fixed random walk procedure. In real 
bioheat processes, this procedure is much more complex, which can be found 
from the finite difference form of Equation (3.2) (i.e., Equations 3.12 and 3.14). 
The relation given in Equation (3.12) indicates that the temperature at a point 
within an isotropic region is related to the temperature of its neighboring points. 
Note that Equation (3.12), under the condition required by Equation (3.13), guar-
anteed that (1) each probability for the particle to walk along any direction is 
positive, and (2) the sum of all probabilities is equal to 1, that is,

 

1 1
1 1 1 1

1

- - - ⋅
- -

+
- -

+
=

∑W t m Fo
W t

Fo
W t

F

i

m
( )

( ) ( )
b

b b
D

D D

/2
oo

W t
i

m

1 1
1

1
- -

=
=

∑ ( )b D

/2

 
(3.20)

Now, Equation (3.12) can be given a probabilistic interpretation: if a random 
walker is momentarily at a point ( , ),X t t+ D a fraction of the random walk equal 
to [ ( ) ]/[ ( ) ]1 1 1 1- - - ⋅ - -W t m Fo W tb bD D  steps to T t( , ),X  a fraction of the ran-
dom walk equal to Fo W t/[ ( ) ]1 1- - b D  steps to T t( , ),X X+ D 1 a fraction of the 
random walk equal to Fo W t/[ ( ) ]1 1- - b D  steps to T t( , ),X X- D 1 and so on. once 
the random walker has completed its first step, the procedures should be taken 
in a similar manner for other steps until the boundary of the region or the time 
t = 0  is encountered [34]. That is to say, the procedure for every random walk, 
beginning at interior mesh point P0 ∈W for t > 0  and terminating at initial point 
P P P t∈ ∈ ={ | , }W 0  or boundary point P ∈ = + +G G G G G, ,1 2 3 follows:

 g P i i k pP P P P P P P: 0 1 2→ → → → → → → → ∈+ -� �1 1 W  (3.21)

where g P  denotes a random walk, and W W Gp P P t= ∈ = +{ | , } .0 Then, one can 
define a stochastic variable x as
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Therefore, at the end of each random walk, the corresponding stochastic variable 
x is tallied.

In the same way, Equation (3.14) can also be given a probabilistic interpre-
tation: if a random walker begins at point ( , ),X t t+ D the probability of step-
ping to any one of the points ( , ), ( , ),X X Xt T t t+ +D Di and T t ti( , )X X- +D D  
(where, i m=1, , )… is the respective value of 1 1

1 1 1 1
- -

+ ⋅ - - + ⋅ - -
W t

m Fo W t
Fo

m Fo W t
( )

( ) ( ), ,b
b b

D
D D and 

Fo
m Fo W t1 1+ ⋅ - -( ) .b D once the random walker has completed its first step, the proce-

dure is repeated for the second step, the third step, and so on until the boundary 
of the region or t = 0  is encountered. This random walk procedure follows:

 g P i i k pP P P P P P P: 0 1 2→ → → → → → → → ∈+ -� �1 1 W  (3.23)

The stochastic variable x can be defined as
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(3.24)

Similarly, at the end of a random walk, the corresponding stochastic variable x 
is tallied.

In Equations (3.22) and (3.24), the value of f P( )  depends on the point type 
encountered at the end of a random walk. When the random walker ends at a 
mesh point in the initial state (i.e., P P P t∈ ∈ ={ | , }),W 0 the initial temperature 
is scored, and f P( )  in Equations (3.22) and (3.24) takes the value of T P0( ).X  
Whenever the random walk arrives at a boundary point, the random walk may 
be absorbed or sent to a neighboring node depending on a preassigned statistical 
chance. The stochastic variable x described above can be applied for any one of 
the three major types of boundary conditions only by assigning the value of f P( )  
as follows [34]:

 1. For the surface temperature boundary condition (i.e., P ∈G1), the sur-
face temperature is scored; accordingly, f P g tP P( ) ( , ).= X

 2. For prescribed surface heat flux instead of surface temperature (i.e., 
P ∈G2 ), the computation can be accomplished by a similar scheme. As 
indicated in Equation (3.18), the random walk will not terminate at this 
wall; instead, it may go back to the interior node next to point P. From 
the combination of Equation (3.12) or (3.14) and Equation (3.18), it can 
be made out that when a random walk is at a surface location with pre-
scribed heat flux, the probability of returning to the interior domain 
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is 2Fo
W t1 1- -( )b D  for the case of explicit discretization formulation and 

2Fo
m Fo W t1 1+ ⋅ - -( )b D  for the case of implicit formulation, while the probability 

of stepping along other axes remains as given by Equations (3.12) and 
(3.14). Whether the random walk steps to a different location or remains 
at the same boundary point, the tally is the value of - ⋅ ⋅

- -
2Fo q t x k

W t
P P( , ) /

( )
X D

D1 1 b  for 
the case of explicit discretization formulation and - ⋅ ⋅

+ ⋅ - -
2Fo q t x k

m Fo W t
P P( , ) /

( )
X D

D1 1 b  for the 
case of implicit formulation. Clearly, the random walk will proceed to  
wander from point to point along the nodes of the grid until the initial 
temperature is scored or another surface with the prescribed tempera-
ture is encountered.

 3. For the convection boundary condition (i.e., P ∈G3), it is clearly indi-
cated in Equation (3.19) that the random walk will not necessarily ter-
minate at this wall, and it may go back to the interior node next to point 
P. At this point, for the case of explicit discretization formulation, the 
probabilities of returning to the interior domain and terminating the 
random walk are respectively 2

Bi
Fo

W t1 1
1

1- - +⋅( ) ( )b D X  and 2 Bi
Bi

Fo
W t1 1 1- - +⋅( )

( )
( ) ;b D
X

X  
and for the case of implicit formulation, the probabilities are respectively  

2
Bi

Fo
m Fo W t1 1

1
1+ ⋅ - - +⋅( ) ( )b D X and 2 Bi

Bi
Fo

m Fo W t1 1 1+ ⋅ - - +⋅( )
( )

( ) .b D
X

X The probability of step-
ping along other axes remains as given by Equations (3.12) and (3.14). 
When the random walk terminates at the same boundary point, the 
tally is the value of T tf P P( , )X for both cases of explicit and implicit dis-
cretization formulation.

The computation of the temperature at any interior mesh point ( , )X0 0t  can 
now be described. An MC procedure begins by starting N random walks at the 
same time, referred to as the sample size. For the ith random walk, the tally is 
expressed as xi , where i N=1 2, , , .… Each random walk procedure is similar to 
the above-mentioned ones. Following the completion of the nth random walk, 
the MC estimate for T t( , )X0 0  can be written as

 
T t

N i
i

N

( , )X0 0
1

1=
=

∑x
 

(3.25)

Figures 3.3a,b,c depict temperature distributions at different profiles in tissues 
with tumors by using a different random walk number N [34]. The temperature  
near the tumor site is obviously higher than at other locations. Comparing 
Figure 3.3a with Figure 3.3b, it is clearly shown that the larger the random walk 
number, the higher the computational accuracy. otherwise, the temperature 
curve appears relatively coarse. In Figures 3.3a,c, the same random walk num-
bers are adopted. However, the accuracy of results in Figure 3.3c for the bound-
ary temperature is poor, while that in Figure 3.3a is fine. This indicates that the 
computing accuracy at the boundary points is worse than in the interior points.
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Although the generation of true random numbers is possible, the process 
is currently impossible for computer-based numerical computation. It is thus 
usually routine for one to use a sequence of pseudorandom numbers that can 
be generated with ease by a random number generator. Before generation, the 
generator must be initialized by selecting a seed, or, in other words, a starting 
value. Different seed numbers will generate different sequences of pseudoran-
dom numbers and will inevitably influence the computational results. Figure 3.4 
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Figure 3.3 Temperature distributions at different profiles (t = 2000 seconds), in which (a) x   = 0.014 m,  
N   = 10000; (b) x   = 0.014 m, N   = 1000; and (c) x   = 0, N   = 10000. (Note: x denotes the tissue depth from 
the skin surface, while y and z are along the surface.)
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illustrates the influence of seed number on temperature distribution, in which 
the seed numbers are selected stochastically [34]. Clearly, the influence of differ-
ent seed numbers on MC results is not obvious, which is beneficial for practical 
application purposes.

In an MC solution, it can be demonstrated that if the random number 
approaches infinity (i.e., N → ∞), the temperature thus determined will approach 
the exact solution. The influence of random walk number on the MC results is 
depicted in Figure 3.5. As a comparison, Figure 3.5a,b gives temperature values 
spanning two different random walk scopes [34]. It is clear from Figure 3.5 that the 
computed temperature at a certain point will no longer change with the increase 
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Figure 3.3 (Continued)
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Figure 3.4 Influence of seed number on the temperature distribution (x = 0.014, z = 0.04, t = 2000 
seconds).
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of random walk number, and the computed temperature is approximately equal 
to this value when N ≥ 2000.

3.2.3 The Absorption Formulation

For explicit and implicit formulations, as given in Equations (3.12) and (3.14), 
respectively, the random walk will proceed to wander from point to point along 
the nodes of the grid until the initial temperature is tallied or another surface 
with the prescribed temperature is encountered. This increases the duration of 
a random walk, thereby prolonging the computation time. To avoid time con-
sumption, the absorption formulation is introduced as an alternative [34].

As stated above, Equation (3.8) does not satisfy the probability model of the 
MC method. But, if one is taking 1 1 1

1- - -
+

W t
W t
( )b

b
D

D  as the absorption probability at 
the present point (namely, when a particle is momentarily at a point Pi ), the 
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Figure 3.5 Influence of random walk number on the temperature distribution (t = 2000 seconds), in 
which (a) N   = 1,2,3,…,500 and (b) N   = 1,2,3,…,10000.
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probability of terminating at point Pi is 1 1 1
1- - -
+

W t
W t
( ) ).b

b
D

D Equation (3.8) can also be 
given a probabilistic interpretation: if a random walker starts at point ( , ),X t t+ D
the probabilities of stepping to any one of the points ( , ), ( , ),X X Xt T t t+ +D Di

and T t ti( , )X X- +D D  (where i m= ⋅⋅⋅1, , ) are 1 1
1 1

- - - ⋅
+ +

W t m Fo
W t

Fo
W t

( ) , ,b
b b
D
D D and Fo

W t1+ bD ,
respectively, and the probability of terminating a random walk at the present 
point is 1 1 1

1- - -
+

W t
W t
( ) .b

b
D

D once the random walker has completed its first step, the 
procedure is repeated for the second step. In a similar manner, a third step is 
taken and so on until the random walk is absorbed at a certain point or until the 
boundary of the region or t = 0  is encountered. If the random walk procedure is 
absorbed at point Ps , that is,

 g P i i kP P P P P P: 0 1 2 1→ → → → → → →+� �  (3.26)

the stochastic variable x can be defined as

 
x g

b
= =

+
=
∑u

Q t t
W tp
p p

i

k
i i( )

( , )X D
D1

0  
(3.27)

If the random walk procedure is terminated either at a certain boundary point 
or when t = 0  is encountered, one has

 g P i i k pP P P P P P P: 0 1 2 1 1→ → → → → → → → ∈+ -� � W  (3.28)

where W W Gp P P t= ∈ = +{ | , } .0 Then the corresponding stochastic variable x can 
be defined as follows:
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Q t t
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X D
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(3.29)

In Equation (3.29), the value assigned to f P( ) is the same as that of the algo-
rithms developed above. At the end of each random walk, the corresponding 
stochastic variable x is tallied. Similarly, the MC estimation for temperature at a 
specific point can also be obtained by Equation (3.25).

The explicit and implicit formulations are time-consuming. Comparison of 
the computation time among different formulations shows that [34] at boundary 
points, the absorption formulation seems to have higher computational accuracy 
than that of the explicit and implicit formulations. Besides, the absorption for-
mulation is the most timesaving among the three formulations, and the explicit 
formulation takes the second place (Figure 3.6).
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3.2.4 Monte Carlo Algorithm for Nonlinear Boundary Conditions

As is well known, the generalized boundary condition for the heat transfer occur-
ring at the skin surface is generally composed of three parts (i.e., convection, 
radiation, and evaporation), which can be written as follows [6]:

 
- ∂

∂
= - + - +k T

n
h T T T T Q

skin
f s f s f e( ) ( )sε 4 4

 
(3.30)

where hf is the convection heat transfer coefficient; Ts and Tf are the skin and  
surrounding air temperatures, respectively; ε is the skin emissivity; s is the  
Stefan-Boltzmann constant; and Qe is the evaporative heat losses due to sweat 
secretion (refer to References [7,19]).

 Q Q Qe dif rsw= +  (3.31)

 
Q T Pdif s a= - -3 054 0 256 3 37. ( . . ) W/m2

 (3.32)

 
Q h W T Prsw f rsw s a= - -16 7 0 256 3 37. ( . . ) W/m2

 (3.33)

where Qdif  is the heat loss by evaporation of implicit sweat secretion when the 
skin is dry, Qrsw  is the heat loss by evaporation of explicit sweat secretion, Wrsw  
is the skin humidity ( 0 1≤ ≤Wrsw  and Wrsw = 0 1, , respectively, mean that the skin 
is dry and that it is entirely wet), Pa is the vapor pressure in ambient air, and 
P Pa a a= f *  (where fa  is the relative humidity of surrounding air, and Pa

*  is the 
saturated vapor pressure at surrounding air temperature). In Equations (3.32) 
and (3.33), the unit of pressure is kPa. Substituting Equations (3.31) through 
(3.33) into Equation (3.30) yields
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∂
= - + -( )+ +k T

n
h T T T T h W
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f s f s f f( ) ( . .sε 4 4 3 054 16 7 rrsw s aT P)( . . )0 256 3 37- -
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Figure 3.6 Comparison of computation time for different algorithms (t = 2000 seconds).
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This nonlinear boundary condition, due to occurrence of the sεTs
4  term, can 

be solved through an iteration as follows: (1) if the random walk ends at the skin 
surface, assume the predicted skin temperature Ts a, ; (2) rewrite Equation (3.34) 
as the normal format:

 
- ∂

∂
= -k T

n
h T f Q

skin
f s[ ( )]

 
(3.35)

in Equation (3.35),

 
f Q T

T T h W T
f

s a f f rsw( )
( ) ( . . )( .

= -
- + +sε ,

4 4 3 054 16 7 0 256 ss a a

f

P
h

, - -3 37. )

 
(3.36)

(3) then calculate the skin temperature Ts  based on Ts a, ; (4) determine the cor-
rected skin temperature by

 T T T Tc s a s s a= + -, ,g( )  (3.37)

where 0 1< ≤g  is the relaxation factor; (5) check convergence: if | |/| |T T Tc s a c max- >, ε  
(where εmax is a prescribed maximum acceptable error), set T Ts a c, = , and con-
tinue the iterative operations from step 2 until the relative error becomes less 
than or equal to εmax ; and (6) if convergence is achieved, end the iteration and 
record T Ts c= .

Solving the generalized bioheat transfer model and the boundary and initial 
conditions, the relative contribution of each thermal factor to skin temperature 
distribution can be clarified. Presented in Figure 3.7 is a comparison of the heat 
fluxes due to radiation, convection, and evaporation, and the sum of all these heat  
fluxes at the skin surface [6]. It indicates that the heat loss due to evaporation when 
the skin is dry is much less than that while the skin is partially wet. Consequently, 
the nonhomogeneous skin humidity can also result in an abnormal temperature 
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Figure 3.7 The heat fluxes at the skin’s surface due to radiation, convection, and evaporation (ε = 
0.9,Wrsw = 0.2, f = 40%, T = 25°C, and hf = 10 W/m2 °C).
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distribution at the skin surface. These complexities should be considered in some 
specific clinical practices such as thermal diagnosis. But for a general analysis, 
evaporative and radiative heat transfer at the skin surface is often omitted or just 
attributed to the apparent convective heat transfer term for simplicity.

3.3 sImulatIon of BIoheat transfer Process 
In cryomedIcal engIneerIng

3.3.1 Particularities in Modeling of Bioheat Transfer with Phase Change

A major difference between simulation of cryosurgery and that in hyperthermia 
is that a phase change process occurs in the former case. The main difficulties 
encountered in cryosurgical simulation are the unknown extent of the irregular 
shape of the frozen region, the direction of ice growth, and the temperature dis-
tribution within the iceballs during the freezing process. Such moving boundary 
problems are highly nonlinear. For example, the thermal conductivities for the 
frozen tissue and blood-perfused region were generally different (e.g., a smaller 
value for tissue was often taken as kl = 0.5 W/m°C, while in the frozen region a 
larger value as ks = 2 W/m°C was usually used) [39]. Besides, blood perfusion 
and metabolic heat generation exist in the unfrozen region, while they disap-
pear after being frozen. Considering that biological tissues in cryosurgery expe-
rience a wide range of temperature change, their thermal properties (including 
specific heat and thermal conductivity) are expected to change significantly over 
the freezing and thawing process. That is to say, the thermal parameters of the 
biological tissues are generally temperature dependent. Several previous studies 
have shown that inclusion of temperature dependence has a significant effect on 
phase change predictions [40,41]. As an alternative, constant assumptions were 
also often adopted or only space-dependent parameters were taken into concern. 
For example, to avoid the expensive and intensive numerical iteration, a mul-
tisegmental constant thermal conductivity has been used to approximate the 
temperature-dependent case [41]. Further, due to the nonideal solution property, 
the phase change temperature for the biological tissues usually occurs in a rather 
wide range, say, between –1°C (upper limit) and –8°C (lower limit), not just fixed 
at 0°C, as is assumed in most of the calculations.

In the long-term development of cryosurgery technology, a number of numer-
ical models to solve the phase change problems of biological tissues have been 
proposed. Generally, the existing numerical schemes can be divided into two 
basic approaches [42]: one is based on the front-tracking technique, while another 
is based on the nonfront-tracking technique including enthalpy formulation and 
the effective heat capacity method.

For a front-tracking technique, the heat transfer equations for both fro-
zen and blood-perfused regions should be separately described and solved  
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simultaneously. In the unfrozen tissue, the classical Pennes heat transfer model 
was often used, that is,

 
ru u

u
u u b b a uC T t

t
k T t w C T T t∂

∂
= ∇⋅ ∇ + - +( , ) [ ( , )] [ ( , )]X X X QQ tm u, ( )X ∈W

 
(3.38)

where subscript u indicates the unfrozen phase.
For the frozen region, due to the absence of blood perfusion and metabolic 

activities, the heat balance is given by

 
r f f

f
f f fC

T t
t

k T t t
∂
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( , )
[ ( , )], ( )

X
X X W

 
(3.39)

where subscript f indicates frozen tissue.
For ideal biological tissues, the temperature continuum and energy balance 

conditions at the moving solid–liquid interface are given as follows (assum-
ing that the density of tissue r is the same constant for both liquid and solid 
phases):

 T t T t Tf u m m i( , ) ( , ) ,X X X= = ∈G . .  (3.40)
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T t
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Q Vf
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∂
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= ∈

( , ) ( , ) ,
X X Xl . .G

 
(3.41)

where n denotes the unit outward normal; Ql  and Tm  are, respectively, the latent 
heat and freezing point of tissue; Gm i. .  is the moving boundary (i.e., the moving 
interface resulted by phase change); and Vn is the normal velocity of the moving 
interface.

Due to the high nonlinearity of Equations (3.38) through (3.41), complex itera-
tion at the moving boundary is inevitable by directly discretizing these govern-
ing equations. In some recently emerging cryosurgery assisted by hyperthermia, 
more complicated situations will be encountered. For example, due to alternate 
strong freezing and heating, many different phase change interfaces will be pro-
duced in the tissue domain (Figure 3.8). Especially for multiple probes applica-
tion, such a three-dimensional calculation would become extremely difficult.

In order to avoid the iteration at the moving boundary, the effective heat 
capacity method is also often adopted [42]. Since first proposed by Bonacina et 
al. [43], the effective heat capacity method has been used by many investigators 
to solve phase change problems. The advantage of this method lies in that a fixed 
grid can be used for the numerical computation, and that the nonlinearity at the 
moving boundary can thus be avoided. The essence of the effective heat capacity 
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method is to approximate the latent heat by a generalized effective heat capacity 
over a small temperature range near the freezing point. Following this strategy, 
the numerical solution can be carried out on a fixed grid throughout the calcula-
tion process, which is much easier to implement.

To apply the effective heat capacity method, Equations (3.38) and (3.39) must be 
substituted by a uniform energy equation, which can be constructed as follows [42]:

 
Λ ∂

∂
= ∇⋅ ∇ + - +T t

t
k T T t w T C T T t Qb b a

( , ) ( ) [ ( , )] ( ) [ ( , )]X X X mm T( ), X ∈W
 

(3.42)

In Equation (3.42), it is assumed that the phase change occurs over a very 
small temperature range near the freezing point, that is, ( , ),T T T Tm m- +D D in 
which DT  is an extremely small quantity, and
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Figure 3.8 The iceballs produced in phantom gel by two probes during a freeze–heat cycle using a 
combined cryosurgery and hyperthermia system.
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Since the phase change of real biological tissue does not take place at a spe-
cific temperature but within a temperature range, it is reasonable to substitute a 
large effective heat capacity over a temperature range (Tml, Tmu) for the latent heat, 
where Tml and Tmu are, respectively, the lower and upper phase transition temper-
atures of tissue. Introducing the effective heat capacity �C, the effective thermal 
conductivity �k T( ), the effective metabolic heat generation �Qm, and the effective 
blood perfusion �ωb T( ), respectively, as follows (assuming that ku, kf , Cu, and Cf  
are all constant):
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Then Equation (3.42) can be written as
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= ∇⋅ ∇ + - + ∈( ) , X W
 

(3.53)

Consequently, the complex nonlinear phase change problems are simplified 
as nonhomogeneous ones, which can be easily dealt with by a general numerical 
method.

3.3.2 Finite Difference Formulation

Numerical calculations on the effective heat capacity phase change problems 
of biological tissues can be done by the FDM, FEM, finite volume method, or 
BEM. Presented below is an algorithm developed using the FDM. Applying the 
explicit finite difference formulation to Equation (3.53), and using Equation (3.7) 
to express the linear term T t( , )X  on the right-hand side of Equation (3.53), 
Equation (3.53) can be discretized as follows:
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(3.54)

where Dt is the time increment; W Fob bC
C

k t
C x= = ⋅D

⋅D
�
�

�
�

ω ; 2 is the Fourier number; m = 2, 
4, 6 corresponds to the cases of one, two, and three dimensions, respectively; and 
the definitions of D DX X1 2, , and DX3 can be found in Equation (3.9).

Applying the boundary conditions at time t + Dt and substituting the calcu-
lated results at the previous time t, the unknown T at time t + Dt can be solved 
from Equation (3.54). After the temperature distributions at time t + Dt have been 
solved, the anterior and posterior moving boundaries can be determined by the 
isotherms of Tmu and Tml, respectively.

The FDM algorithm can also be flexibly used for solving more bioheat transfer 
cases. Deng and Liu had extended this algorithm for treating more complex prob-
lems that involve both freezing and heating processes [42]. Readers are referred 
there for more detail.

3.3.3 Dual-Reciprocity Boundary Element Method (BEM) Formulation

The BEM has advantages over others due to its requiring only discretization 
on the boundaries of the domain. However, the traditional BEM for problems 
involving nonlinearities may still yield difficulty in deriving the so-called fun-
damental solution and thus require additional domain discretization [22]. There 
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exist severe restrictions in the traditional BEM for solving the bioheat transfer 
equation (BHTE). one is that the fundamental solution to the BHTE with a non-
homogeneous blood perfusion term is hard to obtain. Besides, in most cases, it is 
inconvenient to alter the program by incorporating a new fundamental solution 
when the user wishes to study a slightly different bioheat equation. Furthermore, 
the nonhomogeneous term accounting for the spatial heating needs to be 
included in the ordinary BEM formulation by means of domain integrals, which 
makes the technique time-consuming and loses the attraction of its “boundary-
only” character. In this regard, the dual-reciprocity boundary element method 
(DRBEM) can avoid the above restrictions [44].

DRBEM is a transformation originating from but superior to the traditional 
BEM. The basic idea is to employ a fundamental solution corresponding to a sim-
pler equation and to treat the remaining terms as well as other nonhomogeneous 
terms in the original equation through a procedure that involves a series expan-
sion using global approximation functions and the application of reciprocity 
principles [44,45].

Deng and Liu had extended the DRBEM to solve multidimensional phase 
change problems of biological tissues during cryosurgery [44]. In order to avoid 
the complex iteration at the moving boundary, the effective heat capacity was 
also adopted to simplify the governing equations. As a result, the complex non-
linear phase change problems can be simplified as nonhomogeneous ones, which 
can be easily dealt with by DRBEM.

Without losing generality, one can write the transient bioheat transfer equa-
tion under two-dimensional coordinates and constant properties as

 
∇ = ∂

∂
+ + =2T a T

t
bT c d f

 (3.55)

where a bC
k

C
k
b b= =�

�
�
�, ,ω and c Q C T

k
m b b a= - +� �

�
ω . The solution of Equation (3.55) can be 

expressed as the sum of the solution of Laplace’s equation and a particular solu-
tion T̂  for the Poisson equation ∇ =2 ˆ .T d f Due to the difficulties of finding a 
solution ˆ,T the dual-reciprocity method uses a series of particular solutions T̂j  
instead of a single function ˆ.T The number of T̂j  used is equal to the total num-
ber of nodes in the problem, that is, N L+ , where N and L are the numbers of 
boundary nodes and internal nodes, respectively. Applying the dual-reciprocity 
technique [44,45], the following relations can be deduced:

 
d t f rf j j

j

N L

≈
=

+

∑g ( ) ( )
1  

(3.56)

 ∇ =2T̂ fj j  (3.57)
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where g j is the time-dependent coefficient to be determined, r is the distance 
from the point j to any other point under consideration, fj is the function of dis-
tance r, and f = 1 + r is used here. Then, Equation (3.55) can be rewritten as

 
∇ = ⋅∇( )

=

+

∑2 2

1

T Tj j
j

N L

g ˆ

 
(3.58)

Applying the conventional BEM based on the use of the fundamental solution 
of Laplace’s equation and integrating by parts the Laplacian terms, the integral 
equation for each source node i can be deduced:
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(3.59)

where Ci is a constant that only depends on the geometry at the node i; T *  is the 
fundamental solution of the Poisson equation; q*  is the normal derivative of T *  
along the boundary; q̂ j  is defined as ˆ ˆ/ ;q T nj = ∂ ∂j and n is the unit outward nor-
mal to Gm.i.. For the two-dimensional problem considered here, T *, q*, T̂ , and q̂  
can be derived as [44,45]
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Introducing the interpolation functions and integrating over each boundary 
element, Equation (3.59) can be written in terms of nodal values as

 
C T H T G q H Ti i ik k

k

N

ik k
k

N

j ik kj
k

N

j

+ - =





= = ==
∑ ∑ ∑

1 1 11

g ˆ
NN L

ik kj i ij
k

N

G q C T
+

=
∑ ∑- +




ˆ ˆ

1   
(3.62)

where Gik and Hik are called as influence coefficients, and can be written as

 
G T d H q dik ik ij= = +∫ ∫* *,

G G
G G 1

2
d  (3.63)
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where d is the Kronecker delta. From Equation (3.56), the coefficient g  in Equation 
(3.62) can be obtained as g = + +-F 1( ),aT bT c� where F is the matrix form of the 
function f, and �T  means ∂ ∂T t/ . Then the matrix form of Equation (3.62) can be 
derived as

 HT Gq HT Gq F T T- = - + +-( ˆ ˆ ) ( )1 a b c�
 (3.64)

where H and G are the matrices of Hik  and Gik, respectively. The matrices T, q, 
ˆ ,T and q̂ correspond to vectors Tk, qk, T̂kj , and q̂kj , respectively. Substituting S =   
( ˆ ˆ ) , ( ) , ( )HT Gq F- = - + = - +- + +1 11 1T T T q q qT
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Applying the boundary conditions at time ( )m t+1 D  and substituting the cal-
culated results at the previous time m tD , the unknown T and q at time ( )m t+1 D  
can be solved from Equation (3.65). After the temperature distributions at time 
( )m t+1 D have been solved, the anterior and posterior moving boundaries can be 
respectively determined by the isotherms of Tmu and Tml.

For the case of temperature-dependent blood perfusion such as ωb w w T= +1 2  
or ωb w w T= 1 2exp( )  (where w1, w2 are constant coefficients), a DRBEM algorithm 
corresponding to Equation (3.65) can also be derived. The obtained nonlinear 
transient algorithm due to the occurrence of the complex temperature term can 
be solved through iteration at each time step [46].

3.3.4 Phase Change Cases Based on 3D Simulation

Figure 3.9 depicts a typical temperature distribution for freezing by three probes 
with identical insertion depth in the tissue [42]. It was shown that the tempera-
ture responses at tissues surrounding the three probe tips are much different 
from those of the rest of the tissues, and that there appear to be three identical 
valleys in the temperature distributions during freezing, while three identical 
peaks were produced at the same positions during heating. Figure 3.10 gives 
the location and size of the iceball produced by the freezing of three probes. 
Compared with the case of a single freezing probe, the iceball formed by the 
freezing of three probes is much larger. It must be noticed that the domain of 
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the iceball should exceed the area of the tumor, which is required for complete 
destruction of the target. The use of multiple probes permits overlapping the 
requested frozen and heated areas in the treatment of large tumors, and provides 
a method of destroying the tissue to the desired size and shape in complex tumor 
ablation. Meanwhile, excessive freezing might also cause irreversible injury to 
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Figure 3.9 Tissue temperature distributions at a cross section of x   = 0.027 m for the case of three 
probes with identical insertion depth, in which the heating–cooling procedure includes 1200 seconds 
of freezing immediately followed by 800 seconds of heating, in which (a) t   = 1200 seconds, (b) t   =  
1400 seconds, and (c) t   = 2000 seconds.
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the neighboring healthy tissues. Therefore, numerical calculations can provide 
a very informative prediction on the tissue temperature responses and thus help 
optimize the treatment parameters before tumor operation. For the method  
to optimize the cryosurgical protocols, readers are referred to References [47,48] 
for more detail.

In cryosurgery, the major injury factors have been found to be the lowest 
temperature achieved, the dwell time at this lowest temperature, the number of 
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Figure 3.9 (Continued)
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Figure 3.10 The location and size of an iceball after freezing for t = 1200 seconds.
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freeze-thaw cycles, and the temperature change rate. Although no single factor 
is solely responsible for the tissue damage, it is argued that tissue will likely be 
injured if its temperature is reduced below a certain critical value, which temper-
ature is likely to be tissue dependent and generally ranges from –20°C to –70°C 
[42,43]. The isotherm based on the critical temperature is commonly adopted by 
cryosurgeons as a boundary of lethality for tissue. Locating this isotherm within 
an iceball during clinical application is problematic due to the limitations of 
magnetic resonance imaging (MRI), ultrasound, and computerized tomography 
(CT) imaging modalities.

For similar reasons, the tissue will likely be burned if its temperature is 
increased over a certain critical value. Such maps of three-dimensional iso-
therms for tissue can also be obtained through numerical simulation. The mov-
ing boundaries at different times inside the prefrozen iceball during heating by 
three probes are depicted in Figure 3.11 as illustration (the moving boundaries 
include the lower and upper boundaries, which are determined by the isotherm 
of Tml = - °8 C and Tmu = - °1 C, respectively). It clearly presents the evolutions of 
the moving boundaries of phase change. Bearing such information in mind, a 
cryosurgeon can at least acquire somewhat quantitative information for planning 
the specific extent and size of the freezing lesion and its growth rate. In addition, 
it is even possible to output in advance the results of the numerical computations 
as a series of critical isotherm, which can be used as a surgical atlas. This would 
allow the cryosurgeon to obtain a quantitative feeling for the lesion size and its 
growth rate.

In another study [49], numerical investigations were also performed for the 
cases using multiple probes for combined cryosurgical and hyperthermic treat-
ment. Figure 3.12 shows part of the results, in which three probes with different 
configurations are applied (the freeze-heat cycle includes 10 minutes of freez-
ing followed by 10 minutes of heating). Results in Figures 3.12a,b indicate that 
either insufficient or excessive freezing and heating have resulted with the cor-
responding probe configurations. It is shown in Figure 3.12c that the lethal area 
produced by freezing has totally encompassed the whole tumor with similar 
shape, and that parameters of probes under the third configuration have been 
optimal. The current results also suggest that the combined cryosurgery and 
hyperthermia system has strong freezing and heating capabilities, and that it 
may improve the treatment effect by providing double chances to possibly kill 
tissues.

For the cases where freezing and heating probes can be moved along their 
initial insertion path, numerical algorithms can also be modified for treating 
such complex moving freezing and heating problems [50]. The results will not be 
repeated here for the sake of brevity.
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Figure 3.11 The moving boundaries at different times inside the prefrozen iceball during heating 
by three probes (x   = 0.027 m), in which (a) t   = 1210 seconds, (b) t   = 1220 seconds, and (c) t   = 1300 
seconds.
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Figure 3.12 Lethal areas produced by three probes under three different configurations.
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3.4 sImulatIon of lIght–heat–floW transPort In tIssues 
suBJect to laser-Induced thermotheraPy

3.4.1 Particularities of Laser Heating of Tissues

During a laser-induced thermotherapy (LITT), a minimally invasive treatment 
of malign and benign tumors, the laser light can be delivered either through 
external laser beam irradiated on skin surface or by placing a special scattering 
laser applicator on pathological tissues. The light absorbed usually leads to an 
increased local temperature between 45°C and 100°C, which will result in hyper-
thermic, coagulative, and necrosis effects in living tissues. For safety consider-
ation in clinics, it is essential to ensure necrosis of the total tumor cells within the 
desired volume of treatment while minimizing the thermal damage of healthy 
tissues surrounding the tumor [51].

A great many efforts had been made to calculate the 3D transient temperature 
distribution in laser-irradiated biological tissues [52–62]. However, most of them 
either did not take blood perfusion into consideration or are still not applicable 
to the situation where convective heat loss by blood flow in vessels is significant. 
In some studies [63], the distortion of temperature distribution by the presence 
of a blood vessel was considered. But the vessel there was simply represented by 
several node points of increased absorption and decreased scattering. An impor-
tant and rather complex phenomenon (i.e., the convective cooling by the flowing 
blood) was not addressed until recently.

Depicted in Figure 3.13 is a typical geometrical configuration showing laser-
fiber irradiation in tissues embedded with two large countercurrent blood vessels 
[51]. This is often encountered in tumor treatment by LITT. The tissue domain 
surrounding the large blood vessels can be prescribed in a rectangular geom-
etry, and a 3D Cartesian coordinate system can be adopted to solve the coupled 
tissue–vessel energy equations. In simulating the optothermal response of tissues 
embedded with large blood vessels during LITT, two kinds of problems need to 
be addressed. The first one is how the light distribution is affected by the presence 
of large blood vessels. The other one is how to model the localized cooling effect 
of the large blood vessels [51,53,59,60].

Tissue Vein Vein A

A

Optical fiber Laser applicator 

Artery 

Artery 

A-A

Optical fiber 
Laser applicator 

Tissue 

Figure 3.13 Physical model for the case of inserted fiber irradiation on tissues embedded with two 
large countercurrent blood vessels.
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Interfaces between a blood vessel and its surrounding tissue may lead to 
reflection or absorption of the coming laser light. This consists of the toughest 
issue for modeling and calculation. Most of the existing efforts just treat this by 
considering a collective model. Up to date, little attention has been paid to the 
effect of a single large blood vessel to the tissue temperature prediction during 
laser-induced thermotherapy. To tackle this important issue in clinics, Zhou and 
Liu developed a numerical algorithm to simultaneously solve 3D light and heat 
transport in several typical tissue domains with either one single blood vessel or 
two countercurrent blood vessels [51]. The 3D heat transfer and blood flow mod-
els were established to characterize the temperature transients over the whole 
area. The coupled equations for heat and blood flow in multiple regions were 
solved using the blocking-off method. Particularly, the Monte Carlo method was 
modified to calculate the light transport inside the tissues as well as the blood 
vessel. Theoretical algorithms to deal with the complex interfaces between the 
tissues and vessels and the tissue–air interface were developed. The heat genera-
tion pattern due to absorption of laser light was thus obtained by the Monte Carlo 
simulation and then adopted in the heat and flow transport equations to predict 
the 3D temperature transients over the whole domain. It indicated that without 
considering large blood vessels inside the tissues, a very different temperature 
response would be induced when subject to the same laser heating. Such infor-
mation is expected to be critical for accurate treatment planning in clinics.

3.4.2 Monte Carlo Formulation for Light Propagation

The most widely used equation describing the light propagation in biological tis-
sue is the radiative transfer equation [64]:

 
s I r s I r s p s s I r st

t⋅∇ + = ′ ′∫( , ˆ) ( , ˆ) (ˆ, ˆ ) ( , ˆ� � �m m
π

π
4

4

))d ′ω
 

(3.66)

where �r  is the position vector; ŝ  and ′̂s  are direction vectors; I r s( , ˆ)�  is the 
intensity of laser light at position �r  in the ŝ  direction; ′ω  is the solid angle; mt 
is the total attenuation coefficient defined as the sum of the absorption coefficient 
ma (defined as the probability of photon absorption per unit infinitesimal path 
length) and the scattering coefficient ms (defined as the probability of photon 
scattering per unit infinitesimal path length); and p s s(ˆ, ˆ )′ is the phase function, 
which is a probability density function giving the probability of photon scatter-
ing from an initial propagation direction ′̂s  to a final direction .̂s By assuming 
tissue is homogeneous and isotropic, the scattering from ′̂s  to ŝ  can be simply 
represented by the angle between ′̂s  and .̂s So the phase function p s s(ˆ, ˆ )′ can 
be written as p s s p s s p p p(ˆ, ˆ ) (ˆ ˆ ) ( ) (cos ) ( ),′ = • ′ =f q f where q is the deflection angle 
between ŝ  and ˆ′s  (the symbol •  denotes the scalar product of two vectors) and 
f is the azimuthal angle about .̂ (cos )s p q describes the forward-scattering nature 
of light in tissue, and p( )f  is uniformly distributed over the 2π  radians at .̂s
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The analytical solutions for the radiative transfer equation can be obtained 
only for very simple cases [65], for example one-dimensional geometry. Monte 
Carlo simulation [66] of photon propagation offers a flexible yet rigorous approach 
toward photon transport in turbid materials like biological tissues, and it can 
easily deal with two- or three-dimensional problems with complex geometry. For 
these reasons, it has been widely used to simulate light transport in tissues for 
various applications [67–72].

The Monte Carlo method simulates the “random walk” of photons in a 
medium that contains absorption and scattering. The rules of photon propagation 
are expressed as probability distributions for the step sizes of photon movement 
between two photon–tissue interaction sites, for the angles of deflection when a 
scattering event occurs, and for the probability of transmittance or reflectance at 
interfaces (such as the tissue–air interface and tissue–blood interface). A random 
number generator is used to sample discrete events from which the probability 
distributions for the laser–tissue interaction coefficients and phase function can 
be derived. In a Monte Carlo simulation, the photons are generally treated as 
neutral particles, and thus the polarization and wave phenomenon are neglected. 
The photon transport behavior depends on the following four quantities: (1) the 
absorption coefficient ma, (2) the scattering coefficient ms, (3) the phase function, 
and (4) the refractive index of tissue relative to the surrounding medium n.

For the calculation domain as illustrated in Figure 3.13, two coordinate sys-
tems are used in the Monte Carlo simulation at the same time [51]:

 1. A Cartesian coordinate system is used to trace photon movements and 
to score internal photon absorption as a function of x, y, and z, which 
are the three components of the Cartesian coordinate system. Since 
solving the energy equations is directly based on the internal photon 
absorption, the Cartesian coordinate system used for the Monte Carlo 
simulation is the same as that for heat transfer calculation, and the same 
discrete grid system can thus be used for its numerical computations.

 2. A moving spherical coordinate system, whose z-axis is dynamically 
aligned with the photon propagation direction, is used for sampling of 
the propagation direction change of a photon. In this spherical coor-
dinate system, the deflection angle q and the azimuthal angle f due to 
scattering can be first sampled. Then, the photon direction is updated in 
terms of the direction cosines in the Cartesian coordinate system.

For tracing photons in tissues embedded with large blood vessels with the 
Monte Carlo simulation, each incident photon is initially assigned a weight W 
equal to unity. Weighting the photons in this way can result in better statistical 
precision for a given number of input photons [51]. During the photon trans-
port history, it can hit two kinds of interfaces: the tissue–air interface or tissue–
blood interface. The photon will experience transmittance or reflection at these 
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interfaces due to the mismatched refractive indices. At the tissue–air interface, 
part of the photon weight is transmitted out into the air, and the remaining part 
of the photon weight is reflected back to the tissue. only the reflection part needs 
to be continuously traced. This situation is somewhat different at the tissue–blood 
interface, where the entire photon weight is either reflected or transmitted. At 
each interaction point, the photon is assumed to deposit a fraction of its current 
weight as absorbed energy, and the remaining fraction is continuously traced as 
scattering energy. once the photon has taken a step, some attenuation of the pho-
ton weight due to absorption by the tissues, W a tm m/ , must occur. Therefore, the 
accumulated deposited photon weight in grid element (x, y, z) would be the sum 
of the old one and the new part absorbed by the tissues (i.e., Q x y z W a t( , , ) / ).+ m m
The new weight should then be updated as follows by the right-hand side term:

 Q x y z Q x y z W a t( , , ) ( , , ) /← + m m  (3.67)

where ma is the absorption coefficient, and mt is the total attenuation coefficient.
Considering the photon scattering, the new photon weight, W, is calculated as 

follows by the right-hand side term:

 W W s t← m m/  (3.68)

where W represents the photon weight, and ms is the scattering coefficient.
If the photon weight, W, has been sufficiently decremented such that it falls 

below a threshold value (e.g., Wthreshold = 0 0001. ), then further propagation of the 
photon yields little information. However, proper termination must be executed 
to ensure conservation of energy without skewing the distribution of the photon 
deposition. A technique called “roulette” is used to terminate the photon when 
W Wthreshold< . The roulette technique gives the photon one chance in m (e.g., m = 
10) of surviving with a weight of mW. otherwise, the photon weight is reduced 
to zero, and the photon is terminated [51]. A random number, x, in the interval 
[0,1] is generated by the computer. The photon weight is updated according to the 
following decision:

 

if m W mW

if m W

then

>1/ then = 0

x

x

≤ ←1/

 
(3.69)

where x denotes a random number in the interval [0,1]; andW mW← means to 
update W by mW. This method conserves energy and eventually terminates pho-
tons in an unbiased manner.

The rate of heat generation at any node [i,j,k] due to the absorption of light in 
tissue, q i j kl[ , , ], can then be calculated by the following relation:

 q i j k Q i j k P NV i j kl[ , , ] { [ , , ] }/ ( , , )=  (3.70)
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where N is the total photon number, V i j k( , , ) is the element volume of node [i,j,k], 
P is the total laser power delivered at the surface or by the laser applicator, and 
Q i j k[ , , ] is the accumulated deposited photon weight in grid element [i,j,k] in 
units of photon weight.

The local accumulated diffuse reflectance can be converted to a useful form by 
the following expression:

 R i j R i j N x yi i[ , ] { [ , ]}/[ ]= ⋅ ⋅D D  (3.71)

where i and j represent the index number of grid points in the x-axis and y-axis, 
respectively; and Dxi and Dyi are the lengths of the grid point [i,j] in the x-axis 
and y-axis, respectively.

The total reflectance Rt is given by

 
R R R i j dxdyt sp

yx ll

= + ∫∫ [ , ]
00  

(3.72)

where Rsp is the specular reflectance, which can be described by R n nsp = -( ) /1 2
2

( )n n1 2
2- (n1 and n2 are refractive indices of medium 1 and 2, respectively). The 

total transmittance Tt is calculated in a similar manner like that of the total dif-
fuse reflectance Rt.

It should be mentioned that the existence of large blood vessels significantly 
increases the difficulty for modeling and calculating the photon transport 
throughout the tissues [51]. Since the optical properties for the tissues and the 
blood are different, it is necessary to know in which region the photon is located 
before sampling of step size. For example, if the photon is currently located in the 
tissue region, the optical properties of tissues should be used to determine the 
step size s. If the photon is located in the blood region, then the optical properties 
of blood should be adopted. When the photon is located just at the tissue–blood 
interface, the situation becomes a little more complicated. As shown in Figure 3.14,  

Tissue

Blood

Photon

(a)

(c) (d)

(b)

Figure 3.14 Four possibilities when photons reach the tissue–blood interface.
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one cannot decide which properties should be used simply according to the posi-
tion of the photon because there are four possibilities while the photon is located 
at the tissue–blood interface. The photon position combined with its history 
information (i.e., from where the photons reach the tissue–blood interface and 
whether or not the photon has transmitted the interface) can provide complete 
information for one to choose proper optical properties. For example, when the 
photon comes from the tissue region and no transmittance occurs (Figure 3.14a) 
or when the photon comes from the blood region but there is transmittance 
(Figure 3.14b), the optical properties of tissue should be used to determine the 
step size using s t= - ln / .x m Similarly, for the cases of Figures 3.14c,d, the optical 
properties of blood should be used to calculate the step size.

Zhou and Liu established a relatively complete method of developing the 
Monte Carlo algorithm for launching and moving the photon, sampling the 
photon step size, detecting boundary crossing, reflecting and transmittance at 
interfaces, and photon absorption and scattering during laser heating on tissues 
embedded with large blood vessels [51]. Since the derivations are rather lengthy, 
they will not be repeated here. Readers are referred to Reference [51] for more 
detail. It is worth mentioning, however, that the basic route as described above 
is also useful for tackling the light transport in moving boundary problems 
during thawing of frozen tissues due to laser heating [73]. In that case, reflec-
tion, transmittance at the moving solid–liquid interface should be carefully  
addressed.

3.4.3 Conjugated Model for Heat and Flow Transport

In most of the blood vessel thermal analysis, heat transfer coefficients or Nusselt 
numbers were used to calculate heat transfer to large blood vessels. However, 
the conjugate heat transfer problem can be solved numerically by modeling the 
heat transfer in tissues and blood regions as a whole [51]. If one assumes that the 
velocity profile at the entrance of the blood vessel is known, only the energy equa-
tion is required to be solved in the fluid. The energy equations used to describe 
the transient temperature distributions in the blood and tissue domains take the 
same form:
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where v denotes the velocity component in the y-axis (here, the blood flow is 
treated as fully developed; therefore, the velocity components in the x-axis and 
z-axis, say u and w, are zero), r denotes density, c is specific heat, T is tempera-
ture, t is time, k is thermal conductivity, and ql  is the rate of heat generation due 
to the absorption of laser light.

In writing Equation (3.73), the blood perfusion and metabolic heat produc-
tion in the tissue region are neglected. The blood vessel wall is approximated 
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as very thin compared to the whole computational domain and has no thermal 
resistance. When using Equation (3.73) to solve the temperature distributions 
in the tissues and blood region as a whole, the velocity distribution in the blood 
vessel region is assigned to be parabolic, whereas the velocity in the tissue region 
is assigned to be zero. The conductive terms can be discretized by central differ-
ence, while the convection term is discretized according to an upwind difference 
scheme. The resulting system of discretization equations was solved using the 
alternate direction implicit (ADI) method. Different specific heat and density are 
used for different regions (tissue or blood). The conductivity discontinuities at 
the vessel–tissue interface are dealt with by using the harmonic mean of the ves-
sel and tissue conductivities [74].

For the case of a countercurrent vessel pair, the blood velocity in the artery is 
taken as positive and the blood velocity in the vein is negative to account for the 
countercurrent flowing in these two kinds of vessels. For simplification, the capil-
lary bleed-off between the countercurrent vessels can be neglected. As mentioned 
earlier, large blood vessels can carry away a significant amount of the energy 
deposited during the laser heating. This results in a local cooling of the tumor 
cells immediately adjacent to the vessel and leads to possible recurrence of the 
tumor. Vessel occlusion (i.e., reducing the velocity of the blood before it arrives at 
the tumor region) is often adopted to reduce the localized cooling of large blood 
vessels. When the velocity of the blood flowing through the vessel is reduced 
drastically, the buoyancy-driven flow due to density variations may become sig-
nificant. Clearly, Equation (3.73) cannot model the above-mentioned buoyancy-
driven flow phenomenon. In fact, for certain physiological reasons (e.g., vessel 
bifurcation), nonzero velocity components may exist along the x-axis and z-axis. 
To account for these phenomena, one must use 3D Navier-Stokes equations to 
calculate the flow field.

Strictly speaking, blood is a multiphase system consisting of plasma and blood 
cells. The diameter of the main blood cell (i.e., a red blood cell) is in the order of 
several microns (~7.6 µm) under normal conditions [75], which is much smaller 
than the diameter of the blood vessel. Therefore, it is reasonable to assume that 
blood flow behavior can be described by a continuum model, such as Navier-
Stokes equations. other assumptions still include the following: (1) blood is con-
sidered a Newtonian fluid with a constant coefficient of viscosity (this is valid 
when the shear rates are relatively high, e.g., greater than 100 sec–1) [76], (2) the 
vessel elasticity and thus the pressure wave effect are neglected, (3) the flow 
through the blood vessel is assumed to be laminar and incompressible, (4) the 
viscous dissipation is neglected, (5) the density is constant except in the expres-
sion of the buoyancy term (Boussinesq approximation), and (6) no slip boundary 
condition at the blood–vessel interface is assumed.

With these assumptions, the governing equations in a rectangular coordinate 
system (shown in Figure 3.13) can be given, in their unsteady form, by the fol-
lowing [77]:
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Continuity Equation:

 

∂
∂

+ ∂
∂

+ ∂
∂

=u
x

v
y

w
z

0
 

(3.74)

Momentum Equations (Navier-Stokes equations):
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Energy Equation:
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where g denotes acceleration of gravity, and m is dynamic viscosity. In the buoy-
ancy term, the density r is approximated by r r b= - -ref refT T[ ( )],1 where rref  is 
the reference density, Tref  is the reference temperature, and b is the coefficient of 
thermal expansion.

The above governing equations can be calculated using the SIMPLE algorithm 
for velocity–pressure coupling, based on primitive variables and a staggered-grid 
scheme [74].

The tissue and the flowing blood are treated as a whole in the conjugated 
method. In doing this, a technique called the “blocking-off method” [74] can be 
used, in which the velocity in the solid region (i.e., tissue region) is assigned to be 
zero and the viscosity of the solid region is set as infinitely large (e.g., 1035). The 
resulting viscosity discontinuities at the vessel–tissue interface can be easily dealt 
with by using the harmonic mean of the vessel and the tissue viscosity.

3.4.4 Typical Results on Laser–Tissue–Vessel Interactions

All the calculations demonstrate that for tissues with different vessel configura-
tions, a very different temperature field will be induced for the same laser power 
heating on the biological body (Figure 3.15). Without carefully addressing the tissue 
vasculature, serious errors on predicting the thermal information will be obtained, 
and clinical problems such as thermal injury on healthy tissues due to overheating 
or poor treatment on tumors due to inefficient irradiation will be aroused [51].
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When the blood flow velocity in the vessel is very low as a result of certain 
physiological reasons (such as vessel occlusion), studies reveal that the buoyancy-
driven flow due to density variations induced by laser irradiation may be sig-
nificant [51]. Figure 3.16 presents a typical calculated result when the velocity 
at the vessel entrance is decreased to about 0.052 m/s. It is noted that the veloc-
ity distribution at the midplane and the exit differs from the entrance velocity 
distribution. In addition, the temperature distribution when natural convection 
plays a role is also different from the temperature when not considering natu-
ral convection. Further calculations still indicate that when the vessel diameter 
becomes small enough, the effect of the natural convection will be significantly 
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Figure 3.15 The temperature distributions at different planes with different y coordinate values cor-
responding to Figure 3.13: (a) 12.3 mm upstream the midplane, (b) midplane, and (c) 12.3 mm down-
stream the midplane.
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weakened even if the blood flow velocity is low. This is purely the result of a low  
Rayleigh number flow. For the case of a very small vessel diameter, the biological 
heat transfer analysis can be significantly simplified since consideration of the 
effect of buoyancy-driven flow may not be very necessary. However, even in this 
case, the effect of a single vessel could still be remarkable as a result of other rea-
sons such as laser light reflection and transmission at the vessel–tissue interface.

Clearly, different geometrical parameters for the blood vessels such as config-
uration, position, diameter, length, the centerline-to-centerline distance between 
two countercurrent vessels, and the thermal parameters for the blood flow such 
as velocity and entrance temperature, the optical scattering and absorption coef-
ficients at tissue–blood interfaces, and so on all contribute to the final output of 
the tissue temperatures.

overall, the Monte Carlo method as well as the blocking-off method are very 
useful for simultaneously solving the light transport and the coupled heat and 
flow equations. As is well known, humans and animals have very complex ana-
tomical structures over their whole body. Although examples as explained above 
have included the most typical vasculatures (i.e., tissues with one single blood 
vessel or two countercurrent vessels), it can never be said to be an exhaustive one. 
Further efforts can be made on more complex light and heat transfer due to the 
adoption of real vasculature.

3.5 conclusIons

In this review, simulations of temperature distributions in the biological tis-
sues under several complex high- or low-temperature situations were explained. 
The methods as described would find significant value in treatment planning 
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for tumor hyperthermia and cryosurgery. However, tremendous efforts are still 
needed to gain a more comprehensive understanding of the freezing and heating 
effect. For example, uncertainties exist in the modeling, especially with respect 
to the influence of blood perfusion, which may lead to either lower or higher 
temperatures than expected. Besides, the effect of the large blood vessels or 
spatially distributed vasculature should also be investigated in more detail. In 
addition, the local thermal properties of the cancerous or healthy tissue, albeit 
of smaller influence, should be accurately measured for the specifically tested 
subject through experiment. Knowledge regarding heat transfer in many organs 
such as the liver, the brain, and the kidneys and in the prostate gland is still 
rather limited. For these reasons, there still exist many obstacles in developing a 
general bioheat transfer model and numerical simulation algorithm. Therefore, 
externally applied three-dimensional heating and/or freezing patterns by the 
medical apparatus should always be carefully justified, especially when the 
research is clinic oriented.

To improve the efficiency of treatment planning, further research can be done 
by incorporating the following factors: (1) the real shape of a biological body, (2) 
accurate thermophysical properties, (3) the circulatory process inside the body, 
(4) the real heating and freezing patterns and boundary conditions at the skin 
surface, and (5) model justification via experimental measurements. In terms of 
the design of new medical systems, the goals are to increase the ablation efficiency 
on target diseased tissues, reduce the injury to the surrounding healthy tissues, 
and optimize a more targeted heat and/or cold delivery method. obviously, 
development of a powerful computational technique would significantly support 
this endeavor.

Undoubtedly, with the rapid progress of computational technology, accurate 
simulations with respect to time and space are possible in the three-dimensional 
domain. Simulations would help improve the performance of a surgical process 
in many aspects such as (1) the design and optimization of specific freezing and/
or heating therapies, (2) the identification of a desirable heat and/or cold delivery 
system for obtaining an optimal thermal dose, (3) the development and evalua-
tion of new surgical systems, (4) a guide for controlling the complex heat trans-
port for therapeutic processes, and (5) an investigation of the tissue–medical 
device interactions.

It is expected that a clinically useful software for bioheat transfer simulation 
will finally become true in the coming future.
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4.1 IntroductIon

To calculate the in vivo temperature distribution, the impact of blood flow on 
heat transfer has to be accounted for [1]. Basically, two approaches can be utilized 
when taking the blood flow into account in a thermal model: the continuum 
models and the discrete vessel models. The first approach models the thermal 
impact of all blood vessels with a single, global parameter; the latter models the 
thermal impact of each vessel individually.

4.1.1 Bioheat Model

The continuum model used most often is the Pennes bioheat or heat sink model 
[2]. The thermal impact of blood is described by introducing an energy drain that 
is proportional with the volumetric perfusion level and the elevation of the local 
tissue temperature over that of the arterial temperature. Equation (4.1) states the 
local heat balance for this model.

 
rtis tis tis b b artc T

t
k T c W T T P∂

∂
= ∇⋅ ∇( )- - +( )

 
(4.1)

In this equation, T(K) is the local tissue temperature; t(s) is the time; rtis, ctis, 
and ktis are the tissue density (kg m–3), specific heat (JK–1 kg–1), and thermal con-
ductivity (WK–1 m–1), respectively; cb is the specific heat of blood; Wb is the volu-
metric perfusion rate (kg m–3 s–1); Tart is the arterial blood temperature (K); and 
P is the sum of the absorbed power and metabolic heat production (Wm–3). The 
term on the left-hand side of the equal sign describes the temperature evolution 
in time, and the first term on the right-hand side of the equal sign describes the 
heat transfer due to conduction. The second term is the actual contribution of 
blood to the heat transfer; the assumption is (1) that arterial blood with tempera-
ture Tart is heated in the capillaries to the local tissue temperature T without any 
preheating, and (2) that the venous blood leaves the tissue without any thermal 
interaction.
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4.1.2 Equilibration Length

In reality, blood can be preheated by the interaction with heated surrounding 
tissue. The rate at which blood is heated can be quantified by the equilibration 
length [3], characterizing the distance it takes for the blood in a vessel to ther-
mally equilibrate to the temperature of the surrounding tissue. Main arteries 
typically have a high flow and large equilibration length in the order of meters 
[4]. Capillaries have low flow and very short equilibration lengths (0.1 µm) [4], 
and are therefore always in thermal equilibrium with the surrounding tissue. 
Chen and Holmes [3] and Van Leeuwen et al. [5] showed that vessels with a diam-
eter between 0.2 and 0.5 mm take care of a major part of the thermal equilibra-
tion of the arterial blood and are therefore thermally significant.

4.1.3 Thermal Modeling of Individual Vessels

In a discrete vessel model, the thermal impact of many vessel segments within 
a complex vasculature has to be taken into account individually. The impact on 
the temperature distribution can be calculated analytically only for very basic 
vessel configurations, as has been done for single vessels by Chen and Holmes 
[3], Crezee and Lagendijk [4], and Huang et al. [6] and for countercurrent ves-
sels by Weinbaum et al. [7], Baish et al. [8], Wissler [9], M. Zhu et al. [10,11], and  
L. Zhu and Weinbaum [12]. Therefore, modeling the thermal impact of a com-
plex, detailed, discrete vasculature has to be done numerically.

The first numerical models could only cope with straight vessels [13–16] or 
branching networks with only perpendicular vessel connections [17]. Mooibroek 
and Lagendijk [18] presented a more versatile model that could cope with curved 
vessel networks. However, the vessel description is directly coupled with the res-
olution of the discretized tissue, which makes describing extensive and curved 
vasculature cumbersome.

More flexible alternatives are from Stanczyk et al. [19], who present a two-
dimensional (2D) model, and from Liu et al. [20] and Dughiero and Curazza [21], 
who present a model for detailed simulations around bifurcations. However, the 
most flexible and versatile solution for modeling the thermal impact of individual 
blood vessels is the discrete vasculature (DIVA) model [22,23], developed at our 
Department of Radiotherapy in the University Medical Center Utrecht, the 
Netherlands. DIVA decouples the tissue description and the vessel description 
and accounts for the heat transfer between tissue and vessel separately. This con-
cept of decoupling the heat transfer in tissue and vessels has also been imple-
mented by Blanchard et al. [24].

4.2 dIscrete Vasculature (dIVa) model

4.2.1 Introduction

DIVA is a versatile model for modeling in vivo heat transfer, including the impact 
of discrete vasculature [22,23]. The original aim of the model was to calculate the 
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temperature distribution during hyperthermia treatments [1], that is, a cancer 
treatment where the sensitivity of the tumor (e.g., for radiotherapy) is enhanced 
by elevating the temperature to approximately 44°C. This means the model 
does not take phase transitions of the tissue into account such as freezing or 
evaporation.

DIVA takes a voxelized anatomy and a geometric description of the vascula-
ture network as an input. The latter means that the spatial precision of the ves-
sel description is independent of the anatomy grid resolution. The heat flow rate 
between adjacent voxels is calculated by solving Fourier’s law of heat conduction 
using a finite difference iteration scheme. The interaction between the blood ves-
sels and the tissue is calculated by determining the heat flow rate between a blood 
vessel and the surrounding tissue voxels. The flow rate is calculated using the tis-
sue temperature samples, a blood temperature sample, and the distance between 
the center of the vessel and the location of the tissue temperature sample.

4.2.2 Conductive Heat Transfer in Tissue

The anatomy has to be defined as a grid of rectangular voxels. For instance, by 
using a magnetic resonance imaging (MRI) or computerized tomography (CT) 
data set, each voxel gets assigned a tissue type identifier and a tissue temperature. 
In a separate table, the tissue properties and initial temperatures of each tissue 
type are defined.

For one grid direction, the heat conduction between voxels is illustrated in 
Figure 4.1. The x-coordinates of the voxel centers have a unique value denoted by 
x x i x ii = + D ∈0 ( ).� The goal is to calculate the temperatures at unique moments 
in time, given by t t n t nn = + D ∈0 ( ).� The simulated field, T, describing tempera-
tures at a certain time and location is then denoted by T T t xi

n
n i= ,( ) [25]. The 

finite difference scheme can be derived by considering the thermal interaction 
between two adjacent voxels using the concept of “thermal resistance” [26].  

Ra    b = Ra + Rb

2ka kb

ka + kb

Rb Ra 

∆x 

= ∆x
∆y∆z

b c a 

Figure 4.1 The thermal resistance, in one dimension, between the centers of two adjacent voxels is 
simply given by the sum of the two thermal resistances between a voxel center and the voxel boundary. 
The contact area is given by DyDz, and the thermal conductivity is denoted by k.
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Thermal resistance is defined by the thermal conductivities of the voxels involved, 
as explained below. At the same time, the thermal resistance also couples the 
temperature difference and the heat flux between these two voxels (Equations 4.2 
and 4.3); the total thermal resistance Ra→b between voxels a and b is defined by 
Equation (4.2):

 
R T T

q
L
kSa b

a b

a b

ab
→

→
= - =

 (4.2)

where Ta and Tb are the temperature of voxels a and b, respectively; qa→b is the 
heat flow between voxels a and b; Lab is the distance between the temperature 
samples in voxels a and b; S is the contact surface between a and b; and k is the 
appropriate thermal conductivity between voxels a and b.

Consider the interaction between voxels a and b, as depicted in Figure 4.1. 
The voxel volume is given by DxDyDz, while the interaction surface for the two 
voxels under consideration is DyDz. This results in a thermal resistance, as given 
by Equation (4.3).
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The thermal energy change of voxel b due to the thermal interaction with the 
neighboring voxels a and c during a time step Dt is given by
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This results in the general one-dimensional difference scheme based on the 
voxel energy balance:
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(4.5)

where rtis is the tissue density [kg m–3], ctis is the tissue-specific heat capacity  
[J kg–1 K–1], and k is the tissue thermal conductivity [W m–1 K–1].

For the three-dimensional (3D) scheme, this equation is applied in all three 
grid directions, each with its own uniform spacing. The total energy balance for 
a voxel results from the summation of the interactions with all its nearest neigh-
bors (six in total). This results in a 3D temperature grid.
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4.2.3 Convective Heat Transfer by a Single Vessel Segment

The blood temperature profile in a vessel segment (i.e., a part of a vessel without 
any branches) is registered separately and is updated separately from the tissue 
temperatures. The impact of the vasculature on the temperature distribution is 
basically accounted for as follows: one iteration to update the tissue temperatures is 
followed by one iteration to update the blood temperature profiles in the vessels.

4.2.3.1 Geometric Vessel Description

A vessel segment is a nonbranching part of the vasculature. It is defined by a 
parameterized curve in 3D with an associated diameter. Points along the seg-
ment are addressed by an index, running from 0 to 1, that represents the distance 
from the beginning point of the segment. This way, the location of each point 
along the segment can be determined in the tissue grid.

4.2.3.2 Blood Temperature Profile

DIVA uses the “mixing cup” blood temperature [27,28] to serve as the axial blood 
temperature profile. This mixing cup temperature Tmix is a velocity weighted 
average of the temperature of the blood flowing through an imaginary plane per-
pendicular to the heart line of the vessel.

The use of the mixing cup temperature for the axial blood temperature profile 
has the advantage that, together with the mean blood velocity, the specific heat 
and density for blood, it models the axially convected thermal energy rate. The 
mixing cup blood temperature profile is discretized, yielding an array of blood 
temperature samples (or buckets).

The sample or bucket density can be chosen independent of the vessel geom-
etry. The array of buckets can also be addressed with an index, running from 0 to 
1. Since the curve representing the geometry of the vessel is also indexed between 
zero and one, every point of the segment can be addressed with a specific index, 
and with the same index the temperature of that location can be found. The tem-
perature of a geometric point is calculated by linear interpolation between the 
neighboring bucket centers.

4.2.3.3 Convective Heat Transfer by Blood Flow

Using the mixing cup temperature as the blood temperature, one value for the 
blood velocity, 〈 〉v , can be defined. When the blood flows for a certain amount 
of time, dt, the temperature profile must be shifted over a certain distance, 
d d= 〈 〉v t.

The shift can be directed forward, x→x + d, or in the opposite direction, x→ 
x – d. We will only show the first; the second is very similar. A schematic picture 
of this shift procedure is given in Figure 4.2.

Before shifting the total temperature profile, the temperature of the incoming 
blood, Tnew, has to be specified. This is implemented by extending the blood tem-
perature array to the range (–∞, 1) with the same sample density as the original 
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array T(–∞, 1](x). All the samples in the range (–∞, 0) will have the value Tnew. From 
this infinite array, the new “shifted” array T xnew

[ ] ( )0 1,  can be created by applying

 T x T xnew
[ ] ( ]( ) ( )0 1 1, -∞,= - d

for the indexes of all the samples of T xnew
[ ] ( ).0 1,

The shift results in new values for the samples of the array and a single value 
“shifted out.” This result will be the average of all the samples with an index > 
1 – d.

4.2.3.4 Interaction between Vessel and Tissue

For every bucket, the heat flow to or from the tissue grid is calculated. The heat 
flow toward a bucket can be estimated from the (blood) temperature of the bucket 
and the tissue temperatures in its immediate vicinity. To sample the tissue tem-
perature around the bucket, the “estimation set,” Sest, is devised. This set contains 
the voxels located just outside the bucket; the heat flow results in a change of the 
bucket’s temperature. The heat flow is accounted for in the tissue grid in the vox-
els of the “exchange set,” Sexc. In Figure 4.3, a bucket with its two sets is shown.

The heat flow rate between a bucket and the tissue is determined as follows. 
Consider a bucket with radius rves embedded in a coaxial tissue cylinder with 
radius R; the temperature evolution of the tissue in time is then stated by Equation 
(4.6) in cylinder coordinates (r,j,z) [4,27].

 
rtis tis

tis tisc T
t r
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dr

kr dT
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P∂
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=


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+ -1 3[ ]W m
 

(4.6)

Tnew
Tout
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Old profile 

δ 
New profile 

New samples Samples 

Figure 4.2 Flow implementation; the heat exchange with the environment is not depicted.
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For the considered system, the heat flux at the vessel wall f | =r rves
can be calcu-

lated analytically. In Crezee and Lagendijk [4], the following expression is given 
for f | =r rves

under the assumption of fully developed velocity and temperature 
profiles:

 
f | = - -=

-
r r

b

ves
tis ves mixves

Nuk
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T r T
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2( ( ) ) [ ]W m
 

(4.7)

where Nu is the Nusselt number, kb the blood thermal conductivity [W m–1 K–1], 
Tmix the mixing cup blood temperature [K], and Ttis(rves) the temperature of the 
vessel wall. Note that f | =r rves

 is directed radially out of the vessel.
Solving Equation (4.6) and using Equation (4.7) to eliminate Ttis(rves) result in 

an expression for the heat flux at the vessel wall.
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The total heat flow rate Φ into a cylindrical volume of the vessel (bucket) is the 
integral of the density of the heat flow rate f at the surface of this volume:

 Φ W= - | ⋅∫ =f r rves
n dˆ [ ]W  

(4.9)

where dΩ is an infinitesimal vessel surface element and n̂ is the unit radial vector 
on this surface element.

This definition of the heat flow rate (Equation 4.9 together with Equation 4.8) 
will be used to estimate the heat flow rate from or toward a bucket. The estimate is 
established by sampling the tissue temperature from the estimation set (Sest). The 

Exchange set voxel

Estimation set voxel

Figure 4.3 Part of a vessel segment projected onto a grid. Three buckets are indicated. For one 
bucket, the two sets involved in the heat exchange between the bucket and tissue are shown.
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heat flow is accounted for in the exchange set (Sexc), that is, the energy exchange 
of the blood with the tissue is done in these exchange set voxels. In Figure 4.4, 
the two sets of a bucket are schematically drawn in the tissue grid. once the two 
sets, Sest and Sexc, are created, the heat exchange can be calculated straightfor-
wardly. In the grid holding the discretized temperature field, tissue temperature 
samples can be found for all the members of Sest. For all these samples, the heat 
flux on the vessel wall is calculated using Equation (4.8). Averaging these fluxes 
and multiplying with the bucket surface area result in the used heat flow rate of 
the bucket.

In summary, one iteration for updating the vessel temperature profile is 
as follows:

 1. Calculate the heat flow toward every bucket, using Equation (4.8).
 2. The total heat flow is distributed over the members of the exchange set 

in the drain grid.
 3. Update the (mixing cup) temperature of every bucket. Before the tem-

perature sample is updated, a weighted average of the heat flow to this 
bucket with the flow to the next bucket (in the direction of blood flow) 
is calculated. This is done to reflect the flowing character of the blood: 
while the blood is heated by means of the heat flow, it flows from one 
bucket to the next. This interpolated heat flow is used to calculate the 
blood temperature change.

 4. Shift the profile of the updated vessel temperature samples.

4.2.4 Convective Heat Transfer by a Vessel Network

The vessel segments as presented in Section 4.2.3 can be connected to form a 
vessel tree. Multiple vessel trees together constitute the total vasculature. Both 

Exchange set voxel

Estimation set voxel

Figure 4.4 Projection of a vessel onto the tissue grid together with the two associated voxel sets. The 
interaction is calculated based on the distances between the temperature samples and the center of 
the vessel.
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arterial and venous trees can be constructed; arterial and venous trees cannot 
be connected to each other. A vessel tree starts with a single segment that can 
have an indefinite number of child segments, each child segment in its turn can 
have an indefinite number of child segments, and so on. The difference between 
arteries and veins is the blood flow direction, from the first segment downward 
for arteries and toward the first segment for veins. An example of an arterial vas-
culature of the eye is shown in Figure 4.5.

When the blood leaves a segment, there are various possibilities: the blood is 
exchanged with connected segments (segment–segment interface), the blood is 
exchanged with tissue (segment–tissue interface), or, since blood conservation 
between connected segments is not mandatory, part of the blood is exchanged 
with the connected segment and the other part with tissue (mixed interface). An 
exchange of blood with tissue is implemented by an additional heat exchange 
between blood and tissue after the blood leaves the vessel.

33.7°C

37°C

36.2°C

35.4°C

Figure 4.5 Example of an arterial vasculature as used for thermal calculations in the orbit [29].  
The blood temperature in the vessels is gray-scale coded and shows the situation for a normothermic 
exposure of the eye to the surroundings.
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4.2.4.1 Segment–Segment Interface

In Figure 4.6, a parent with two child 
segments is depicted. Here, we will 
describe the case where the sum of the 
child flows does equal the parent’s flow. 
The sign of the blood flow, discriminat-
ing between arteries and veins, must 
be the same for parent and child seg-
ments: it is not possible to connect an 
artery to a vein directly.

The temperature of the blood flowing out of an arterial parent segment becomes 
the blood inflow temperature of all its child segments. The inflow blood tempera-
ture for a venous parent segment is obtained from the “flow-averaged outflow 
blood temperature” of all its child segments. The blood exchange between seg-
ments might lead to local deviations in the blood temperature when the bucket 
length lb is not the same for parent and child segments.

4.2.4.2 Segment–Tissue Interface

Whenever blood crosses the vessel–tissue boundary at the end of a vessel seg-
ment, there must be an interaction with the surrounding tissue. For a venous 
segment, this means that the blood inflow temperature has to be established 
from the local tissue temperature, whereas blood leaving an arterial segment will 
generally have a temperature unequal to the local tissue temperature and need 
to equilibrate with the tissue temperature. In both cases, the tissue temperature 
around the end of a vessel segment is sampled from a so-called sink set. This sink 
set is a collection of tissue voxels that can be chosen freely for each individual 
segment; this is schematically shown in Figure 4.7. The geometry of the set is not 
limited to a sphere, nor does it have to enclose the endpoint of the corresponding 
segment.

The sink set is used to thermally equilibrate the outflowing arterial blood with 
its associated tissue. All the voxels in this sink set are given an extra perfusion 
equal to the blood flow (from the segment) into the tissue (jtis) divided by the 
number of voxels present in the sink 
set. Then we use the local blood tem-
perature Tout

art and the local tissue tem-
perature together with the local blood 
perfusion to calculate the amount of 
heat that has to be exchanged with 
every tissue voxel separately. In fact, 
this strategy is a true implementation 

φp

φ1

φ2

Figure 4.6 Segment p with (two) child seg-
ments. The total blood flow jp is equal to the total 
blood flow into the child segments: jp = Si ji.

φp φtis

Figure 4.7 Parent segment without any child 
segments. The total blood flow jp has to be equili-
brated with the surrounding tissue, so the total 
sink geometry gets a perfusion of jtis = jp.
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of the well-known [2] “bioheat equa-
tion.” For a venous segment, we use the 
average temperature of the sink set (for 
veins, it is called the “sample set”) as 
the inflow temperature of the venous 
segment.

4.2.4.3 Mixed Interface

The blood flow can be specified for each 
segment individually, so blood flow 
conservation at a segment junction is 
not mandatory. This yields the possi-

bility to model “bleed-off” by side branches too small to be modeled discretely. 
When the total blood flow into the child segments is not equal to the blood flow 
in the parent segment, a combination of the two interfaces described above is 
used. This implies that every segment junction can have a sink and sample set. 
For example, to model bleed-off for a single straight segment, this segment has to 
be described as a concatenation of smaller segments with a sink set at every con-
catenation, similar as in Figure 4.8 but then with one child per connection. The 
sign of the tissue blood flow jtis must be the same as that of the associated parent 
flow jp so there are no sample sets in an arterial vessel tree and there are no sink 
sets in a venous vessel tree.

4.2.5 Choices for Using Sink Sets

The sink sets as presented in Section 4.2.4 provide a means to complete the ther-
mal interaction of blood leaving the arterial vasculature or sampling a realistic 
inflow temperature for veins. Ideally, these sink sets or sample sets would be the 
anatomical territory perfused by this vessel [30]. In practice, it is very hard to 
determine these territories. If so, various options for creating appropriate sink 
and sample sets are available, where the choice is led by the available data. When 
the blood flow in (some of) the vessels is known, the choice is different from when 
the perfusion distribution is known.

4.2.5.1 Blood Flow in the Vessels Is Known

An intuitive way of constructing the sets is to define the volume of the sets as 
the anatomy volume divided by the number of branches. Then assign spheri-
cal volumes with this volume to each terminating blood vessel segment (or to 
the branch point where no flow conservation is present; for the sake of brevity, 
we will refer to terminating branches only). For a dense vasculature, this is a 
fine approximation, since then the sets will be small and rather homogeneously 
distributed over the anatomy. However, when only a rudimentary vasculature 

φ1

φp

φ2

φtis

Figure 4.8 Segment with (two) child segments. 
The total blood flow of the child segments is lower 
than the flow of the parent segment. The flow 
associated with the tissue is set to the difference: 
jtis = jp  - Si ji. 
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is present for modeling, this approach fails [31]. This is because likely sets will 
be overlapping (which is allowed), which results in very high local heat sinks in 
these areas, whereas some anatomy volumes are not covered by sink sets at all 
and experience no additional heat sink.

To prevent the sets from overlapping, Kotte et al. [23] proposed a strategy in 
which the anatomy grid is divided into subvolumes, for instance cubes, such that 
the entire volume is covered. Then the subvolume is assigned as a sink or sample 
set to the vessel segment that ends there. A subvolume can be assigned to multi-
ple vessels. The subvolumes without a vessel terminating in them are assigned to  
the closest terminating segment, since obviously these subvolumes must have 
some kind of perfusion in reality. Now, the sets will differ in volume, which 
means that for similar blood flow from all terminating vessels, the local perfu-
sion in the sets will vary.

If one does not want to couple the terminating vessels to a specific region, an 
alternative is to assign the entire anatomy to each terminating vessel. In fact, 
one then takes the average outflowing blood temperature and equilibrates this to 
the tissue temperature averaged over the entire anatomy using the [2] heat sink 
model.

4.2.5.2 Perfusion Distribution Is Known

So far, we have assumed that we know the blood flow of the terminating vessels 
and have used this to create a perfusion distribution by choosing the appropriate 
sink sets. However, often the tracks of the vasculature are known, together with 
the perfusion distribution, while there are no data on the flow inside the vessels. 
Then, the flow in the vessels can be set such that this meets the known perfusion 
distribution. of course, the resulting flow in the vessels is again determined by 
the choice of the sink sets.

4.2.5.3 Discrepancies between Flow and Perfusion Data

Even more often, there are partial data available on flow in the vessels and 
a perfusion distribution, and these data do not necessarily agree. Then, the 
strategy is to use both data; the flow in the vessels is used, but the correspond-
ing perfusion in the sink sets as determined by the vessels is discarded and 
replaced by a separate absolute perfusion map instead. This means that an 
additional heat sink is applied using the separate perfusion map and, for each 
set, the local outflow blood temperature. Again, also in this case it is pos-
sible to assign the entire anatomy to each terminating segment, which in fact 
means that the average outflowing blood temperature is equilibrated to the 
average tissue temperature using the [2] heat sink model and the separate per-
fusion map.
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4.2.6 Artificial Generation of Vessels for Thermal Calculations

In Sections 4.2.4 and 4.2.5, the sink sets were discussed as a means to complete 
the thermal interaction between the blood and the tissue in the case of an incom-
plete vessel network. yet another approach is the artificial generation of addi-
tional vasculature in order to complete the thermal interaction between blood 
and tissue. Van Leeuwen et al. [32] present a method to generate an artificial yet 
realistic vasculature. The method can generate an entire network from scratch 
(an example is shown in Figure 4.9), but also the extension of existing networks 
is possible.

Virtually any geometry can be created. one has to define a number of end-
points and a single starting point for the tree. During construction, a (random) 
endpoint is chosen to start growing toward the starting point. Then, a next 
endpoint is chosen to start growing toward the constructed vessel. The “grow” 
process is defined by parameters that determine the attraction of branches 
toward the starting point and toward the already-generated vessel segments. 
Both the attraction toward the root point and the mutual artery–artery, vein–
vein, and artery–vein attraction can be controlled; see Van Leeuwen et al. [32] 
for details. Figure 4.10 shows possible results for a few different parameter 
settings.

Applying this on a patient-specific basis is hard, simply because apparently the 
data on some parts of the vasculature are missing. However, creating an artificial 
network allows the investigation of the generic behavior of a full discrete vascu-
lature; see Section 4.4 for examples.

Figure 4.9 An example of an artificially generated vessel tree. In this example, the vessel density of 
the upper left half of the volume is chosen to be half of the vessel density in the lower right half of the 
volume.
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4.3 ValIdatIon

For simple vessel geometries, DIVA has been validated by comparing simulated tem-
peratures with analytic results [33,34], and very good correspondence is achieved.

DIVA has also been validated experimentally. Raaymakers et al. [35] com-
pared the measured and simulated temperature profiles from an agar-agar phan-
tom heated by three hot-water tubes and well-defined boundary conditions. The 
hot-water tubes are modeled as blood vessels. Nearly perfect correspondence 
was found.

(a) (b)

(c) (d)

(e)

Figure 4.10 Vessel networks in a thin tissue slice constructed with different parameter sets [32]. 
Clearly, the tendency to grow toward the starting point can be influenced by adapting the parameters. 
In networks (a) through (d), an increasing mutual attraction and a decreasing attraction by the start-
ing point are chosen for the same set of 54 endpoints. Network (e) shows a denser network with 216 
endpoints with parameters similar to those of (c).
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More difficult to interpret is the comparison of measured and simulated tem-
perature profiles from an isolated, perfused bovine tongue at three different per-
fusion levels (0, 6, and 24 ml, (100gr)–1, min–1) [35]. Again, the tongue is heated 
by three hot-water tubes, and well-defined boundary conditions are applied (see 
Figure 4.11), while the arterial vasculature is connected to a roller pump in order 
to control the perfusion. For the simulations, the tongue, the vasculature down to  
0.5 mm diameter, as well as the hot-water tubes were reconstructed from cryo-
tome microslices (see Figure 4.19).

For no flow, the correspondence was good but worse than for the agar–agar 
phantom, indicating that reconstruction of the bovine tongue was less precise 
than a simple agar–agar phantom. For the 6 and 24 ml (100gr)–1, min–1) cases, three 

Tongue

hw
hw

hw

Figure 4.11 Photograph of the experimental validation setup. The isolated, perfused bovine tongue is 
shown, heated by hot-water tubes (hw). The two arteries are connected to a roller pump, and the tongue 
is flushed with water to apply well-defined boundary conditions.
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different simulations were done: two simulations include the vasculature, and 
the third is the heat sink model. The blood flow in the vessels was controlled by 
a pump, so the blood flow was known; therefore, the intuitive approach for deter-
mining the sink sets from Section 4.2.5 and the strategy where the entire anatomy 
is assigned as a sink set to each terminating vessel were used. The three methods in 
fact yield similar results: good agreement, but clearly the reconstruction is not pre-
cise enough for very high-precision prediction of the temperature profiles at mm 
resolution. However, the discrete vessel strategies did predict the local distortion 
around a blood vessel, which was obviously missed by the heat sink model.

The conclusion is that high-resolution prediction of temperature profiles is only 
feasible in very well-defined anatomies. Prediction of temperature distributions 
in vivo is feasible; however, care should be exercised when interpreting a patient- 
specific temperature distribution. The precision is hampered by limited data acqui-
sition needed to reconstruct the volume of interest. Additionally, in vivo the physi-
ologic reaction to temperature variations [36], especially changes in perfusion, 
should be accounted for in a model. Incorporating this in the model is relatively 
easy; see, for instance, Reference [37]. The problem is acquiring the correct physi-
ologic data, which further complicates a reliable prediction of the temperature 
distribution.

4.4 aPPlIcatIons of dIVa

4.4.1 Patient-Specific Temperature Distribution during Regional Hyperthermia

As discussed in Section 4.3, calculation of the patient-specific temperature dis-
tribution, for instance during a hyperthermia treatment, is hard. Recently, Van 
den Berg et al. [38] made an attempt to calculate the temperature distribution of a 
prostate during regional hyperthermia [39]. The idea was that with the advent of 
sophisticated angiography and dynamic contrast-enhanced (DCE) imaging tech-
niques, it has become possible to image small vessels and blood perfusion, bring-
ing the ultimate goal of patient-specific thermal modeling within close reach. 
In this study, dynamic contrast-enhanced multislice CT-imaging techniques are 
employed to investigate the feasibility of this concept for regional hyperthermia 
treatment of the prostate. The results are retrospectively compared with clinical 
thermometry data of a patient group from an earlier trial [39]. Also, the role of 
the prostate vasculature in the establishment of the prostate temperature distri-
bution is studied.

Quantitative 3D perfusion maps of the prostate were constructed for five 
patients using a distributed-parameter tracer kinetics model to analyze dynamic 
CT data. CT angiography was applied to construct a discrete vessel model of 
the pelvis; see Figure 4.12. It is currently not possible to visualize the intrapro-
static vasculature in vivo. Therefore, a discrete vessel model of the prostate vas-
culature was constructed of a prostate taken from a human corpse, as shown in 
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Figure 4.13. Three thermal-modeling schemes with increasing inclusion of the 
patient-specific physiological information were used to simulate the temperature 
distribution of the prostate during regional hyperthermia.

Prostate perfusion is in general heterogeneous, and T3 prostate carcinomas 
(T3 refers to tumor evasion beyond the prostate capsule), are often characterized 
by a strongly elevated tumor perfusion (up to 70 to 80 ml 100gr–1 min–1), which 
was confirmed by the measured quantitative perfusion maps. Taking into account 
a realistic heterogeneous perfusion distribution with elevated tumor perfusion 
leads to 1°C to 2°C lower tumor temperatures than thermal simulations based 
on a homogeneous prostate perfusion. Furthermore, the comparison shows that 
the simulations with the measured perfusion maps result in consistently lower 
prostate temperatures than were clinically achieved. As shown in Figure 4.13, the 
simulations with the discrete vessel model indicate that significant preheating 
takes place in the prostate capsule vasculature, which forms a possible explana-
tion for the discrepancy. Preheating in the larger pelvic vessels is very moderate, 
approximately 0.1°C to 0.3°C.

Cranial

Lateral
Ventral

Figure 4.12 Overview of the pelvic vasculature. The light gray vessels represent the arterial system, 
which is dominated by the large iliac arteries and their side branches. The artery that seems to branch 
off from the root of the left iliac artery, which is the inferior mesenteric artery. It actually branches off 
from the aorta. The dark gray vessels correlate to the iliac venous system.
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The conclusion of these works is that perfusion imaging provides important 
input for thermal modeling and can be used to obtain a lower limit on the pros-
tate and tumor temperature in regional hyperthermia. Also, it is shown that the 
prostate vasculature plays a crucial role for patient-specific temperature calcula-
tions. Currently, the reconstruction of the discrete vessels in vivo is not possible. 
However, a discrete vessel model helps one to understand the mechanics of heat 
transfer in the prostate during hyperthermia.

4.4.2 Safety Guidelines for Radiofrequency Exposure

Predicting the temperature distribution on an individual patient basis might be 
cumbersome; still, DIVA offers excellent possibilities to determine the thermal 
impact of various exposures in a generic way. A nice example is the evaluation of 
safety guidelines for radiofrequency exposure.

In Van Leeuwen et al. [40], a realistic head model was evaluated for the 3D 
temperature rise induced by a mobile phone. This was done with the consecutive 
use of a finite-difference time domain (FDTD) model to predict the absorbed 
electromagnetic power distribution due to the mobile phone exposure, and DIVA 
for describing bioheat transfer both by conduction and by blood flow.

Figure 4.14 shows the anatomy of the head, which was reconstructed by man-
ual segmentation from T1-weighted MR images. (T1 weighting is just another 
contrast weighting of MRI, it is beyond the scope of this text to spend extra time 

Temperature (°C) 
41.0 

39.8 

38.5 

Ventral
Lateral

Caudal

Figure 4.13 The 40.5°C isotemperature surface around the prostate during a regional hyperthermia 
treatment together with the prostate vessels [38]. Along the vessels, the preheating is depicted in a 
gray scale.
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of this topic.) The vasculature was also reconstructed manually from MR angiog-
raphy; see Figure 4.15a. For a better description of the heat transfer, the vascu-
lature was extended using the program described in Section 4.2.6; the result is 
shown in Figure 4.15b.

The maximum rise in brain temperature was calculated and was 0.11°C for an 
antenna with average emitted power of 0.25 watts, the maximum value in com-
mon mobile phones; see Figure 4.16. The maximum temperature rise was found 
to occur at the skin.

The power distribution is characterized by a maximum averaged specific 
absorption rate (SAR) over an arbitrarily shaped 10 g volume of approximately  

The vasculature of (a) expanded by
artificial generation of new blood 
vessels as discussed in Section 4.2.6.

(b) Manual reconstruction of the vessels 
tracked in the MRA images. 

(a) 

Figure 4.15 The vasculature as used in the thermal simulations. Arteries are light gray, and veins are 
dark gray. The view is from the side, with the head facing left.

(a) (b)

Figure 4.14 Segmented anatomy of the head: (a) coronal slice, and (b) transversal slice.
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1.6 W kg–1. Although these power distributions are not in compliance with all pro-
posed safety standards, the temperature rises are far too small to have lasting effects. 
A logical step would be to leave the SAR limits for the safety guidelines and use the 
actual temperature rises, as is originally proposed in the standards [41–43].

Flyckt et al. [44] performed a similar study, but focused specifically on the tem-
perature rise in the eye since this is considered a sensitive organ for thermal dam-
age. A detailed model of the orbit, including vasculature (shown in Figure 4.5), 
was reconstructed from microtome slices [29], and this eye model was inserted in 
the head model presented in Figure 4.14. The result is shown in Figure 4.17.

0

0.16 K

(a)

(b)

(c) (d)

Figure 4.16 Temperature rise in the normal head calculated with discrete vasculature: (a) in a trans-
versal plane, and (b) in a coronal plane. Depictions of the transverse and coronal planes are shown in 
(c) and (d). Temperatures on the tissue boundary were fixed according to the temperature distribution in 
the whole-head heat sink simulation.
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With this detailed anatomy, the SAR and thermal effects were determined 
under exposure to a dipole antenna representing a mobile phone operating at 
900, 1500, and 1800 MHz with an output power of 1 W. The heterogeneous SAR 
distribution can be characterized by the peak SARs in the humor: 4.5, 7.7, and 
8.4 W kg–1 for 900, 1500, and 1800 MHz, respectively, while the average SARs 
over the whole eyeball are 1.7, 2.5, and 2.2 W kg–1. The maximum temperature 
rises in the eye due to the exposure are 0.22, 0.27, and 0.25°C for exposure of 

(a) (b)

Figure 4.17 The original head anatomy from Van Leeuwen et al. [40], as presented in Figure 4.14, in 
which the detailed eye anatomy from Flyckt et al. [29] is inserted. (a) Transversal slice and (b) sagit-
tal slice also showing the dipole antenna at 5 cm from the cornea. Arbitrary gray-scale coding is used 
merely to show the insertion of the detailed eye model into the whole-head model.

37

33.5

Figure 4.18 The entire anatomy of 5.3 × 5.0 × 5.6 cm3 together with the vessels is shown; also, the 
temperature distribution for the exposure to 1500 MHz with the vessels gray-scale coded by the blood 
temperature is shown. Temperatures remain below the body core temperature.
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900, 1500, and 1800 MHz, respectively, calculated with DIVA. In Figure 4.18, the 
temperature distribution for the 1500 MHz exposure is shown; the temperature 
increase does not rise above the body core temperature, so no thermal damage 
is expected.

Again, similar to Van Leeuwen et al. [40], even for these artificial and high-
exposure conditions, for which the SAR values are not in compliance with 
safety guidelines, the maximum temperature rises in the eye are too small to 
give harmful effects. The temperature in the eye also remains below body core 
temperature.

4.4.3 Evaluation of High-Intensity Focused Ultrasound (HIFU) Scan Strategies

Another application is the evaluation of treatment strategies in which the exact 
temperature distribution around blood vessels is crucial. An example is the eval-
uation of HIFU treatment strategies. Thermal underdosage around large blood 
vessels [4] is a problem for curative ablation procedures. The easy way of solving 
this is by stopping the blood flow, as can be done during ablation of liver lesions 
(e.g., Rossi et al. [45]).

With DIVA, it is possible to calculate the temperature distribution during a 
HIFU treatment of a vascularized tissue. An example is the evaluation of the spi-
ral HIFU trajectory, as proposed by Salomir et al. [46]. The model of the perfused, 
isolated bovine tongue from Raaymakers et al. [35] was used as a vascularized 
phantom; see Figure 4.19.

The transient temperature during a counterclockwise spiral scan is shown at 
10, 30, 50, 70, and 91 seconds of scanning in Figure 4.20. For comparison, the 
temperature distribution calculated using the heat sink model [2] is also shown. 
In the latter, the blood flow is accounted for by a perfusion term, whereas in 
DIVA the thermal impact of all individual vessels is taken into account. Clearly, 
the discrete vasculature causes thermal underdosages around the blood vessels. 
one solution for this is to occlude the feeding blood vessels to the lesion volume 
by ablation first and then start the ablation of the lesion itself.

Figure 4.19 Reconstructed blood vessels in the bovine tongue from Raaymakers et al. [35], shown in 
Figure 4.11. The HIFU focus is shown together with the plane of the spiral scan trajectory.
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4.5 conclusIons

The inclusion of individual blood vessels in thermal calculations is necessary for 
a detailed evaluation of the in vivo temperature distribution. DIVA offers a flex-
ible way of modeling the temperature distribution in the presence of a detailed, 
geometrically described vasculature.

Thermal modeling, while taking all discrete blood vessels into account for an 
individual patient, is hampered by limited data acquisition of the exact geometry 
of the anatomy, vasculature, and perfusion distribution. This is even more so 
when the patient, or part of the patient, is heated, as is the case in hyperthermia 
or ablation therapy. Then also, the temperature dependency of the blood flow and 
perfusion has to be included in the model.

The main advantage of a discrete vessel thermal model is the possibility to 
investigate details of the temperature distribution for vascularized tissues in a 
generic way. Specifically for assessment of thermal safety guidelines and thermal 
treatment strategies, the generic knowledge of the temperature distribution 
around blood vessels is essential.

The largest improvement for thermal modeling is expected from improved 
data acquisition. Better knowledge of, for instance, the (temperature-dependent) 
perfusion distribution and blood flow, as well as higher-resolution data on the 

(a) 10 s (b) 30 s (c) 50 s (d) 70 s (e) 91 s

(j) 91 s

50°43°37°

(i) 70 s(h) 50 s(g) 30 s(f) 10 s

Figure 4.20 The calculated transient temperature distribution during HIFU scanning in an isolated, 
perfused bovine tongue. The maximum temperature is 80°C; for the sake of clarity, the gray scale 
is maximized at 50°C. Panels (a) through (e) show the results for the heat sink model (blood flow is 
accounted for by a perfusion term), and panels (f) through (j) for DIVA (blood flow is accounted for by 
discrete blood vessels).
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geometry of the vasculature and its connectivity, helps on two sides: the patient-
specific modeling can be improved, and at the same time, more realistic data 
allow the definition of more realistic generic situations, leading to a more reliable 
calculation of the true temperature response from external heating.
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5
Numerical Bioheat Transfer in 
Tumor Detection and Treatment
A. Zhang and L. X. Xu

5.1 IntroductIon

Bioheat and mass transfer is widely used in tumor detection and treatment. For 
tumor diagnosis, abnormal skin surface temperature distributions have been 
investigated in relation to breast cancer and its malignancy [1–4]. Also, tumor 
cells and neovasculature are found to be more sensitive to mildly raised tem-
peratures than are normal tissues [5–7], which provides the possibility for hyper-
thermia treatment of tumors. Hyperthermia has been used either alone or in 
adjuvant to radiation or chemotherapy for tumor treatment. Mildly heating the 
tumor cells up to about 40°C to 45°C for a certain time duration changes cell 
membrane fluidity and cytoskeletal protein structure and impedes transmem-
brane transport protein function [7–9]. It decreases the polymerization of RNA 
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and DNA during protein synthesis and affects cellular signaling pathways. These 
physical and biochemical changes can lead the cells to undergo either necrosis or 
apoptosis. Further, hyperthermia has been found to induce the immunological 
response and tumor microenvironment alterations that include changes of blood 
flow, oxygen supply, pH value, and the like [7,10–18].

Extremely low and high temperatures are also used to ablate undesired tis-
sues [19–22]. These thermal treatments are expected to be minimally invasive, 
and with limited side effects. Freezing causes both cellular and vascular injury 
to tumors [23,24]. Direct cellular injury is induced by either the solute effect as 
cells dehydrate in response to freezing or to intracellular ice formation that tends 
to disrupt the intracellular organelles and the cell membrane [25]. Freezing also 
arrests blood flow and causes damage to blood vessels, particularly the microcir-
culation [26,27], which leads to tissue necrosis due to the absence of blood supply. 
A freezing-stimulated immunologic response may contribute to further destruc-
tion of tumor [28–30]. In radiofrequency (RF) heating, focused ultrasound, or 
laser ablation, much higher temperatures (normally above 60°C) are used to 
cause protein coagulation and cell necrosis [11,31,32].

During the treatment, all the physiological changes depend on the thermal 
history that the target tissue has experienced, and it is essential to monitor the 
tissue temperature. Although various noninvasive temperature measurement 
techniques have been attempted using the RF impedance, magnetic resonance 
imaging (MRI), and so on [33–37], there are still many issues remaining with 
regard to resolution and sensitivity of the real-time measurement. Accurate pre-
diction of tissue temperatures through bioheat and mass transfer modeling and 
numerical computations is necessary and has been used to improve the efficacy 
of the thermally based diagnosis and treatment [38–43].

In this chapter, considering the biophysiological basis for the bioheat and mass 
transfer modeling, the tumor characteristics are first discussed. It is followed by 
the numerical study of thermal imaging for breast cancer detection, simulations 
of various thermal treatment protocols, and thermal damage assessment at the 
cellular and tissue levels, respectively.

5.2 tumor characterIstIcs

Despite the fact that tumor growth is quite different in different organs and  
even in the same organ, some common characteristics have been found. Tumor 
growth is characterized by loss of proliferation control. Solid tumors usually 
originate from benign growth, gradually acquire autonomy, and grow progres-
sively. At a certain stage, they metastasize into new locations [44]. owing to the 
progressive growth of the tumor cells and lack of sufficient blood supply, the 
tumor microenvironment is normally hypoxic and acidic. Tumor cells are found 
to be more sensitive to mild heat than normal cells. This fact serves as the biologi-
cal basis for hyperthermia treatment [7,45,46].
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Uncontrolled tumor growth is supported by blood vessels, angiogenesis. Blood 
perfusion is heterogeneous in tumor and sometimes is found to be higher than 
that in normal tissue. The tumor microvasculature network usually has irregular 
branching patterns, lacks smooth muscle cells, and has few endothelial cells [47]. 
By the use of an animal tumor window chamber model [48,49], the angiogen-
esis development of murine mammary carcinoma 4T1 has been studied [50]. In 
the first few days, there is no obvious change observed in the tumor-implanted 
region, and the surrounding host as shown in Figure 5.1. on the seventh day, 
irregularly formed and tortuous tumor angiogenesis is observed in the tumor 
periphery. on the tenth day, tumor angiogenesis becomes more abundant and 
permeates the entire tumor. Histological analysis shows that in the tumor central 
region, the vessels possess a clear tubular structure embedded in thick connec-
tive tissues, and are surrounded by high-density tumor cells. In the peripheral 
region, they are incomplete, consisting of only a sparse endothelial cell layer. The 
endothelial cells and erythrocytes can be found in this region, indicating the 
abundance of newly formed tumor vessels.

The tumor microvessels are normally very leaky, resulting in a much higher 
interstitial pressure than the normal tissue [51,52]. The vascular wall permeabil-
ity varies not only from one tumor to another, but also within the same tumor 
both spatially and temporally [53], dependent on tumor angiogenesis and growth 
[54–56]. The tumor microvessels are more sensitive to heat than are normal 

(b) 7th Day  (a) 4th Day  

(d) 10th Day  (c) 8th Day  

Figure 5.1 The progressive 4T1 tumor angiogenesis. The scale bar is 200 mm.

© 2009 by Taylor & Francis Group, LLC



152 A. ZHANG AND L. X. XU

vessels, and their permeability of tumor microvessels to nanoparticles can be 
greatly enhanced by hyperthermia [57,58]. With a water bath unit, the implanted 
tumor inside the window chamber of the nude mouse model has been exposed to 
different thermal treatment protocols [50,59,60]. Nanoliposomes are used as the 
tracer to evaluate the degree of vasculature damage through fluorescence imag-
ing via confocal microscopy.

Shown in Figure 5.2, vessels in the peripheral region of the tumor are found to 
be more sensitive to either cooling or heating than are those in the center where 
well-developed vessels appear more resistive to thermal stress. The heating effect 
is much more significant, and the liposome extravasation is nearly twofold of 
that after a cooling treatment. After being cooled at –1°C for half an hour and 
subsequent heating at 42°C for another half-hour, the most severe vascular dam-
age is found both in the center and the periphery. It is significantly different from 
that of any other treatments. The abrupt increase in fluorescence intensity as the 
heating starts after prefreezing for 30 minutes at –10°C implies that the vessel 
wall breaks, possibly due to large thermal stresses experienced during the rapid 
temperature change. The alternate cooling and heating treatment is much more 
effective in damaging the tumor vasculature compared to that of cooling or heat-
ing alone.

The excessive growth of cells in the tumor is normally accompanied by much 
higher metabolic rates. Researchers have found that the internal temperature of 
breast cancer is 2°C to 3°C higher than that of normal breast tissues, mainly due 
to higher metabolic rate and higher local blood perfusion of the tumor [4,61,62]. 
To understand their correlation, the metabolic activity of breast cancer cells has 
been studied with respect to temperature using in vitro cell lines (MCF-7 and 
HS 578 T) and their normal controls (MCF-10a and HST 587 Bst), respectively 
[62]. The cancer cell lines are found to exhibit greater NAD(P)H autofluorescence 
than their paired normal cell lines, showing more active metabolism. Relative 
heat generation in breast cancer cells versus temperature is compared with that 
reported by Backman [63]. Figure 5.3 shows that the trends are similar, and  

A
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J

Figure 5.2 Vasculature fluorescent images in the tumor center (upper row) and periphery (lower row) 
after different treatments [59]. Bar: 200 mm. (A) and (B) after cooling at 1°C for 1 hour; (C) and (D) after 
cooling at –10°C for 1 hour; (E) and (F) after heating at 42°C for 1 hour; (G) and (H) after cooling at 1°C 
for a half-hour and subsequent heating at 42°C for a half-hour; (I) and (J) after cooling at –10°C for a 
half-hour and subsequent heating at 42°C for a half-hour.
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that maximal heat production occurs in the temperature range from 37°C to 
40°C. At temperatures higher than 40°C (i.e., 40°C to 45°C), the metabolism is 
inhibited, indicating a possible suppression effect on tumor growth through local 
hyperthermia.

5.3 thermal ImagIng of tumors

Mapping the skin surface temperature and relating its distribution to the pres-
ence of a tumor inside are called tumor thermography [1,3,64]. Due to its super-
ficial location compared to other solid tumors, thermoimaging of breast cancer 
has become a possible adjunct technique for diagnosis [2,3], and the technique 
has been studied by researchers for decades. Breast cancer cells are known to 
produce excessive nitric oxide, which can cause local vasodilatation and thus an 
increased blood supply to the tumor region [62,65]. The differences in energy 
generation between the normal and the cancerous tissues may be expressed as a 
higher local temperature by up to 2°C to 3°C on the skin surface above the tumor 
[4]. These higher temperatures can be easily detected by an infrared (IR) camera 
as an abnormal thermogram.

However, the results have been contradictory and often controversial. In par-
ticular, frequent occurrences of false-positive results have prevented thermog-
raphy from becoming a standard early detection method. Chen et al. [66] have 
studied the feasibility and limitations of determining interior information from 
surface temperature measurements. They have performed a two-dimensional  
(2D) numerical simulation to examine the sensitivity of thermography to changes 
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Figure 5.3 Comparison of metabolic energy production with temperature in MCF-7/MCF-10a, HS 578 
Bst/HS 578 T breast cancer cell pairs [62] to that reported for T lymphoma in Reference [63].
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of the nonuniform perfusion component, which represents a lesion in a normal 
tissue, with the assumption that the convection heat transfer coefficient on the 
surface is constant. It is concluded that for a deep lesion, thermography does not 
provide sufficient sensitivity for detection. osman and Afifi numerically simu-
lated the three-dimensional (3D) temperature distribution in the breast using 
the finite element method (FEM) [40]. They correlated the tumor metabolic heat 
generation rate with the time required for the doubling of the tumor volume as 
measured by Gautherie [4]. The tumor is modeled as a point source with the heat 
generation equal to the total metabolic heat production in the tumor. Based on 
the simulation results, the authors claimed that the abnormal surface tempera-
ture variations may not have a direct relation to an underlying tumor. Ng and 
Sudharsan have reported numerical simulations of thermal processes in human 
breast using a 3D model based on FEM [67,68]. They presented simulations 
of a female breast under cold stress by incorporating the vasomotor behavior. 
Transient solutions are obtained for the rewarming process [68]. They found that 
blood perfusion, subcutaneous metabolic heat generation, and the surface heat 
transfer coefficient are the three most significant parameters affecting the skin 
temperature.

The skin vascular responses to enhanced surface cooling such as forced con-
vection may enhance the difference between the signal and the noise, especially 
for a more deeply embedded cancer that otherwise might not be detectable. The 
effect of the forced convection on thermography has been studied using bioheat 
transfer analysis [61].

The breast is approximated as a hemisphere with a short cylindrical append-
age that emulates the boundary region with the chest wall (Figure 5.4a). There 
have been various bioheat transfer equations among which the Pennes equation 
is the earliest and the most widely used in modeling [69]. In steady state, the 
equation takes the form:

 λ ω rt t b a t metT c T T q∇ + - + =2 0( ) ( )  (5.1)

Air flow 

Air flow 

30.5 cm 50.8 cm 

20.3 cm 

Symmetrical plane Tumor 

(b)

X 
X Y 
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Z 

Z 

(a)

Breast 

Lung 
�in muscle layer 

1.3 cm 

Tumor 
8.9 cm 

Figure 5.4 (a) Schematic of the symmetrical cross-sectional plane of the breast. (b) Geometry of the 
tunnel with relevant dimensions. The tumor lies on the symmetrical plane [61].
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The tumor is treated as a heat source in the simulation and assumed to have the 
same thermal conductivity as that of the surrounding tissue. The female breast 
is primarily composed of fat and glandular tissues. The ratio of fat to glandular 
tissue varies for different individuals. Gautherie has measured the thermal con-
ductivity of fat and glandular tissues of human breast and reported an average 
value of kt = 0.41 W/m/K. The range of metabolic heat generation rates of normal 
tissue and tumor, along with the respective perfusion rates, has been estimated 
by Gautherie [4]. Accordingly, the metabolic heat generation rates of normal tis-
sue and tumor in steady state are taken to be qm,normal = 450 W/m3 and qm,tumor =  
29,000 W/m3, respectively, and the corresponding perfusion rates are 0.00018 
ml/s/ml and 0.009 ml/s/ml. The product of density and specific heat capacity of 
both human blood and breast tissue is (ρcp)b = 3.6 * 106 J/m3/K.

The influence of airflow is investigated by calculating the steady-state tempera-
ture distribution on the breast skin surface of a patient lying in the prone position 
with openings in the bed. An air stream is assumed to be flowing underneath the 
bed, realized by blowing ambient air into the tunnel with uniform velocity nor-
mal to the inlet, as shown in Figure 5.4b. Steady-state heat transfer is simulated 
in both the breast and the air domains. The bioheat transfer is coupled with the 
forced convection on the skin surface between the two domains. The heat flux at 
the fluid–surface interface is continuous. The wall of the tunnel is assumed to be 
insulated. The interface between the breast and the chest shown in Figure 5.4a is 
also assumed to be adiabatic, since the interior of the breast is not affected by the 
flow at the surface and is close to the core temperature.

The weak and strong airflows that may be present in any uncontrolled lab 
environment are represented with velocities of 1 m/s (Re 6500) and 3 m/s (Re 
20,000) respectively. Thus, the airflow is strictly laminar. The Grashof number 
is approximately 100,000, and the ratio Gr/Re2 is << 1; thus, free convection can 
be easily neglected. The velocity components in all other directions are zero. The 
outlet of the tunnel is considered as a distant boundary, that is, it has no effect on 
the velocities inside the model tunnel, the boundary satisfying the large Peclet 
number (Pe) and having no inflow condition. The wall of the tunnel and the 
skin of the breast are impermeable, and the airflow velocity on the surfaces is 
specified to be zero. Perspiration and subsequent evaporation on the skin were 
ignored.

The coupled Navier-Stokes equations describing the 3D fluid flow in the tun-
nel and the energy equations in the air and breast tissue are solved using the  
finite volume method by FLUENT (Lebanon, New Hampshire). Since the tem-
perature difference between the breast surface and the free stream is small, 
the air properties are treated as constant. The airflow field is simulated for the 
given inlet and boundary conditions, and the heat equation is solved for both 
the breast and air domain. A user-defined function written in C is developed 
to incorporate the blood perfusion and metabolic heat generation terms in the 
energy equation.
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Two tumor locations in relation to the airflow direction and two tumor depths 
are considered for a total of four cases as follows: case 1—a tumor on the side fac-
ing the oncoming airflow (upstream tumor) at a depth of 2 cm (depth from the 
skin to the center of the tumor); case 2—an upstream tumor at a depth of 5 cm; 
case 3—a tumor on the airflow wake side of the breast (downstream tumor) at 
a depth of 2 cm; and case 4—a downstream tumor at a depth of 5 cm. The tem-
perature differences on the breast surface for the four tumor cases obtained by 
subtracting the temperature distribution on the normal breast surface are shown 
in Figure 5.5a,b,c,d.

The highest temperature difference of 1.72°C in Figure 5.5a clearly defines the 
tumor in case 1. For the much deeper tumor of case 2, the surface temperature 
difference reduces to 0.10°C, which can still be detected by the current state-
of-the-art IR quantum well cameras with a thermal sensitivity of 0.02°C. The 
downstream tumors of cases 3 and 4 produce maximum temperature differences 
of 1.34°C and 0.09°C, respectively. The upstream tumors of cases 1 and 2 pro-
duce higher temperature rises than those produced by the downstream tumors 

1.96

1.63

Temperature Diff.

1.47
1.31
1.14
0.98
0.82
0.65
0.49
0.33
0.16
0.00

1.80
0.075

0.025

00

–0.025

–0.05

–0.075 –0.05–0.025 0

X

YY
Y

(c)
X

(a)

XZ XZ

Y

1.96

1.63

Temperature Diff.

1.47
1.31
1.14
0.98
0.82
0.65
0.49
0.33
0.16
0.00

1.80

Y

0.025 0.05 0.075–0.075 –0.05–0.025 0 0.025 0.05 0.075

X

(b)

–0.075 –0.05–0.025 0 0.025 0.05 0.075

X

(d)

–0.075 –0.05–0.025 0 0.025 0.05 0.075

–0.075

0.05N

0.075

0.025

–0.025

–0.05

–0.075

0.05N

Temperature Diff.

XZ

Y

0.11
0.10
0.09
0.08
0.07
0.06
0.05
0.04
0.04
0.03
0.02
0.01
0.00

Temperature Diff.

XZ

Y

0.11
0.10
0.09
0.08
0.07
0.06
0.05
0.04
0.04
0.03
0.02
0.01
0.00

0.075

0.05

0.025

0

–0.025

–0.05

–0.075

Y

0.075

0.05

0.025

0

–0.025

–0.05

–0.075

0.050.05

Figure 5.5 Top view of the skin surface temperature differences with the embedded tumor after sub-
tracting the normal: (a) upstream and 2 cm deep tumor; (b) upstream and 5 cm deep tumor; (c) down-
stream and 2 cm deep tumor; and (d) downstream and 5 cm deep tumor [61].
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of cases 3 and 4 because of the enhanced local convection in the upstream. Thus, 
further enhancement in the heat transfer coefficient can be used to achieve better 
differentiated thermograms.

The simulation results show that surface cooling plays a very important role 
in determining the temperature distributions exhibited in thermal images of 
breast cancer. The nonuniform convective heat transfer caused by a parallel air-
flow, used in the past, may give rise to irregularities in the surface temperature 
distributions that are sufficient to obscure the tumor signatures. By subtracting 
a normal thermogram, which has similar variations caused by the airflow from 
that of the tumor, under the same boundary conditions, the obscuration can be 
removed and the thermogram resolution is significantly improved.

5.4 thermally targeted drug delIVery

The sensitivity of the tumor vasculature to heat has been used in improving the 
delivery of antitumor drugs [55,57,70]. Local thermal treatment greatly enhances 
the tumor vascular permeability to nanoparticles while sparing the normal vas-
culature [50] to achieve thermally targeted drug delivery. The antitumor efficacy is 
found to be greatly improved through experimental and numerical studies [71,72].  
The thermally enhanced transport of liposomal drugs in tumors is a typical bio-
heat and mass transfer problem. The drug distribution throughout the tumor  
in vivo, whether it is adequate for killing tumor cells, is critical. The optimization 
of the drug delivery process determines the final outcome of the chemotherapeu-
tic treatment. Any survival of the tumor cells would result in tumor recurrence 
or tumor metastasis. Numerical simulations provide effective predictions of the 
outcome, while in vivo experimental observations are difficult.

Several models have been developed to describe the drug delivery process for 
different chemotherapeutic applications [73–75]. In consideration of the char-
acteristics of breast cancer, Lankelma et al. have developed a model to study the 
drug transport and doxorubicin activity in islets of the breast cancer [76,77]. 
They assumed that the drug is transported through both transcellular (through 
the cellular network) and paracellular (through the intercellular interstitium) 
pathways. In Ward and King [75], the transport and tumor growth under drug 
administration have been modeled without consideration of the vascular net-
work in the tumor and small molecules, drugs, and nutriments transport to the 
center from the edge of the tumor through diffusion. Magni et al. [78] have used 
a mathematical model to describe the cancer growth dynamics in response to 
anticancer agents in xenografts. The model consists of several ordinary differen-
tial equations with three parameters describing the untreated growth and two 
parameters for the drug action [78]. EI-Kareh and Secomb have presented models 
accounting for the cellular pharmacodynamics of drugs [72,79]. They have also 
numerically studied the intraperitoneal delivery of Cisplatin in tumors and inves-
tigated the influence of hyperthermia on the drug penetration distance [80].
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Unlike small molecule drug trans-
port, the delivery process of liposomal 
drugs is much more complex. The lipo-
some-encapsulated drugs selectively 
extravasate into the tumor region [81]. 
Such an extravasation process has been 
found substantially enhanced by hyper-
thermia [82,83]. The breakage of the lipo-
some releases the antitumor drug that 
diffuses into the tumor region. Without 
taking the morphology into consi- 
deration, EI-Karech and Secomb [84]  
have developed a homogeneous model to compare the different delivery methods 
such as bolus injection, continuous infusion, and liposomal delivery of doxoru-
bicin. The heterogeneous distribution of tumor vessels results in heterogeneous 
extravasation of liposomal drugs, which could, in turn, significantly influence the 
drug concentration gradient [85]. Thus, a homogeneous model is not adequate for 
precisely predicting the nanoparticle drug transportation in vivo. Besides, the 
apoptosis of the tumor cells after the exposure to the antitumor drugs may also 
affect the drug penetration [86] and should be taken into consideration.

Accounting for the nonuniform vasculature and its heterogeneous thermal 
sensitivity, the tumor is simulated by a sphere with radius R and divided into 
two parts: the central region with only mature vessels (r < Rc) and the periph-
eral region with evenly distributed microvasculature (Rc < r < R), as shown in 
Figure 5.6.

The liposome concentration in plasma decreases exponentially with time 
owing to the elimination effect, and is found to follow the biexponential equation 
as follows [84]:

 
C M

M
A e A eL V

g

k t k t
, = +( )- -

1 21 2

 
(5.2)

where CL,V is the liposome concentration in plasma (mg per ml plasma), M is the 
dose of drug (mg/m2 animal surface area), and Mg is the dose used as the plasma 
pharmacokinetic parameters for liposome: A1, A2, k1, and k2 are fitted [87].

The liposomal drug in the vasculature is transported across the leaky vessel 
wall of the tumor vasculature and into the tumor interstitial. Both diffusion and 
convection are involved for the transvascular mass exchange [53]. Thus, the total 
transport rate of drug Js (g/s) across a vessel wall can be described by the S-K-K 
equation [53].

 J Q C PA C Cs f s v b i= - + -( ) (1 s )  (5.3)

I r
RcR

III

II

Figure 5.6 Schematic of the tumor. (I) Central 
region of tumor with the radius Rc; (II) periphery 
region of tumor (Rc < r < R); and (III) normal 
tissue.

© 2009 by Taylor & Francis Group, LLC



  NUMERICAL BIoHEAT TRANSFER IN TUMoR DETECTIoN AND TREATMENT 159

The rate of solute transport flux via convection (the first term in Equation 5.3) 
is proportional to the rate of fluid volumetric flow Q and the average drug con-
centration in the vessel wall CS, where σf is the filtration reflection coefficient. The 
transvascular fluid volume flow Q is proportional to the microvascular hydraulic 
conductivity Lp and the osmotic pressure across the vessel wall as follows [88]:

 Q L A p pp v v i v i= - - -( ( ))s π π  (5.4)

where pv and pi are vascular and interstitial hydrodynamic pressures, respec-
tively; πv and πi are the colloid-osmotic pressure in the plasma and the intersti-
tium, respectively; and s is the osmotic reflection coefficient.

The second term in Equation (5.3) describes the rate of diffusive transport, 
where P is the microvessel wall permeability, A is the surface area of the vessel 
wall, Cb is the solute concentration in blood, and Ci is the interstitium near the 
vessel. As the transport across the vessel wall is always a mix of diffusion and 
convection, an apparent permeability Papp is usually used to combine the diffu-
sive and convective fluxes. Thus, the leaked liposomal drugs from the microves-
sels can be expressed as

 
J P A C Cs L app v L V L E= ⋅ -, , ,( )

 
(5.5)

where PL,app is the apparent permeability of the tumor vasculature and reported to 
be 2.0 × 10–8 cm/s at room temperature [89]. Av is the surface area of the microve-
ssel wall. As the blood vessels in the central region are almost impermeable to the 
nanoliposomes [50], the source term describing the vascular leakage is neglected 
in the central region r < Rc. When the tumor is heated uniformly at 42°C for 
1 hour right after the injection of the liposomal drug, the apparent permeability 
of the tumor vasculature is greatly enhanced.

Further, if the tumor is pretreated with freezing at –10°C for 30 minutes before 
being heated at 42°C for another 30 minutes, the vasculature is found to be bro-
ken in both the center and peripheral regions, and the liposomes flood through-
out the tumor, as shown in Figure 5.2 [59]. Subsequently, the coagulation blocks 
the vessels, correspondently trapping the liposomes in the tumor.

The leaked liposomes from the tumor vasculature are transported to the 
tumor interstitial. Both diffusion (due to concentration gradients) and con-
vection (due to the motion of interstitial fluid) coexist in the interstitial drug 
transport. The diffusion flux can be determined from Fick’s law directly if 
the diffusivity is known. For macromolecules (molecular weight: Wt > 1000), 
such as nanoliposomes, the sizes of the macromolecules are comparable to the 
interstitial space and the extracellular matrix (ECM) is a hindrance to their 
transport. As the size of the particles is increased and becomes comparable 
to the channels they transport through, significant friction effects should be 
considered and can be quantified by the viscous tortuosity. Thus, both of the 
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geometric and viscous tortuosities should be considered to obtain an effective 
diffusivity [90].

By assuming the tissue as a porous media, convection inside the tumor tis-
sue can be described using Darcy’s law. The convection flux, JC, of a solute in the 
interstitium is then given by

 
J ACR u ACR

k p
xc F F

p= = - ∂
∂η  

(5.6)

where A is the transport area, RF is the retardation factor (solute convective 
velocity/solvent convective velocity), u is the convective flow velocity resulting 
from the pressure gradient in the medium, kp is the fluid permeability (Darcy’s 
constant), and η is the solvent viscosity. Similarly, as it is hard to separate the 
diffusion from the convection during liposome transport in the interstitium, an 
apparent diffusivity Dapp is usually used. It is defined as Dapp

J
C xA

i= - ∂ ∂/ , where Ji is 
the total liposome transport flow rate across area A in the interstitium. ∂ ∂C x/ is 
the concentration gradient.

Liposomes are assumed to release the drugs following first-order kinetics, 
with the decay time constant τr [84]. Thus, the concentration of the drug encap-
sulated in liposomes in the tumor peripheral region can be determined by
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where CL,E is the drug concentration encapsulated in liposomes in the extracel-
lular space (mg/ml tumor volume); DL,app is the apparent diffusivity of liposomal 
drugs in tumor tissue (cm2/s).

For macromolecules like liposomes, the diffusion is comparable to the con-
vection, and both should be considered in modeling. But for small molecules like 
the antitumor drug doxorubicin, convection is relatively small [91]. Furthermore, 
high interstitial pressure in the tumor interior owing to the high vascular hydrau-
lic conductivity results in low convective drug transport. Therefore, convection 
can be neglected for small-molecule-drug transport in tumor.

If the tumor tissue is considered to be a porous medium, the effective dif-
fusivity of the antitumor drug freed from the liposome DD can be determined 
from the drug diffusivity in the interstitial fluid DD,0 and the interstitial volume 
fraction je [92]:
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With more and more tumor cells undergoing necrosis or apoptosis during 
or after the treatment, the interstitial volume fraction je increases [86] and is 
assumed to change linearly with the tumor cell survival rate S,

 
j je e S= - - ×1 1 0( )

 
(5.9)

where je0 is the initial volume fraction of interstitial space before the treatment. 
Thus, the transport of free doxorubicin in the interstitial region can be described 
by
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where CD,E is free Dox concentration in the extracellular space. The third term in 
Equation (5.10) is the tumor cellular uptake rate of free doxorubicin, where CD,I 
is the intracellular-bound drug concentration (mg per ml volume of tumor cells), 
je is the volume fraction of interstitial space, and its value in the tumor center is 
different from that in the peripheral region.

For the drug uptake process, the transmembrane propagation takes place both 
passively and actively [93], and many models have been developed [72,79,84,94]. 
Doxorubicin is believed to transport passively across the cell membrane, and 
the cellular uptake rate of free drug can be expressed using the passive carrier- 
mediated transportation equation [84]:
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where vmax is the maximal cellular uptake rate, equal to 2.8 mg/ml/min for doxo-
rubicin. The quantities ki and ke are constant parameters whose values are 13.7 
mg/ml and 0.219 mg/ml, respectively [84].

According to the killing mechanism of the chemodrug, the cell survival rate 
depends on both drug concentration and the exposure time. It is usually quanti-
fied by the area under the concentration–time curve (AUC, the integral of the 
drug concentration over time), and there exists an exponential relationship. Thus, 
both the drug concentration (either liposomal or free) and the survival rate of the 
tumor cells after the treatment can be numerically obtained [95]. The numerical 
results (shown in Table 5.1) are in good agreement with the experimental find-
ings. one day after the treatment, the drug effect on the peripheral region starts 
to take effect and the average cell survival rate in this region decreases to 0.74. 
While very little doxorubicin has reached the central region, the average survival 
rate in this region is about 0.96. on the third day, the survival rate in the tumor 
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periphery further decreases to an average value of 0.21. Also, in the center, an 
obvious decrease of the survival rate is observed and the average value is 0.60. 
Six days later, the survival rates in the peripheral and central tumor become 0.04 
and 0.1, respectively. These predictions are confirmed by experimental results 
reported in Reference [96].

The thermally targeted liposomal drug delivery to a larger tumor of 1 
cm in radius is also simulated, and results are shown in Figure 5.7. Both the 
liposomes and free doxorubicin mainly accumulate in the peripheral region  
(0.6 R < r < R). The survival rate of the tumor cells in the periphery decreases 
evidently, and it is almost zero in 6 days after the treatment. The locally imposed 
hyperthermia greatly enhances the accumulation of both the liposomal and 
free drug in the peripheral region, inducing more serious tissue damage in 
comparison to that without heating. However, in the center region, owing to 
the impermeability of the mature vessels and high interstitial pressure imped-
ing drug diffusion inside the tumor, the drug effect is very limited even with 
local hyperthermia.

An alternate freezing and heating treatment of tumor has been proposed to 
completely damage the vasculature in both the tumor peripheral and central 
regions. Its effect on drug transport has also been evaluated through modeling. 
If the liposomal drug is injected into blood circulation when heating is turned 
on right after the prefreezing, then excessive extravasation of liposomes occurs 
due to the breakage of the vascular bed. Numerical results shown in Figure 5.8 
indicate that on the sixth day after the treatment, the tumor of 1 cm in radius is 
expected to be completely destroyed. This new protocol has the merit of complete 
damage of tumor vasculature and thus more effective drug delivery via flooding 
of blood in the tumor. Such a protocol of combining both physical and chemical 
treatments is expected to have significant clinical applications for more effective 
drug delivery.

The numerical study has clearly shown that the hyperthermia-aided nanolipo-
somal drug delivery system can effectively damage small tumors. But for larger 
tumors (i.e., > 1 cm in radius), hyperthermia can only enhance the accumulation 
of more antitumor drugs in the peripheral region to increase the corresponding 
damage. The proposed alternate freezing and heating protocol aids the nanoli-
posomal drug delivery throughout the tumor and is expected to greatly enhance 
the treatment effect.

Table 5.1 Average Tumor Cell Survival Rates at Different Time Intervals 
after the Thermally Targeted Drug Delivery (42°C for 1 hour)

1st Day 3rd Day 6th Day
 

Tumor center 0.96 0.60 0.1
Tumor periphery 0.74 0.21 0.04

 
Source: Sun et al. [178].
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Figure 5.7 Distribution of the liposomal and intracellular-bound doxorubicin, and the cell survival 
rates at different times after the treatment (1 cm tumor, with local heating at 42°C for 1 hour) [95].
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5.5 tumor treatment PlannIng and assessment

Numerical simulations are also widely used in planning and the assessment of 
a thermal treatment for tumor. In thermal therapy, a tumor is either heated or 
cooled to an extremely low temperature [11,22,97]. Under heating, the tumor 
temperature can be mildly raised to higher than body temperature (i.e., hyper-
thermia, or 42°C to 45°C) or much higher to reach direct tissue necrosis (ther-
mal ablation). The low temperature can be as low as –196°C depending on the 
freezing agent used. Compared with other modalities, thermal therapy has many 
potential advantages. It is minimally invasive and requires little hospitalization. 
Further, it is not dose limited and can be carried out repeatedly for recurrent 
cases. For a successful thermal treatment, the heating or freezing should cover 
the entire tumor while avoiding overheating or overfreezing of the surround-
ing normal tissues. Moreover, the thermal dose and treatment frequency should 
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Figure 5.8 Distribution of doxorubicin and the cell survival rates at different time intervals after the 
treatment (1 cm tumor treated with alternated cooling at –10°C for 30 minutes, followed by heating at 
42°C for 30 minutes) [95].
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enable complete killing of tumor cells. Thus, precise planning and assessment are 
essential for the treatment.

A good therapy plan includes treatment location and orientation, treatment 
protocol setting, thermal dosage, treatment frequency, and so on [33,34,75,98]. 
Medical images (e.g., via ultrasound [US], computed tomography [CT], or MRI) 
are commonly used to determine the size, the shape, and the location of a deeply 
situated tumor in relation to blood vessels and critical structures [99–105]. The 
imaging technologies are also used for temperature measurement in monitor-
ing the treatment [106–110]. But, the sensitivity and resolution are still remain-
ing issues. For more precise temperature information, invasive measurements by 
thermocouples and optical thermal sensors have been used. In cryosurgery, imag-
ing of the iceball formation [109,111,112] is another alternative for monitoring. 
As ultrasound signals are almost completely reflected at the freezing interface, 
acoustic shadows are present and distal to the ice front, which hinders controlled 
freezing and risks complications due to the freezing of vital structures in the sur-
rounding tissue. The introduction of advanced imaging guidance such as X-ray CT 
can provide better visualization of the frozen tissues [113,114]. However, freezing 
alone does not necessarily execute adequate ablation. For an example, the critical 
temperature for the ablation of prostate tissue is well below 0°C [114–117]. As the 
degree of damage to a tumor is determined by the thermal history it experienced, 
an accurate temperature distribution inside the tissue is therefore necessary for 
the successful planning of a treatment. Both in vivo animal experimental studies, 
and tissue or tissue equivalents like phantom gel and numerical simulations, have 
been used for thermal treatment design and effect assessment [118–120], while for 
in vivo treatment of human beings, thermal modeling of the treatment process is 
the only noninvasive way for temperature prediction and monitoring.

Numerous models have been developed to study the thermal histories of 
treatments via RF heating, laser ablation, microwave, ultrasound, high-focused 
ultrasound, and cryosurgery in various tumors [110,121–126]. The Pennes bio-
heat equation is the most frequently used [127] in modeling given its simplicity 
and good approximation. In high-temperature treatment, the incident energy 
such as microwave, radiofrequency, laser, or ultrasound interacts with the bio-
logical molecules and deposits thermal energy in tissue. The volumetric heating 
is treated as the energy source in the bioheat equation. Inhomogeneous heat-
ing, irregular tumor geometry and vascular morphology, thermal property, and 
variations are important factors influencing the temperature distribution. With 
such complexity, only numerical methods can be used to accurately solve the 
bioheat transfer problem.

Freezing of biological tissues are quite different from nonliving materials that 
have a fixed freezing point. Phase change for biological tissues occurs over a tem-
perature range, with an upper limit ranging from 0°C to –1°C and a lower limit 
from –5°C to –10°C, due to the complex composition and inhomogeneity of tis-
sues [128,129]. Thermal effects of blood perfusion and metabolism also affect the 
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freezing process in tissues. A few analytical solutions to the one-dimensional 
freezing problems have been applied to cryosurgery [130–135]. These solutions 
cannot be used to solve multiple freeze-thaw cycles where multiple freezing 
fronts coexist. Numerical modeling, on the other hand, provides a powerful tool 
to handle complex geometries and boundary conditions.

For the treatment assessment, the approach can be either phenomenological 
or mechanistic. Phenomenologically, a critical temperature is normally used for 
evaluation. For example, in high-temperature ablation, 50°C or 70°C is used for 
different tumors [136,137]. The tissue damage process is assumed to follow the 
Arrhenius function from the thermodynamic point of view [138]. Thus, the rate 
of injury degree can be described using the Henriques model or modified ones 
[139]. At the cellular level, the concept of thermal dose is widely [140] accepted. 
And in cryosurgery, critical temperatures, such as –40°C or –60°C, are com-
monly used for prostate and breast cancer, respectively [116,141]. Based on the 
mechanism of cryoinjury [142], more and more researchers prefer using the prob-
ability of the lethal intracellular ice formation (IIF), PIIF, to evaluate the damaged 
region after cryoablation [143]. At the tissue level, many researchers have ana-
lyzed the mechanical damage of the freezing resulting from the thermal stresses 
during the fast-freezing process [144–146].

Therefore, for the thermal treatment of tumor with certain protocols, numeri-
cally simulated temperature distributions can be performed to predict the 
degree and volume of the damaged region. on the other hand, for a target tissue 
of known volume to be treated, an inverse heat transfer problem can be solved 
to aid the design for the heating protocol. An optimization algorithm has been 
developed in References [147,148]. The squared difference between the calculated 
damage region and the desired region is the objective function to be minimized 
using the algorithm. Results are found sensitive to the bioheat transfer and the 
damage evaluation models.

5.5.1 High-Temperature Treatment

Numerical models are developed to describe the high-temperature treatment of 
all kinds of tumors mainly based on the traditional mathematical bioheat trans-
fer analysis techniques [122,149–151]. Properties for tumor tissues are approxi-
mated to that of normal tissue and are assumed to be constant [152,153]. The 
specific rate of absorption (SAR) is usually used to quantify the transformation 
efficiency of the irradiated energy (either light or electromagnetic waves) to ther-
mal energy. It is determined by the tissue electrical or light properties and is 
inhomogeneous. The distribution of SAR provides important information for 
improving the heating element. It can be obtained by either simulation of the 
transportation of electromagnetic waves [154], photons [155], sound waves [156], 
or experimental measurements [157]. And high-temperature gas-based ablation 
therapy, both flow of the vapor (pressure and density gradient) and heat transfer 
(temperature gradient) inside the tumor, is also studied [158].
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In microwave or radiofrequency heating, numerical methods have been used 
to solve the Maxwell equation of the electromagnetic (EM) field to obtain the 
SAR in which detailed information on the tissue dielectrical property distri-
bution and their variations with temperature is relatively difficult to obtain. In 
most investigations, SAR has been measured at various locations by determining 
the initial rate of temperature rise immediately following a step increase in the 
applied power [154,159–165]. It can be approximated by taking the temporal gra-
dient of temperature since heat conduction is negligible at the instant that heating 
power is on. A curve fit is used to obtain an expression for the SAR distribution. 
Using the SAR expression as the source in the Pennes bioheat transfer equation, 
the temperature field during the treatment can be obtained numerically through 
either finite element or finite difference numerical methods [166–169].

With the temperature field information available, the minimum power, Qmin, 
to heat a certain volume of tissue above a given temperature for a period of time 
can be calculated. For example, the temperature field within the uniformly per-
fused prostate has been approximately expressed using an empirical equation 
according to analysis of the numerical results [152]:
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where rd and Zd are the temperature decay lengths in the radial and axial direc-
tions, respectively. The decay length is defined as the distance over which the tem-
perature elevation decreases by a factor of e. Qdep (W) is the RF power level and K 
(°C/W) is a scale parameter depending on the blood perfusion rate ω. From this 
equation, the minimum power required (Qmin) to heat a 10% volume of the pros-
tatic tissue above 44°C is found to range from 5.5 W to 36.4 W depending on the 
local blood perfusion rate (ω = 0.2 ml/g/min to 1.5 ml/g/min). The configuration 
of the applicators is believed to be the main factor that affects the radial decay of 
the SAR distribution [170]. Changing the distance between the electrodes in a RF 
hyperthermia system results in different heating patterns in tissue [152].

Blood perfusion is a key factor in simulating the bioheat transfer process. It 
is closely related to temperature and is also tumor dependent [171]. Mild heating 
increases blood flow, while higher tissue temperatures cause a quick increase of 
blood flow followed by vascular damage and blood flow stasis [171–174]. Simulated 
results show that the minimum power required to achieve a steady state in the 
prostatic tissue above 44°C is in the range from 5.5 W (ω = 0.2 ml/g/min) to 
36.4 W (ω = 1.5 ml/g/min). However, if the perfusion response to the tissue tem-
perature is considered, the required power should be increased sevenfold [152]. 
obviously, underestimation of blood perfusion during the treatment would reduce 
the expected therapeutic efficacy. Many models developed have taken the tumor 
blood perfusion and its dependence on temperature into consideration [175–178].
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For accurate thermal planning, the tissue anatomical structures and vascula-
ture also need to be accounted for [179]. Their influences on temperature distri-
butions during the thermal treatment have been studied by several investigators 
[180,181]. Unlike hyperthermia, in thermal ablation, much higher temperatures 
result in immediate tissue necrosis and water evaporation, which correspondently 
influences the thermal, electrical, and light properties of the tumor tissue. This 
is quantified by the models developed in References [176,182]. More importantly, 
flow of the evaporated water vapor influences heat transfer inside the tumor and, 
correspondently, prediction of the tissue necrosis degree [183].

With the transient temperature distributions under certain given heating 
protocols, planning can be adjusted according to the correlated tissue damage. 
Heating to the tissue are usually nonuniform; thus, T90, T50, and T10, the tem-
peratures at which 90%, 50%, and 10% of the tissue volume exceeds, respectively, 
are frequently expressed clinically for the heating power quantification [182]. As 
the damage to tissue is not only subjected to the highest temperature it reaches 
but also the lasting time at the temperature, the concept of thermal dosage is 
proposed [140]. The thermal dosage is defined as the equivalent heating time at 
43°C to reach the same degree of damage and is denoted by CEM43°C (i.e., the 
cumulative number of equivalent minutes at 43°C) [140,184,185]; while in ther-
mal ablation, the burn injury models using the Arrhenius equation are usually 
applied for the evaluation of tissue damage [138].

5.5.2 Cryosurgery

Local freezing of tumor tissue is usually imposed by cold metal probes with liquid 
nitrogen or liquid argon flowing inside. Existing numerical models to character-
ize the freezing process may be categorized in two approaches. The first approach 
is based on the front-tracking method, in which latent heat is released at a specific 
single temperature and the phase change interface is tracked explicitly by adjust-
ing meshes dynamically [186]. Although this method works well for sharp front 
cases, it is not accurate for describing the freezing process in biological systems 
where a phase transition region exists, and its application in three-dimensional 
cases would be cumbersome [187].

The second approach is based on the enthalpy method, where latent heat con-
tent is a function of temperature and the energy equation is solved either in the 
enthalpy form [187,188] or with an effective specific heat to incorporate latent 
heat [189–191]. The latter approach is currently accepted as the most powerful 
tool to deal with multidimensional phase change problems. Devireddy et al. [39] 
incorporated microscale biophysical phenomena into the enthalpy formula-
tion, which can be used to simultaneously predict macroscale heat transfer and 
microscale biophysical response within tissue. However, this method is com-
putationally expensive even in a simple case, and the results suggest that the 
macroscale enthalpy formulation alone is sufficiently accurate. In order to relate 
the enthalpy ht to tissue temperature, an enthalpy–porosity relationship is used 
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[192,193]. In biological tissue, the enthalpy is composed of a sensible part, ht,s, and 
a latent heat part, DH ,

 ht = hf,s + DH (5.13)

where the sensible enthalpy is expressed by
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(5.14)

and the latent heat content is

 DH = bL (5.15)

where b is the liquid fraction, which has the value of zero in the solid region and 
one in the liquid region, and is defined as
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where Ts and Tl are the two temperature bounds of the phase transition region. 
The solution for temperature is obtained through iterations between the energy 
balance equation and the liquid fraction equation (Equation 5.16). It is noted 
that the liquid fraction in biological tissues is nonlinear with respect to tem-
perature. For practical purposes, a linear relation can be used as a first-order 
approximation given the rather thin phase transition region (1~2 mm) observed 
experimentally [125].

other than the phase change of tissue, the geometry and boundary conditions 
are also important in the simulation of a real cryosurgical situation. Previous 
studies have made progress toward this goal. Budman et al. [194] were the first to 
calibrate commercially available cryoprobes in which a liquid nitrogen cryoprobe 
and a Co2 Joule-Thomson probe were studied numerically and experimentally. 
Rewcastle and coworkers [129,195] have successfully calibrated the advanced 
argon Joule-Thomson cryoprobes in single and multiple configurations, which 
could be applied to generate three-dimensional temperature distributions around  
multiple cryoprobes. Also, Jankun et al. [196] have performed a thermal simula-
tion for three-probe freezing in a prostate geometry reconstructed from ultra-
sound imaging data of a prostate phantom. With the fast development of imaging 
techniques, a more realistic computational geometry can be constructed based 
on images of a real prostate clinically, and by calibrating of the temperature dis-
tribution on the surfaces of the commercially available cryoprobes and urethral 
warmer used, more accurate boundary conditions could be obtained [125]. The 
geometric solid model of a real prostate is generated from sequential MRI images, 
as shown in Figure 5.9.
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For large tumors, multiple cryoprobes are needed, and the alignment of the 
probes is one part of the treatment planning. For the prostate, certain guide-
lines are needed [197], and six parallel cryoprobes have been aligned, as shown in 
Figure 5.10. Probes 1 and 2 are operated in 100% cryogen flow mode for 2 min-
utes before probes 3 and 4 are turned on. Two minutes after probes 3 and 4 are 
activated, probes 5 and 6 are turned on and operated in the 100% mode as well.  

Probe 3
Probe 6

Probe 1 

Probe 2 

Probe 4 

X 
Z 

Y 

Probe 5 

Figure 5.10 The configuration of the cryoprobes. Locations of the cryoprobes can be adjusted in the 
graphic user interface (GUI) of GAMBIT to fulfill the clinical requirements; the short cylinder in the center 
is the urethral warmer [193].

Figure 5.9 Reconstruction of the prostate with a urethra from MRI images. The prostate contours 
on the MRI slices are drawn manually on the Philips MxView workstation. (Philips Medical Systems, 
Andover, Massachusetts [193].)
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Cryoprobes 1 and 2 are deactivated after operating for 8 minutes, and the other 
probes continue to run for another 2 minutes. The whole procedure takes 10 
minutes.

Using the Pennes equation and the functioning of the cryoprobes as the con-
vective boundary, the temperature profiles can be obtained inside the prostate. It 
has been well established that the final temperature is a dominant factor contrib-
uting to freeze injury during prostate cryosurgery [114–117]. But there is some 
controversy as to the specific value of the critical temperature that ensures com-
plete tissue destruction. Tatsutani et al. [117] claimed that this temperature is 
dependent on the cooling rate, and around –40°C for cooling rates lower than 
5°C/min and around –19°C for cooling rates higher than 25°C/min. Their con-
clusions are based on cellular experiments on human prostatic adenocarcinoma 
cells. Larson et al. [114] has concluded that the critical temperature should be 
around –41.4°C for a double freeze–thaw cycle and –61.7°C for a single freeze–
thaw cycle based on in vivo investigations of the human prostate.

In addition to the end temperature, the hold time of the critical isotherms has 
been shown to greatly influence the cellular survival rate of the AT-1 rat prostate 
tumor [116]. If this finding also holds true for in vivo human prostate tumor, 
then a detailed knowledge of the whole prostate volume or a particular subvol-
ume of prostate versus the hold time would have greater practical significance. 
Figure 5.11 presents a hold-time tissue volume histogram (HTVH) at the end 
of the proposed surgery for the whole prostate. It shows that subvolumes of the 
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Figure 5.11 Time–temperature volume histogram of the treated prostate. The evolution of the pros-
tate volume enclosed by different critical isotherms is shown [193].

© 2009 by Taylor & Francis Group, LLC



172 A. ZHANG AND L. X. XU

prostate experience considerably different thermal histories and thus may have 
a distinct therapeutic outcome that needs to be taken into account in treatment 
planning.

The cooling rate is another factor that determines freezing injury to a variety 
of living cells via the mechanisms of intracellular ice formation and severe cell 
dehydration [25]. Since the intracellular ice is much more deleterious, a higher 
cooling rate (25°C/min) could induce more cellular destruction than a slower 
freezing rate (5°C/min) in the human prostatic cancer cells [117]. However, it 
is quite interesting that this dependence of cryoinjury on the cooling rate has 
not been found in the experiments using AT-1 rat prostate tumor cells [115,116]. 
It should be noted that only suspended cells have been used in these studies. 
Freezing of in vivo tissues also induces vascular damage, which enhances the 
cellular destruction in turn. But, cooling rate effects on vascular damage in vivo 
have not been fully studied.

Thawing is considered to be the other important phase of cryosurgery that 
causes tissue injury [24]. During the thawing process, small ice crystals merge 
together to form large crystals, which readily disrupt cellular membranes. This 
phenomenon may enhance tissue destruction induced by the preceding freeze. 
It is recognized that slow thawing is more destructive than rapid thawing [24]. 
For this reason, freeze-thaw cycles are usually used in cryosurgery. Though a 
simulation to include the thawing process is needed, coupling the crystalliza-
tion model with the present heat transfer model would make the computation 
extremely expensive and possibly unfeasible. Thus, a tissue injury analysis based 
on isotherm protocols alone should be treated as a conservative prediction.

A presurgical treatment planning simulation is aimed at modeling the intended 
cryosurgical process. The actual thermal behavior during cryosurgery may devi-
ate from the simulation results. In a simulation, the prostate and surrounding 
tissues can be idealized as continuous media with uniform thermophysical prop-
erties. Examination of the anatomy suggests that the prostate is in close contact 
with the surrounding organs, such as the bladder, the obturatorius internus, and 
the urogenital diaphragm. Also saline is usually injected into the gap between the 
rectum and prostate during the operation. With a high percentage of water con-
tent in their composition, these tissues are expected to have thermal properties 
close to those of water [198,199]. Thus, it is a reasonable approximation to treat 
them as a continuous homogeneous medium. During cryosurgery, the tempera-
ture evolution also depends on how exactly the cryoprobes are positioned and 
how closely they are operated compared to the planned positioning and opera-
tion. Any difference between the planned cryosurgery and the actual operation 
would affect the actual temperature distribution. And a postsurgery simulation 
can then be done to incorporate all these differences to derive the actual treat-
ment delivered.

In future research and development, there are still many issues to be 
addressed. First, calibration of the cryoprobes operated in partial freezing mode 
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and thawing mode may be useful for some clinical protocols. Second, in vivo 
experimental validation of the simulation results is very important and may be 
aided by advanced imaging techniques. Third, optimization of the cryosurgical 
planning may be performed by incorporating an optimization algorithm into the 
numerical solver. Although some preliminary optimization studies have been 
performed [200], a computationally efficient numerical solver needs to be found 
to practically apply optimization for prostate cryosurgery [201]. Finally, integra-
tion of the geometric modeling, meshing, numerical solver, visualization, and 
even optimization in a single software package with a user-friendly interface is 
required for routine surgical planning of cryosurgery.

5.5.3 Alternate Cold and Heat Treatment

The idea of combined freezing and heating was first proposed by Gage et al. 
[202]. Its effect on increasing the destruction volume is observed experimentally. 
Hoffman et al. [203] have performed a histological study of normal tissue treated 
subsequently by freezing and heating, but the result is inconclusive. A hybrid 
device has been proposed by Hines-Peralta et al. [204] to enhance the efficiency 
of a bipolar RF system by placing a freezing unit between the two RF poles. RF 
heating and cooling based on the Joule-Thomson effect of argon gas are used 
simultaneously. Hines-Peralta et al.’s [204] preliminary results show that with the 
addition of freezing in the middle of the RF probe, the treated region is enlarged 
and the shape is better controlled owing to the change of the electrical imped-
ance caused by the ice formation in tissue. Liu et al. [205] also have designed a 
cryoprobe system with a vapor-heating feature. They claimed that cooling imme-
diately followed by a rapid heating of the target tissues would improve the treat-
ment effect due to thermal stress.

Further investigation of the biological effect of the alternate cooling and heat-
ing treatment on tumors via animal studies has found that this treatment is much 
more effective than single hyperthermia or cryosurgery in destroying a tumor 
microvascular network [59], as shown in Figure 5.2. Histopathological analyses 
further confirm the effect, as rare tumor vessel recurrence and large necrotic 
tumor tissue areas are found on the seventh day after the treatment [60]. This is 
further proven by the studies on the cellular effects, as shown in Table 5.2.

Table 5.2 The Death Rate of Human Umbilical Endothelial Cells (HUVEC) and Breast 
Cancer Cells (MDA-231) under Different Thermal Treatments

Cell Death Rate
Heating for 60 

Minutes at 50°C
Cooling for 60 

Minutes at –13°C
Cooling for 30 Minutes at –13°C, 

Then Heating for 30 Minutes at 50°C
 

HUVECs 17.82% 50.85% 59.4%
MDA-231 31.01% 31.6% 44.51%
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Accordingly, a new thermal system has been developed to provide rapid cool-
ing and heating alterations in tissue for more effective cancer treatment [206]. 
The system facilitates liquid nitrogen (LN2) cryosurgery and RF heating, either 
alternately or simultaneously. In the cryoheat probe system, the unstable flow 
and phase change of the liquid nitrogen make the freezing process hard to con-
trol [207]. As a consequence, the temperature field is difficult to predict during 
freezing. Simulation of the flow inside the probe can help investigate the heat  
transfer performance under different conditions and enable better control of  
the cryosurgery process [208]. It is found that using a constant wall heat transfer 
coefficient to simulate the cooling progress under a specific flow is more rea-
sonable. For the two-phase flow of nitrogen inside the cryoprobe, the convective 
heat transfer coefficient on the probe wall is reported to be about 8 * 103 W/m2K. 
The temperature distribution inside the tumor during the alternated cooling and 
heating treatment can be obtained through numerical study [178], and results are 
shown in Figure 5.12. The dynamic temperature changes at different distances 
from the active probe wall during an alternate cooling and heating treatment. The 
protocol is 10 minutes freezing followed by 100W-RF heating for 30 minutes with 
6.0 m/s nitrogen flow inside the probe to prevent overheating in the surrounding 
of the probe wall. After the 10 minutes of freezing, an iceball is formed and blood 
perfusion stops in the area where temperatures are lower than 0°C [209].

As also seen in Figure 5.12, there is a sharp increase of the temperature when 
the RF heating is turned on. Thermal stresses are expected to occur, and the 
heterogeneous mechanical properties inside the tumor may lead to more damage 
than those of a uniform material experiencing the similar thermal history. The 
alternate cooling and heating treatment also enhances damage to the tumor cells. 
The thermally induced biological effects can be investigated at both the tissue 
and cellular levels.
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Figure 5.12 Dynamic temperature changes at different distances of 4 mm, 6 mm, 8 mm, and 10 mm, 
respectively, from the active probe wall during an alternate cooling and heating treatment (10 minutes of 
cooling followed by 100W-RF heating for 30 minutes with 6.0 m/s nitrogen flow inside the probe) [178].
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5.5.4 Treatment Evaluation

The phenomenological method by using a critical temperature (for either high- 
or low-temperature treatments) is the easiest way to assess the therapeutic out-
come and has been frequently used. However, more precisely, the actual damage 
is related to the thermal history that the tissue has experienced, which includes 
the heating or freezing rate, hold time, end temperature, and thawing rate. To 
precisely assess the damage region after a treatment, and then to optimize the 
treatment protocol, models based on the damage mechanisms have been devel-
oped [138,140,176,210]. Among them, there are models for quantifying the tissue 
damage degree after the treatment and for describing the cellular response to 
thermal energy input. As vasculature is essential to tumor growth and its damage 
is also critical for treatment outcome, there are also models studying the vascu-
lature damage after the thermal treatment [208].

5.5.4.1 Tissue Damage Model

The model developed to describe the high-temperature injury is frequently applied 
for evaluation of tissue damage after the heat treatment. The tissue damage pro-
cess is assumed to follow the Arrhenius function from the thermodynamics point 
of view [138]. Thus, the rate of injury degree W can be described as
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which can be integrated as
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where x is the frequency factor constant, DE is the tissue inactivation energy 
to govern the development of injury, Ru is the universal gas constant, T is the 
absolute temperature, and t is the thermal treatment time. The corresponding 
Henriques values of x = 3.1 * 1098 s–1 and DE = 6.27 * 108 J/kmole are used. As pro-
posed by Moritz and Henriques, the second-degree burn W = 1 may be evaluated 
as tissue necrosis [211].

Figure 5.13 shows the integral damage degree during heating alone for 10, 
20, and 30 minutes, respectively, as a function of position inside the tumor. The 
vertical axis represents the damage degree, W, and the horizontal axis represents 
the short-axis radius from the probe. The cross point of each curve with the line 
W = 1 has been marked as 8.7 mm, 9.4 mm, and 9.75 mm, respectively, in which, 
where W > 1, complete tissue necrosis is assumed.

The quantification by the Henriques model predicts the degree of tissue dam-
age. But it is hard to draw the conclusion that all tumor cells have been killed 
within the defined region. As any cell survival might result in tumor recurrence 
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or tumor metastasis, accurate predictions of the cell survival rate in the treat-
ment region are necessary and of clinical importance.

5.5.4.2 Cellular Damage Model

The life of a cell is sustained by various metabolic activities. Its death may be an 
accumulation of inactivation of different reactions and denaturation of chromo-
somal proteins [5], while the damage of each reaction or protein denaturation 
also follows the Arrhenius function [212–214]:
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(5.19)

where ks is the rate of damage; B is the Boltzmann’s constant; h is the Planck’s 
constant; and DG is the Gibbs free energy of inactivation, which equals DH–TDs, 
where Ds is the entropy of inactivation (J/K/mole) and DH is the molecular inac-
tivation energy. Thus, it is approximately that [213,214]
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The occurrence of a complete inactivation of certain reaction and protein 
denaturation is related to the damage rate ks and time t. Ds is an extensive state 
function that accounts for the effect of irreversibility in a thermodynamic sys-
tem, and the smallest functional unit in a living system, a cell, can be considered 
as such a system. As a living cell goes to death, the maximum Ds is expected. In 
comparison, the differences between different kinds of live cells and the same 
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Figure 5.13 Degree of damage during heating alone for 10, 20, and 30 minutes, respectively. 100W-RF 
heating with 6.0 m/s nitrogen flow inside the probe turned on as the probe temperature exceeds 60°C 
[178].
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cells at different temperatures are relatively small and assumed to be negligible. 
The reported Ds = 374.5 cal/K/mole for Chinese hamster ovary (CHo) cells 
[5,215] is used in this study.

The fraction of the reactions or the damaged proteins is as follows [214,216,217]:

 
F t e k t( ) ,= - -1  (5.21)

Assuming the total cellular damage is an accumulation of n discrete and inde-
pendent protein or reaction inactivations, the survival rate of the cells treated 
shall follow this equation [212–214]:

 
S F T eheat

n k t ns= - = - - -1 1 1[ ( )] ( )  (5.22)

where Sheat is the cell survival rate, and n = 100 from Reference [5].
owing to different cellular sensitivities to heat, the values of inactivation 

energy DH have been reported to be 271,000, 135,600, and 141,000 cal/mole for 
a mouse tumor [217], mouse ear cells [214], and CHo cells [5,215], respectively. 
There has been no report of the DH value for human breast cancer cell lines, and 
especially for those exposed to prefreezing before the heat treatment. Experiments 
have been performed to evaluate the inactivation energy for cells that undergo 
different thermal treatments. The mortality of MAD-MB-231 cells heated to dif-
ferent temperatures for different time durations with or without prefreezing has 
been measured by the staining of Trypan blue. By fitting the experimental data to 
Equation (5.14), the inactivation energy DH for the cells to heating and to heating 
after prefreezing to –13°C for 30 minutes have been found to be 145,149 cal/mole  
and 143,898 cal/mole, respectively. The prefreezing reduces the inactivation 
energy about 1251 (0.87%) cal/mole compared to direct heating alone, but its 
effect is significant given the exponential relationship presented by Equation 
(5.22). The results suggest that the cells are more sensitive to heat after the pre-
cooling process, and possible synergistic effects have been demonstrated of the 
alternate cooling and heating treatment.

The survival rates of cells undergoing the freezing process can be predicted 
according to the cryoinjury mechanisms. When the cooling rate is slow, extra-
cellular ice forms and water is transported out of the cell, causing its osmotic 
dehydration. The consequent increase of intracellular solute concentrations may 
induce damage of intracellular proteins, the membrane, and enzymatic machin-
ery of the cell. When the cooling rate is fast, there is not enough time for water 
to be transported out of the cell and intracellular ice forms [25]. Intracellular ice 
is usually lethal to cells. For tumor cells that are closely packed [42,191], IIF shall 
be the key factor determining the cell death. Thus, the survival rate of the tumor 
cells after freezing can be determined from the IIF probability Piif,

 Scool = 1 - Piif (5.23)

where Scool is the cell survival rate during freezing.
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The IIF probability, Piif, can be predicted given the thermal history that cells 
have experienced [143]:
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where Tseed is the ice nucleation temperature (K), W0 and κ0 are the cell-type  
dependent constants, A is the surface area (m2), and Tf is the intracellular phase 
change temperature, which depends on the solute mole fraction and can be 
determined by analyzing the cellular dehydration process [218–221]. Using both 
the tissue damage model and the cellular damage model, the survival rates of 
the tumor cells after different treatments are shown in Figure 5.14. Using the 
criterion of W = 1 in the tissue damage model, the damage region after the 30 
minutes of RF heating (assuming all tumor cells completely killed within the 
region) is predicted to be 9.75 mm, shown by the dash–dot line. However, as 
predicted by the cellular damage model, the region with incomplete cell 
killing after the RF treatment is clearly illustrated by the dot line in Figure 5.14  
(8.2 mm in radius). In comparison, the tissue damage model highly overestimates 
the damaged region by nearly 15%. This model is originally proposed for burn 
injury evaluation after tissue experiencing a high temperature for a short time 
period. For example, Abraham and Sparrow have built a thermal ablation model 
that is more accurate by accounting for the phase change (water evaporation),  
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Figure 5.14 The survival rate distributions after different protocols: (1) Solid line, cooling for 30 min- 
utes; (2) dotted line, 30 minutes of the 100W-RF heating and with 6.0 m/s nitrogen flow inside the probe 
turned on as the probe temperature exceeds 60°C; (3) dashed line, 10 minutes precooling followed by  
the 100 W-RF heating for 30 minutes and with 6.0 m/s nitrogen flow inside the probe turned on as the 
probe temperature exceeds 60°C; (4) dash–dot line, the tissue damage degree W = 1 after 30 minutes 
of the 100 W-RF heating and with 6.0 m/s nitrogen flow inside the probe turned on as the probe tem-
perature exceeds 60°C for 30 minutes (from Figure 5.13) [178].
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change of blood perfusion, and other thermophysical properties [176]. However, 
it seems unsuitable for the hyperthermic condition under which tissue tempera-
ture is mildly raised relatively over a long period of time.

With the cellular damage model, after cooling alone for 30 minutes, the com-
plete damage region is only about 7.6 mm in radius from the probe, as shown by 
the solid line. Tumor cell survival rate after the alternate freezing and heating 
is also determined and shown by the dashed line in Figure 5.14. As seen, the 
influence of a 10-minute prefreezing before the same heating protocol (100W-RF 
and with 6.0 m/s nitrogen flow protection turned on as the probe temperature  
exceeds 60°C) for 30 minutes is significant. The complete damage region increases 
and reaches about 9.2 mm in radius. This is much larger than that caused by 
either the heating or cooling treatment alone.

5.5.4.3 Vascular Damage

Given the thermal stress through the rapid alternation of cooling and heating and 
possible vessel wall fractures induced by thermal stresses [205], the correspond-
ing damage to tumor vasculature is also expected to be greater than that of either 
the cooling or heating treatment alone. This has already been observed in in vivo 
experimental study [59]. The mechanisms of vascular injury under such kind 
of treatment may be attributed to several important factors, as discussed in the 
following. In general, tumor vasculature and endothelial cells are more fragile to 
thermal stress because of their abnormal characteristics and microenvironment 
[222]. Freezing prior to heating might increase the thermal sensitivity of vascu-
lar endothelial cells by altering the intracellular protein nature. Mechanically, 
in freezing, ice normally first occurs inside vessel lumen, exerting forces on 
the inner endothelial cells. The endothelial cellular cytoskeleton and intercel-
lular junction could be weakened by dehydration and chilling effects, resulting 
in cell detachment and wall rupture of the new vessels with a single endothe-
lium layer, especially in the tumor periphery. Study of the endothelial cells’ shape 
change and the subjected stress on the cell membrane surface can provide insight 
into the damage mechanisms of thermally induced vasculature injury [208]. 
Endothelial cells are modeled as ellipsoidal balloons whose volume varies accord-
ing to the osmotic pressure experienced during the freezing process (Figure 5.15).  

vice

Vascular wall

Endothelial cella
b

Figure 5.15 Schematic of the endothelium cell during freezing [208]. Parameters a, b, and vice are 
the long and short axes of the endothelial cell, and ice propagation velocity, respectively.
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The cell surface tension has been analyzed to reveal the mechanical effect on the 
cell shape change during freezing. It is found that after being frozen to –20°C at 
a cooling rate of –3°C/min, the stresses on the cell surface are much larger than 
those before freezing, especially at the two ends of the long axes (Figure 5.16): 
more than 10 times of those before freezing [208]. The greatly enhanced surface 
stresses by dehydration plus the chilling effects are expected to finally break the 
cell junction and cause cell detachment from the extracellular matrix.

When cooling and heating are applied alternatively, tumor vessels experience 
much larger thermal stress over a short period of time than any single cooling 
or heating treatment, which can induce the vessel wall rupture. In addition, 
ischemia–reperfusion injuries may also occur, as indicated in frostbite by other 
studies [23,223]. Besides, it is possible that the alternate cooling and heating 
treatments of a tumor can trigger a much stronger immunologic response of the 
body, which further enhances the overall treatment effect of the system [224]. 
A comprehensive model should be developed to quantify both the direct and 
indirect cellular damage for more accurate predictions of the treatment outcome 
in future.

5.6 conclusIons

The development and applications of numerical bioheat and mass transfer have 
greatly improved techniques in tumor diagnosis and treatment using thermal 
physical methods. Together with the advancement of other techniques, espe-
cially imaging techniques, more detailed information of the tumor structure, 
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Figure 5.16 Surface stresses over the endothelial cell after freezing to –20°C at a cooling rate of 
–3°C/min [208]. Arrows of the vectors point in the stress direction while lengths of the vectors illustrate 
the stress magnitudes.
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vascular geometry, and even temperature can be obtained for accurate simula-
tions. However, many important parameters such as the thermal, electrical, light, 
sound, and mechanical properties are dependent not only on individual tumors 
but also on the phase change in the tumor, and certainly the temperature during 
the treatment. Measurements of these parameters are difficult, and the estimated 
values should have a biological basis.

The tumor tissue response to either heating or freezing is essential to the predic-
tion and evaluation of different treatments. The thermal treatment has both direct 
and indirect influences on the target tumor cells. When subjected to temperature 
alterations, many complex biomolecular changes take place resulting in either 
survival or death of the cells, which includes immediate necrosis and apoptosis 
(programmed death). The apoptosis pathways involve many biological reactions 
inside the cells that are thermally dependent. Modeling bioheat and mass trans-
fer at the nanoscale level will be of great importance to the understanding of the 
molecular mechanisms of cellular damage, gene expression (especially for ther-
mally induced apoptosis), the replication process of DNA [225,226], and thus the 
development of novel treatments of tumors at the molecular level. For the indirect 
damage to tumor cells through vascular and immunological responses to thermal 
treatment, new theories are highly desired and should be developed in future.

Treatment of the metastatic malignant tumors is still a difficult problem to 
solve in medical science. The alternate cooling and heating have shown better 
therapeutic effects in both preliminary animal studies and theoretical analysis 
[59,178]. More importantly, the immunity it has activated may provide an effec-
tive and systemic treatment for cancers with micrometastasis. Further study on 
the mechanisms of the enhanced treatment effects by incorporating bioheat and 
mass transfer analysis will help optimize the treatment protocol.
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nomenclature

A: surface area, cm2

At: the effective surface area of the vasculature per unit tumor volume, 
cm–1

Av: surface area of the microvessel wall, cm2

B: Boltzmann’s constant, J/K
C: concentration, mg/ml
cp: specific heat capacity under constant pressure, J/kg
CS : average drug concentration in the vessel wall, mg/ml
D: diffusivity, cm2/s
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DD: the effective diffusivity of the antitumor drug freed from the lipo-
some, cm2/s

DE: activation energy, J/kmole
F: the fraction of the reactions or the damaged proteins
G: Gibbs free energy, J/kmole
Gr: Grashof number
h: Planck’s constant, J s
ht: enthalpy, J/kg
ht,s: sensible part of enthalpy, J/kg
DH: latent heat part of enthalpy, J/kg
JC: convection flux, mg/s
Ji: liposome transport flow rate in the interstitial, mg/s
Js: the total transport rate of drug across the vessel wall, mg/s
kp: fluid permeability constant, cm3/cm
ks: rate of damage, s–1

L: latent heat of water solidification, kJ/kg
Lp: microvascular hydraulic conductivity, ml/s/N
M: drug dose, mg/m2

Mg: plasma pharmacokinetic parameters, mg/m2

n: the number of activations
Piif: intracellular ice formation (IIF) probability
PL,app: apparent permeability of the tumor vasculature, cm/s
P: microvessel permeability, cm/s
p: pressure, Pa
Pe: Peclet number
Q: the rate of fluid volumetric flow, ml/s
Qdep: deposition power
q: heat generation rate, W/kg
R, r: radius, m
rd: temperature decay lengths in the radial direction, m
Re: Reynolds number
Ru: universal gas constant, J/K/mol
S: cell survival rate
Sheat: cell survival rate after heating
Scool: cell survival rate after freezing
s: entropy, J/kg
T: temperature, K
t: time, s
Tf: intracellular phase change temperature, K
Tseed: ice nucleation temperature, K
u: convective flow velocity, m/s
x: X coordinate, m
Zd: temperature decay lengths in the axial direction, m
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greek symBols

b: liquid fraction
η: solvent viscosity, Pa s
λ: thermal conductivity, W/m/K
vmax: maximal cellular uptake rate, mg/ml/s
x: frequency factor constant, s–1

π: colloid-osmotic pressure, N/cm2

ρ: density, g/cm3

σ: osmotic reflection coefficient
σf: filtration reflection coefficient
τr: decay time constant, s
je: interstitial volume fraction
W: rate of injury degree
ω: blood perfusion rate, ml/s/ml

suBscrIPts

a: artery blood
app: apparent
b: blood
C: center
D: antitumor drug freed from the liposome as doxorubicin
E: in the extracellular space
I: intracellular bound
i: interstitial
L: liposome
l: liquid
met: metabolism
ref: reference value
s: solid
t: tissue
v: vascular
0: initial value
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6
Thermal Interactions 
between Blood and Tissue
Development of a Theoretical Approach 
in Predicting Body Temperature during 
Blood Cooling and Rewarming
L. Zhu, T. Schappeler, C. Cordero-Tumangday,  
and A. J. Rosengart

6.1 IntroductIon

The human thermoregulatory system is capable of maintaining body core tem-
perature near 37°C over a wide range of environmental conditions and during 
exercise. This is largely facilitated by the vascular system of the body. In addi-
tion to its primary functions of mass transport of body metabolisms and regula-
tion of systemic blood pressure, the human vascular system plays an important 
role in systemic thermoregulation. The blood, which can be viewed as the heat 
transport medium contained within the vasculature, exerts a dual influence on 
the thermal energy balance within the body. It acts as either a source or sink 
of thermal energy by redistributing and balancing the temperature differences 
between the arterial blood and the individual organ tissue. This dynamic tissue 
heat transfer is fundamental as some body organs give rise to abundant amounts 
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of heat during exercise (i.e., muscles), whereas others are vitally dependent on 
nutrient supply (i.e., the brain). Further, heat redistribution is life saving during 
changing environmental conditions, as in warming of the body during exposure 
to cold, or it can be disadvantageous, for example, by counteracting therapeutic 
temperature elevations for cancer treatment with increased blood perfusion of 
the target region.

To maintain a normal, or euthermic, body temperature, the vasculature facili-
tates the redistribution and transfer of heat throughout the body, preserving a 
steady core temperature for all vital organs and making the human body rela-
tively insensitive to environmental temperature changes. Theoretical calculations 
have shown that if the body would solely depend on heat conduction and not uti-
lize blood-induced heat redistribution, the body would reach its steady-state tem-
perature at about 80°C [1], which, of course, is incompatible with survival. Heat 
redistribution and the consistency of an euthermic core temperature of 37°C rely 
on two main mechanisms. First, adjustments in cardiac output or blood recir-
culation time induced by central and local thermoregulatory responses allow 
rapid changes in heat “turnover”; and, second, regulation of blood perfusion of 
the body surface and the skin and subcutaneous tissue permits either enhanced 
evaporative loss or preservation of heat as demanded by internal and external 
environmental temperature changes. If those compensatory mechanisms are 
exhausted, such as in heat stroke, the body experiences a critical decline in its 
ability to regulate temperature and will decompensate if not treated. The clini-
cal implications of thermoregulatory failure are easily underscored by the fact 
that, despite aggressive medical care, about 25% of heat stroke victims experience 
organ failure and 7% to 14% experience permanent neurological deficits [2].

Active control of body temperature is increasingly employed therapeutically 
in several clinical scenarios, most commonly to protect the brain from the con-
sequences of either primary injury (e.g., head trauma, or stroke) or secondary 
injury (e.g., after cardiac arrest with brain hypoperfusion). Mild to moderate hypo-
thermia, during which brain temperature is reduced to 30°C to 35°C, has been 
studied, among others, as an adjunct treatment for protection from cerebral isch-
emia during cardiac bypass injury [3], carotid endarterectomy [4], and resection of 
aneurysms [5], and it is also commonly employed in massive stroke and traumatic 
brain injury patients [6,7]. Even minute reductions in brain temperature as small 
as 1°C and, importantly, the avoidance of any hyperthermia can substantially  
reduce ischemic cell damage [8,9] and improve outcome [10]. Some of the ben-
eficial effects of brain hypothermia include decrease in cerebral edema formation 
and intracranial pressures, reduction of tissue oxygen demands [11], and ameliora-
tion of numerous deleterious cellular biochemical mechanisms, including calcium 
shift, excitotoxicity, lipid peroxidation, and other free-radical reactions [12].

Introduction of brain hypothermia is induced via whole-body (systemic) cool-
ing as currently no efficient and safe cooling device for targeted, selective brain 
cooling exists, although novel approaches and investigations are ongoing [13]. 
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To achieve systemic cooling, many methods have been advocated and demon-
strated various clinical success. Current strategies are either relatively safe but 
only modestly effective (e.g., antipyretics [14,15], blankets and garments [16], and 
peripheral infusion of a coolant [17]), or more effective in temperature reduc-
tions but invasive and elaborate (e.g., endovascular cooling or extracorporeal 
heat exchange) [18,19]. Unfortunately, practical limitations in procedural acces-
sibility and nursing care availability often prohibit the use of more complicated 
and invasive fever reduction methods, highlighting the ongoing need for safer, 
simpler, and more cost-effective cooling strategies. In clinical practice, the most 
effective way to control the temperature in critically ill patients is to directly cool 
the blood of major veins using intravascular cooling catheters [20]. Cooling rates 
as high as 5°C/hour can be achieved depending on the cooling capacity of the 
device and the patient’s cooling response [19,21–23].

The effect of blood flow on heat transfer in living tissue has been addressed 
previously [1], and, because of the complex geometry of the vascular system, two 
theoretical approaches are currently used to assess the blood flow effects in bio-
logical systems. The first comprises vascular models that consider blood vessels 
as rigid tubes incorporated in organ tissues. However, despite the availability of 
detailed information on vascular geometry, only several large blood vessels are 
generally considered in these models, neglecting the remaining vascular tree 
in order to reduce the complexity. Nevertheless, with the advance of compu-
tational techniques in recent years, models simulating more complex vascular 
networks have progressed rapidly and already demonstrated great potentials in 
accurate and point-to-point blood and tissue temperature mapping [24]. Second, 
an approach that is different from modeling the vasculature and evaluates flow 
effects in biological systems is employed in continuum models, which average 
the influence of flow and temperature on controlled blood and tissue volume. 
Thus, in the considered tissue region, the blood flow effect is treated by either 
adding an additional term or changing some of the thermophysical parameters 
in the traditional heat conduction equation. The continuum models are simple 
to use as long as one or two representative parameters related to blood flow are 
available. The limitation of the continuum models is their inability to map point- 
to-point temperature variation along blood vessels. The two most widely employed 
equations are the Pennes bioheat equation [25] and the Weinbaum-Jiji equation 
[26]. In the Pennes bioheat equation, the blood flow effect is modeled as a source 
term, and its strength is proportional to the local blood perfusion rate and the 
temperature difference between blood and tissue. In the Weinbaum-Jiji equation, 
blood flow is modeled as an enhancement in tissue thermal conductivity. In the 
Pennes equation, blood temperature is considered to be the same as the body 
core temperature; in the Weinbaum-Jiji equation, on the other hand, the effect 
of the blood temperature serves as the boundary condition of the tissue domain. 
As outlined above, due to the complexity of the vasculature, continuum models 
appear more favorable in simulating the temperature field of the human body. 
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In either continuum model (Pennes or Weinbaum-Jiji), blood temperature is an 
input to the governing equation of the tissue temperature. However, in situations 
in which the blood temperature is actively lowered or increased, both continuum 
models seem inadequate to account for the tissue–blood thermal interactions 
and to accurately predict the expected body temperature changes.

In this study, we develop a new simple theoretical model to study blood–tissue 
thermal interaction in the human body. In addition to using the Pennes bioheat 
equation to simulate the body temperature distribution during blood cooling 
and rewarming, a heat transfer equation for the blood temperature is developed 
to account for the energy balance among blood and tissue as well as for the influ-
ence of external cooling or rewarming. The new approach provides the solution 
procedures of solving for both the body and blood temperatures during active 
blood temperature modifications. A sample calculation of the transient body 
temperature is conducted using the theoretical approach to show its feasibility 
and accuracy. So far, the response pattern of an individual patient to manipula-
tions of systemic temperature changes, such as vascular cooling or rewarming 
using intravenous fluids or endovascular catheters, has not been well delineated 
in the literature. A new model simulating the cooling and rewarming process 
and temperature interactions between the blood and tissue (organs), as presented 
in this study, will help predict precisely these changes and is, therefore, of both 
clinical and scientific importance.

6.2 mathematIcal formulatIon

The mathematical formulation consists of simulation of both body tempera-
ture distribution and energy balance of the blood compartment of the body. 
The Pennes bioheat equation is used to simulate the body temperature, while 
a lumped system analysis is implemented to predict temperature change of the 
blood during clinical applications.

6.2.1 Body Temperature Distribution

The human body can be modeled as a simple cylinder or a combination of com-
ponents representing torso, head, and limbs. As shown in Figure 6.1, the body is 
exposed to evaporation, convection, and radiation heat transfer on the skin sur-
face. The Pennes bioheat equation simplifies the vasculature by modeling blood 
flow as a source term. The metabolism is considered as a heat source within the 
body tissue, and the blood perfusion in tissue is modeled as a heat source or sink 
depending on whether the arterial temperature is higher or lower than the local 
tissue temperature. The governing equation for the temperature field in the body 
tissue can be written as

 
r r ωt t

t
t t m b b a tc T

t
k T q c T T∂

∂
= ∇ + + -2 ( )

 
(6.1)
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where subscripts t and b refer to tissue and blood, respectively; Tt is the body 
tissue temperature; r is density; c is specific heat; kt is the thermal conductivity 
of tissue; qm is the volumetric heat generation rate (W/m3) due to metabolism; 
and ω is the local blood perfusion rate. The above governing equation can be 
solved once the boundary conditions and initial condition are prescribed. The 
boundary at the skin surface is modeled as a convection boundary subject to an 
environment temperature of Tair and a convection coefficient of h. The coefficient  
h can be considered as the overall heat transfer coefficient related to the com-
bined thermal resistance due to convection, radiation, evaporation at the skin 
surface, as well as conductive resistance of clothes. The Pennes bioheat equation 
has been used extensively in the past to model tissue temperature fields for vari-
ous clinical applications and has been considered as an accurate description of 
tissue temperature field.

We would like to emphasize that in Equation (6.1), the arterial temperature Ta 
is used as an input. To predict the body temperature response to change of the 
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Figure 6.1 Schematic diagram of thermal interaction among tissue, blood, and environment.
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arterial blood temperature during clinical applications, one needs to understand 
the thermal interaction between blood and tissue. Unfortunately, the Pennes 
equation alone would not predict the thermal interaction. In this study, we will 
analyze steady-state temperature distribution and predict the overall energy bal-
ance of the tissue–blood heat exchange.

Blood interaction with tissue is described by the Pennes perfusion source term 
(the third term on the right side of Equation 6.1). Depending on the local tissue 
temperature, it may act as either a heat source or a heat sink to tissue during cir-
culation. Let’s consider that in a steady-state situation, the body can maintain a 
stable body temperature and blood temperature. Maintaining a stable blood tem-
perature implies that the total heat transfer between the blood and tissue should 
be equal to zero during steady state. It is suggested that heat loss from blood to 
tissue in the periphery tissue region would be compensated by heat gain in the 
central region. Based on the Pennes bioheat equation, the rate of the total heat 
loss from the blood to the tissue during steady state is

 

Q c T T dV c Tblood tissue b b a t body b b a- = - = -, ( ) (0 0 0 0r ω r ω TT Vt body

body volume

0 0)∫∫∫ =

 

(6.2)

where subscript 0 represents steady state, and Vbody is the body volume. Equation 
(6.2) implies that both density and specific heat are constant. In Equation (6.2), 
ω  is the volumetric-average blood perfusion rate, defined as

 

ω ω= ∫∫∫1
V

dV
body

body

body volume  

(6.3)

where Tt is the weighted-average tissue temperature defined by Equation (6.2), 
and is given by

 

r ω r ωc T T V c T T dVa t body a t body

body volume

( ) ( )0 0 0- = -∫∫∫∫
 

(6.4)

Note that Tt  may not be equal to the volumetric-average tissue temperature 
(Tavg) if ω is not uniform in the body tissue. Equation (6.2) implies that during 
steady state, the arterial blood temperature, Ta, should be the same as the weight-
ed-average tissue temperature, Tt . The average body temperature Tt can be pre-
dicted by solving Equation (6.1) and calculated by Equation (6.4). Steady-state 
thermal regulation in the human body ensures the energy balance to maintain 
stable body and blood temperatures. In this study, we assume that the body main-
tains its steady-state temperature via adjusting the overall heat transfer coefficient 
on the skin surface. The overall heat transfer coefficient can be changed by alter-
ing the evaporation rate at the skin surface and/or adding or removing clothes 
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to change the conductive resistance. However, during a transient heat transfer 
process such as blood cooling or rewarming, the total rate of heat loss from blood 
to tissue is no longer equal to zero, and is given by

Q t c T t T r t dV cblood tissue b b a t body b- = - =( ) ( ( ) ( , ))r ω r bb a t body

body volume

T t T t Vω[ ( ) ( )]- ≠∫∫∫ 0

  
  (6.5)

6.2.2 Energy Balance in Blood

During clinical applications, external heating or cooling of the blood can be 
implemented to manipulate the body temperature. In this study, the blood in 
the human body is represented as a lumped system. We assume that a typical 
value of the blood volume of the body, Vb, is approximately five liters. External 
heating or cooling approaches can be implemented via an intravascular catheter 
or intravenous fluid infusion. A mathematical expression of the energy absorbed 
or removed per unit time is determined by the temperature change of the blood, 
and is written as

 
r rb b b a a b b b

ac V T t t T t t c V dT
dt

[ ( ) ( )]/+ - ≈D D
 

(6.6)

where Ta(t) is the blood temperature at time t, and Ta(t + Dt) is at time t + Dt; rb is 
the blood density; and cb is the specific heat of blood. In the mathematical model, 
we propose that the energy change in blood is due to energy added or removed by 
external heating or cooling (Qext) and heat loss to the body tissue in the systemic 
circulation (Qblood–tissue). Therefore, the governing equation for the blood tempera-
ture can be written as

 

rb b b
a

ext a blood tissue

ext a

c V dT
dt

Q T t Q t

Q T

= -

=

-( , ) ( )

( ,, ) ( )t c V T Tb b body a t- -r ω  

(6.7)

where Qext can be a function of time and the blood temperature due to thermal inter-
action between blood and the external cooling approach, Ta is the arterial tempera-
ture, Tt  is the weighted-average tissue temperature, and ω  can be a function of time. 
Equation (6.7) cannot be solved alone since Tt  is determined by solving the Pennes 
bioheat equation. one needs to solve Equations (6.1) and (6.7) simultaneously.

6.2.3 Numerical Method of Solving Equation (6.7)

The governing equation for the blood temperature is a first-order ordinary dif-
ferential equation and can be solved numerically since most of the parameters 
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in Equation (6.7) are a function of time, and solving for the blood temperature 
depends on solving for the whole-body temperature field. The time derivative 
on the left side of Equation (6.7) is discretized using finite differences. Although 
either an implicit or explicit method can be used, an undesirable feature of the 
explicit method is that it imposes a restriction on the time step to avoid oscilla-
tion in the solution, which is physically impossible. In this study, Equation (6.7) is 
discretized using either the implicit scheme or the explicit scheme as follows:

 
implicit c V T T

t
Q T c Vb b b

a
P

a
P

ext a
P

b b bo: r r ω
+

+- = ( )-
1

1

D ddy a
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where Dt is the time interval for solving the transient blood temperature, and the 
superscript P denotes the time dependence of temperature. Superscript P and P + 1  
represent temperatures associated with the previous and new times, respectively. 
Note that Equation (6.8a,b) is the discretized equation for Ta only; the new (P + 1)  
blood temperature can be easily determined by rearranging the equation. The 
finite element method (FEMLAB; CoMSoL, Burlington, Massachusetts) is used 
to solve Equation (6.1) for the body temperature distribution. The following proce-
dures are the general approach implemented in solving Equations (6.1) and (6.8).

 1. Select a proper temperature of blood, Tb0, as the input to the Pennes 
bioheat equation. Use the FEMLAB software to solve for the steady-state 
temperature field of the body before the clinical treatment. Adjust the 
overall heat transfer coefficient h so that the blood temperature Ta0 is 
equal to the weighted-average body temperature Tt0 . The steady-state 
temperature fields (Ta0 and Tt0 ) serve as the initial temperature fields of 
the transient heat transfer process.

 2. Substitute the initial temperature values (time step P) into Equation 
(6.8), and determine the blood temperature at the next time step (P + 1).

 3. The newly determined blood temperature at time step P + 1 is then used 
as the input to the Pennes bioheat equation to solve for Tt

P .
 4. Steps 2 and 3 are repeated to solve for the transient temperature fields of 

the subsequent time steps.

6.3 results

In this sample calculation, we apply the model to a blood-cooling application, 
during which coolant is pumped into the inner tube of a catheter inserted into the 
femoral vein and advanced to the veno-vera. once the coolant reaches the cathe-
ter, it flows back from the outer layer of the catheter and out of the cooling device.  
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This cooling device has been used in clinical trials in recent years as an effec-
tive approach to decrease the temperature of the body for stroke or head injury 
patients. Based on previous research of this device, the cooling capacity of the 
device is around 100 W.

All the finite element calculations, including the finite element mesh genera-
tion for Equation (6.1), were performed on FEMLAB 3.1, operated on a Pentium 
IV processor of 2.79 GHz speed and using 1 GB of memory under a Windows XP 
SP2 Professional operating System. The numerical model was obtained by apply-
ing the Galerkin formulation to Equation (6.1). The total number of tetrahedral 
elements of the finite element mesh was around 135,000. The time-dependent 
problem was solved using an adaptive time-stepping scheme wherein the con-
vergence criterion was kept at 10–6. Mesh independency was checked by increas-
ing the number of elements in the calculation domain by 100% over the current 
mesh. The finer mesh showed less than 1% difference in the temperature field. 
The central processing unit (CPU) time for calculating each time step (Dt = 60 
seconds) is approximately 8 minutes.

A typical male human body has a body weight of 81 kg and a volume of 0.074 
m3. We consider two body geometries and test whether the developed model 
yields similar results. As shown in Figure 6.2, the body can be modeled as a 
simple cylinder that is 0.23 m in diameter and 1.8 m tall. A more realistic body 
geometry is illustrated by Figure 6.3, where the body consists of limbs, a torso 
(internal organs and muscle), a neck, and a head. The limbs and neck are modeled 
as cylinders consisting of muscle. Note that the body geometry can be modeled 
more realistically if one includes a skin layer and a fat layer in each compartment. 
However, since our objective is to illustrate the principle and feasibility of the 
developed model, those details are neglected in the sample calculation. The simple 

1.8 m  

0.232 m 

Tair = 25°C
h = 6.3 W/m2°C 

Figure 6.2 Schematic diagram of a simplified human body geometry.
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geometry results in a body surface area of 1.31 m2, while the detailed geometry 
has a body surface area of 1.8 m2. Based on a previous study by Mosteller [27], the 
body surface area is usually calculated by the following formula:

 surface area m height cm x weight kg( ) [ ( ) ( )]/2 3600=  (6.9)

For a realistic human body with a body weight of 81 kg and a volume of 0.074 
m3, the calculated body surface area based on Equation (6.9) is around 2.01 m2. 
The detailed body geometry used in this study agrees relatively well with the 
realistic body surface area. Table 6.1 gives the geometrical parameters used in 
both models.

The average heart stroke volume is 0.7 liters, and the average heart beats 75 
beats/minute. Based on the total body mass of 81 kg, one can determine the aver-
age blood perfusion rate as 6.773 ml/minute, 100 g tissue, or 0.0011 (s–1). For the 
simple one-compartment model, the average metabolic heat generation rate is 
estimated based on food consumption of 2000 kCal/day and is equal to 1250 W/m3.  
The metabolic heat generation rate and local blood perfusion rate used in the 
detailed body model are listed in Table 6.2. The physical and physiological prop-
erties are obtained from the literature [1,28–31].

The body is exposed to an evaporation, convection, and radiation environ-
ment with an overall heat transfer coefficient h and a room temperature of 25°C.  

Tair = 25°C
h = 4.5 W/m2°C

1.8 m  

Internal 
organs 

Z

XY

Head 

Muscle 

Figure 6.3 Schematic diagram of a detailed human body geometry.
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The clothes covering the human subject can be modeled as a conductive resistance 
and incorporated into the overall heat transfer coefficient. Adding the conductive 
resistance of clothes will result in an overall heat transfer coefficient smaller than 
that due to evaporation, convection, and radiation alone. In this sample calcula-
tion, ω, h, and Tair are assumed unchanged during the cooling process. The initial 
blood temperature is assigned as 37°C.

The temperature field in the simplified human body can be considered as 
three-dimensional, and the steady-state temperature can be determined by the 
FEMLAB software using the finite element method. During steady state, the con-
vection heat transfer coefficient h is adjusted to 6.3 W/m2 °C and 4.5 W/m2 °C for 
the simple and detailed models, respectively, so that the average body tempera-
ture Tt0 is equal to the blood temperature Ta0. The different values of h used in 

Table 6.1 Geometrical Parameters Used in Both Models

Simple Geometry Detailed Geometry
 

Height (m) 1.8 1.8
Diameter (m) 0.232 —
Head volume (m3) n/a 0.004206
Neck volume (m3) 0.001287
Internal organ volume (m3) 0.019503
Torso (without internal organs) volume (m3) 0.019406
Upper-arm volume (each; m3) 0.002085
Lower-arm volume (each; m3) 0.001622
Upper-leg volume (each; m3) 0.00695
Lower-leg volume (each; m3) 0.005212
Total volume Vbody (m3) 0.0761424 0.076142
Total blood volume Vb (m3) 0.005 0.005
Total body mass mbody (kg) 80.7 80.7

 

Table 6.2 Physical and Physiological Parameters Used in Both Models

Simple Geometry Detailed Geometry
 

Thermal conductivity kt 0.5 W/m°C 0.5 W/m°C
Density rb or rt 1060 kg/m3 1060 kg/m3

Specific heat cb, or ct 3800 J/kg°C 3800 J/kg°C

Blood perfusion rate ω
Muscle 0.001129 (1/s) 0.0005 (1/s)
Head n/a 0.0083333 (1/s)
Internal organ n/a 0.001266 (1/s)

Metabolic heat 
generation rate qm

Muscle 1249.7 W/m3 553.5 W/m3

Head n/a 9225 W/m3

Internal organ n/a 1401.5 W/m3
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those two models can be explained by the different body surface areas. From the 
energy balance of the entire body during steady state, the metabolic heat genera-
tion inside the body has to be dissipated from the body surface via convection and 
radiation. Figure 6.4 shows the steady-state temperature distribution in the body 
ranging from 37.28°C inside the brain to 34°C at the fingertip. The left image of 
the temperature contours is the temperature distribution using the simple geom-
etry. The maximum body temperature is usually slightly higher than the arterial 
temperature due to metabolic heat generation. The maximum temperature usu-
ally occurs inside the brain tissue due to its large metabolic heat generation rate. 
Note that the detailed body geometry gives more realistic temperature contours 
in the body, while the simple model still correctly predicts the maximum and 
minimum temperatures in tissue. The simulated steady-state temperature distri-
bution is used as the initial temperature field for the simulation of the transient 
heat transfer process.

Since the cooling capacity of the cooling device is around 100 W, one models 
the external cooling to the blood Qext as –100 W. one can rewrite the discretized 
equation for Ta using the explicit scheme (Equation 6.8b) as follows:
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Figure 6.4 Initial steady-state temperature contours of the human body.
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Note that the coefficient of the first term on the right side of Equation (6.10) 
has to be positive to avoid oscillation of the solution. This restriction requires
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In this sample calculation, Dt is selected as 60 seconds, which satisfies the con-
straint in Equation (6.11).

The discretized equation for Ta using the implicit scheme (Equation 6.8a) can 
be rewritten as
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The time step is also selected as 60 seconds when the implicit scheme is applied.
Figure 6.5 shows the simulated temperature of the arterial blood during the 

first 20 minutes of the cooling. The observed difference between the implicit 
and explicit schemes used in both body geometries suggests that the time step 
selected should be shorter than 60 seconds to minimize the error associated with 
the approximation of the time derivative in the numerical method. Up to a 0.74°C 
decrease in the arterial temperature is achieved during the first 20 minutes using 
the implicit scheme. one notices the large initial temperature drop, and the tem-
perature decay rate is slowed down and stable at approximately 0.019°C/min in 
the detailed model. Based on the cooling rate, it is expected that the arterial blood 
temperature will decrease to 35.5°C after 1 hour and 34.4°C after 2 hours.
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Figure 6.5 Simulated blood temperature changes during the cooling using both implicit and explicit 
schemes.
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In clinical applications of whole-body cooling for stroke or head injury 
patients, physicians are more interested in the temperature of the body tissue. The 
maximum tissue temperature, the minimum tissue temperature at the skin sur-
face, the volumetric-average body temperature (Tavg), and the weighted-average  
body temperature ( )Tt are plotted in Figure 6.6. The difference between the 
volumetric-average body temperature and the weighted-average body tempera-
ture is due to their different definitions. All tissue temperatures decrease almost 
linearly with time, and after 20 minutes, the cooling results in approximately a 
0.3~0.5°C tissue temperature drop. The cooling rate of the skin temperature is 
smaller (0.2°C per 20 min). As shown in Figure 6.7a, the initial cooling rate of the 
blood temperature in the detailed model is very high (~0.14°C/min), and then it 
decreases gradually until it is stabilized after approximately 20 minutes. on the 
other hand, cooling the entire body (the volumetric-average body temperature) 
starts slowly and gradually catches up. It may be due to the inertia of the body 
mass in responding to the cooling of the blood. Figure 6.7a also illustrates that 
after the initial cooling rate variation, the stabilized cooling rates of all tempera-
tures approach each other, and they are approximately 0.019°C/min or 1.15°C/
hour. The cooling rates of all temperatures in the simple model are plotted in 
Figure 6.7b, where the cooling rates converge to approximately 0.018°C/min only 
after 10 minutes. The simulated results demonstrate the feasibility of inducing 
mild body hypothermia (34°C) within 3 hours using the cooling approach.

The first term on the right side of Equation (6.8) represents the maximum 
cooling rate of the body if the blood does not gain heat from the tissue. It is 
estimated that the cooling rate induced by this term is approximately equal to 
18.9°C/hour, which is much higher than the achieved cooling rate of the body. It is 
understandable since the cooling capacity induced by the external cooling device 
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Figure 6.6 Temperature decays during the cooling process using the detailed geometry and implicit 
scheme.
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cools not only the blood but also the entire body. Therefore, the second term on 
the right side of Equation (6.8) representing blood–tissue thermal exchange is 
mainly dependent on the temperature difference between the blood and the tis-
sue. During cooling, blood is colder than the average body temperature; there-
fore, the second term on the right side of Equation (6.8) is positive to account for 
the heat transfer from the tissue to the blood. As shown in Figure 6.8, the initial 
temperature difference is zero since the thermal balance is established during the 
initial steady state (Equation 6.2). Later, the temperature difference changes and 
becomes stabilized as 2.5°C. After the difference between Ta and Tt  is stabilized 
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Figure 6.7 Induced cooling rates of the blood temperature, the maximum temperature, the volumetric 
average temperature, and the weighted average temperature. (a) The detailed model, and (b) the simple 
model.
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(approximately 20 minutes after the initiation of the cooling), the right side of 
Equation (6.8) becomes a constant. This is the direct result of the assumptions 
that the external cooling capacity (Qext) and the metabolic heat generation rate, 
as well as all the physiological parameters such as the blood perfusion rate and 
convective coefficient, are kept the same during the cooling simulation. once the 
temperature difference is unchanged, it is expected that the cooling rate of the 
blood temperature governed by Equation (6.8) would become a constant. one 
can then extrapolate the current simulated data to a later time duration.

The effect of simplification of the body geometry on the transient body tem-
perature is illustrated in Figure 6.9. The implicit scheme is used with a time step 

36

36.2

36.4

36.6

36.8

37

37.2

Time (minute)

A
ve

ra
ge

 B
od

y T
em

pe
ra

tu
re

 (°
C)

Detailed geometry
Simple geometry

0 2 4 6 8 10 12 14 16 18 20 22

Figure 6.9 The effect of model geometry on the volumetric average body temperature.

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 2 4 6 8 10 12 14 16 18 20
Time (minute)

D
iff

er
en

ce
 b

et
w

ee
n 

T a
 an

d 
T t

 (°
C)

Implicit
Explicit

Figure 6.8 Difference between the blood temperature and the weighted average body temperature 
during cooling.

© 2009 by Taylor & Francis Group, LLC



  THERMAL INTERACTIoNS BETWEEN BLooD AND TISSUE 213

of 60 seconds. Although the two geometries are quite different, the yielded cool-
ing rates of the volumetric-average body temperature (Tavg) during the cooling 
are very similar. Both geometries have the same body weight and volume. The 
results imply that it is the overall energy balance that determines the temperature 
reduction of the body tissue. The limitation of the simple model lies in its inabil-
ity to model any realistic thermal regulation during the cooling process.

6.4 dIscussIon

The provided sample calculations identified the feasibility of applying the model 
for predicting the temperature distribution in the human body during blood 
cooling and rewarming. The accuracy of the model can be confirmed by compar-
ing the predicted results from the model to those using a simple lumped analysis 
of the whole body induced by an external, intravascular cooling device with a 
capacity of 100 W. The simple lumped analysis of the whole body assumes that 
the heat transfer through the skin surface is unchanged during the cooling. It is 
estimated by the following equation:

 Cooling rate = –100 / (rtVbody ct) = –100 / (1060 × 0.076142 × 3800)

 = 3.2605 × 10–4 °C/second = 0.0196°C/min (6.13)

The estimated cooling rate is very close to the rate predicted by the developed 
model employing both the implicit and explicit schemes. Decreasing the time 
step would further improve the accuracy of the model; however, this would 
increase the CPU time.

The theoretical models developed by Wissler and other investigators [28–31] 
similarly introduced the whole body as a combination of multiple compartments. 
However, a major difference between the current model and previous approaches 
is the assessment of the thermal interactions between the blood and tissue in each 
compartment. The majority of previously published studies introduced a pair of 
countercurrent artery and vein with their respective branching (flow system), and 
then modeled the temperature variations along this flow system to derive the heat 
transfer between the blood vessels and tissue within each flow segment. Such an 
approach is computationally intensive although the models are capable of delin-
eating the temperature decay along the artery and the rewarming by the coun-
tercurrent vein. The modeling approach introduced here greatly simplifies the 
theoretical simulations and, therefore, requires less computational resources and 
time. In our approach, the vasculature is modeled as a lumped system only vary-
ing as a function of time, and the blood–tissue thermal interactions are evaluated 
by integrating the Pennes perfusion source term over the entire body tissue. The 
combining of these modeling steps is based on two assumptions. First, several pre-
vious theoretical and experimental studies have suggested that the thermal equil-
ibration length of the major supply artery is much longer than its physical length.  
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This implies that the temperature of the arterial blood in each tissue compart-
ment should be very close to the body core temperature. Second, we chose to 
neglect the rewarming effect by the venous blood due to countercurrent heat 
exchange. Although recent studies by the authors and others [32,33] suggested 
a 30% rewarming rate originating from the venous system and, therefore, multi-
plying the Pennes perfusion source term by a correction coefficient of 0.7, there 
are currently no rigorously designed animal studies validating such theoretical 
reasoning. This lack of animal data originates mainly from the difficulty in mea-
suring with precision the local in vivo blood perfusion rate. Should, however, 
this correction coefficient value become experimentally verified and available, 
the Pennes perfusion term can easily be modified to also account for the effect of 
countercurrent venous rewarming in tissue. We feel the current model using the 
Pennes perfusion term and lumped system of the blood is simple to use in com-
parison with these previous whole-body models while providing meaningful and 
accurate theoretical estimates.

The presented sample calculations suggest that the newly developed model 
is accurate in describing the overall thermal balance between blood and body 
tissue during clinical applications involving blood cooling. Recent animal and 
clinical studies have demonstrated the effectiveness of improving patient out-
comes by inducing systemic cooling and/or actively avoiding hyperthermic 
(febrile) episodes after brain injury [34–39]. Controlling fever has become a more 
important clinical treatment task since it is known that more than 60% of brain 
injury victims developed fever within 72 hours, and the 3-month mortality rate 
in these patients is significantly higher than it is for those who remained nor-
mothermic (1% versus 15.8%, respectively) [40]. Theoretical models have sug-
gested that the actual cooling rate of the volumetric-average body temperature 
depends largely on the cooling capacity of the cooling device. Among the cur-
rently utilized strategies for direct blood cooling are intravascular cooling by 
placing a cooling catheter within a larger vein of the trunk, or, less invasively, 
using a peripheral infusion scheme, the intravenous bolus infusion of saline with 
ice slurry [17,41,42]. Based on these calculations and our clinical experience, a 
cooling capacity of 100 W delivered intravenously to a patient of average build 
will result in a ~1.2°C/hour cooling rate. For example, intravascular cooling 
can achieve within less than 3 hours systemic and, hence brain, hypothermia 
of 34°C, or, similarly, reduce critical fever of 40°C to euthermia temperatures. 
For instance, an intravenous cooling catheter manufactured by Innercool 
(Innercool Therapies, San Diego, California) can deliver a cooling capacity of up 
to 200 W (personal communication, August 2007) and, therefore, is capable of 
rapid systemic cooling within even shorter time frames. As expected, the cooling 
capacity of intravenous infusion regimens is much smaller than that of the intra-
venous cooling catheter. This is mainly due to limitations in the infusion rate 
and luminal diameter of quickly accessible, peripheral veins. Recent theoretical 
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evaluations by our group suggest that the cooling capacity is approximately 40 W  
per hour when using 50% ice slurry at an infusion rate of 450 ml/hour [17]. 
Therefore, the cooling rate induced by intravenous infusion of 50% ice slurry–
saline solutions can be extrapolated to be ~0.5°C/hour, less than half than that 
expected from a 100 W cooling catheter.

Another application of the developed and here-proposed model involves the 
representation of the rewarming process (i.e., after induced systemic hypothermia 
or for the treatment for full-body hypothermia). Rapid rewarming in those appli-
cations may result in dangerous rebound intracranial pressure elevation and cere-
bral perfusion pressure reduction, ultimately worsening outcome in brain injury. 
Several clinical investigations [41,43] have emphasized the importance of gradual 
rewarming to minimize this clinical problem. In support, a recent animal study 
performed by Diao and Zhu [44] suggested that a fast rewarming rate in normal 
hypothermic rats results in local blood perfusion–metabolism mismatch, which 
may explain the clinical worsening observed in some patients exposed to acceler-
ated rewarming. Conveniently, the current model can be applied to assist in the 
design of an optimal rewarming strategy for clinical practice. In a research paper 
published by our group [45], a theoretical model was developed to simulate tar-
geted brain hypothermia induced by an interstitial cooling device in the human 
neck. This previous model can be combined with the present whole-body model 
for designing the temperature elevation strategy in the interstitial cooling device 
to achieve desired rewarming rates in both the body core and the brain.

In the presented sample calculations, we also found that the simple geometry 
model yields very similar cooling rates to those predicted by a more detailed 
model. However, the simple model is not capable of simulating blood redistribu-
tion in the body since local blood perfusion and/or metabolic heat generation 
rates are a function of the tissue location. Both models can be used in applications 
when the physiological parameters, such as local blood perfusion rate, metabolic 
heat generation rate, or environmental thermal conditions, vary during blood 
cooling or rewarming. Previous studies have shown that the temperature depen-
dence of local blood perfusion is based on a coupled relationship between blood 
perfusion and metabolism. For example, it has been calculated that hypothermia 
decreases the cerebral metabolic rate by an average value of 7% for the first 1°C 
reduction in temperature, while it is reduced by 50% of normal baseline when the 
temperature reduction approaches 10°C [46]. our newly developed models are 
capable of including the dynamic responses of physiological parameter changes 
during the simulation.

Although the model was developed for applications involving blood cooling 
or rewarming, the detailed geometry can also be used to accurately predict body 
temperature changes during exercise. It is well known that strenuous exercise 
increases cardiac output, redistributes blood flow from internal organs to mus-
cle, increases metabolism in exercising muscle, and enhances heat transfer to 
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the skin. our detailed model can be easily modified to also include a skin layer 
and a fat layer in the compartments of the limbs. Further, redistribution of blood 
flow from the internal organs to the musculature can be modeled as changes of 
the local blood perfusion rate in the respective compartments, and the enhanced 
skin heat transfer can be adjusted for by inducing evaporation at the skin sur-
face and/or taking off clothes to increase the overall heat transfer coefficient (h). 
Therefore, one can use the detailed model to accurately delineate important clini-
cal scenarios such as heat stroke, and to predict body temperature elevations dur-
ing heavy exercise and/or heat exposures.

In summary, in this study a theoretical model is developed to simulate the 
transient body temperature distribution and blood temperature during blood 
cooling and rewarming. It is a relatively simple but accurate whole-body model 
for an improved prediction of body temperature changes during various clinical 
scenarios and applications. The model’s predictive strength has been illustrated 
by sample calculations with intravascular cooling. With minor modifications, 
the detailed body geometry can be adjusted easily to also describe body tem-
perature changes during physiological and medical conditions such as exercise 
or rewarming of a hypothermic patient.

nomenclature

c: specific heat capacity (J/kgK)
k: thermal conductivity (W/mK)
h: overall heat transfer coefficient (W/m2K)
m: mass (kg)
qm: local metabolic heat generation rate (W/m3)
Q: heat transfer per unit time (W)
t: time (seconds)
T: temperature (°C or K)
Ta: temperature of the blood (°C or K)
Tavg: volumetric-average body temperature (°C or K)
Tmax: maximum temperature in body tissue (°C or K)
Tt: tissue temperature (°C or K)
Tt : weighted-average body temperature (°C or K)
V: volume (m3)

greek symBols

r: density (kg/m3)
ω: local volumetric blood perfusion rate per unit volume of tissue  

(1/second)
ω : volumetric average blood perfusion rate per unit volume of tissue  

(1/second)
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suBscrIPt

a: artery
b: blood
m: metabolism
avg: average
t: tissue
0: steady-state or initial condition
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7
Experimental and Numerical 
Investigation on Simulating 
Nanocryosurgery of Target 
Tissues Embedded with 
Large Blood Vessels
Z.-S. Deng, J. Liu, J.-F. yan, Z.-Q. Sun,  
and y.-X. Zhou

7.1 IntroductIon

Cryosurgery, sometimes referred to as cryotherapy or cryoablation, is the use of 
extreme cold produced by cryogenic agents to destroy abnormal or diseased tis-
sues. The application of cryosurgery includes treatment of many kinds of cancer 
and some noncancerous diseased tissues. Good results have been achieved in 
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cryosurgical treatment of many types of tumors [1]. However, local recurrences 
at the site of ablation close to large blood vessels have been reported at rates from 
5% to 44% or even higher [2,3]. In order to perform a successful cryosurgery for 
tumors embedded with large blood vessels, it is very necessary to understand 
the effects of large vessels on the temperature responses of biological tissues sub-
jected to freezing [4–6].

From the viewpoint of heat transfer, a large blood vessel (also termed a ther-
mally significant vessel) denotes a vessel larger than 0.5 mm in diameter [7]. 
Anatomically, tumors are often situated close to or embedded with large blood 
vessels, since a tumor’s quick growth ultimately depends on nutrients supplied 
by its blood vessel network. As is well known, the blood flowing through large 
blood vessels acts as a heat source or heat sink and plays an important role in 
affecting temperature profiles of cooled or heated tissues [4,8]. During cryo-
surgery, the blood flow inside a large vessel represents a source that heats the 
nearby frozen tissues and, thereby, limits freezing lesions during cryosurgery. 
Under this condition, a part of the vital tumor cells may remain in the cryolesion 
and lead to recurrence of tumors after cryosurgical treatment. More specifically, 
tumor cell survival in the vicinity of large blood vessels is often correlated with 
tumor recurrence after treatment [9]. Consequently, it is difficult to implement 
an effective cryosurgery when a tumor is contiguous to a large blood vessel. In 
fact, the heating effects of large blood vessels on the surrounding tumor tissues 
during cryosurgery can be eliminated by vascular exclusion [3,10] in which vas-
cular inflow occlusion is performed by clamping the entrance of the large vessels. 
However, the vascular occlusion requires a major surgical procedure, which will 
exclude one of the main merits of minimally invasive percutaneous cryosurgery.

In our previous works [4–6], both theoretical and experimental investiga-
tions had been conducted to study the thermal effect of large blood vessels dur-
ing cryosurgery. The results suggested that the flowing blood in the large vessels 
can produce steep temperature gradients and inadequate cooling to the frozen 
tissues and, therefore, may seriously contribute to failed killing of tumor during 
cryosurgery. Up to now, simple but effective approaches to totally destroy tumor 
cells in the vicinity of large blood vessels are still not available. Based on our 
previous investigation on nanoparticle-enabled cryosurgery (termed “nanocryo-
surgery”) [11,12], nanoparticles with high thermal conductivity were also intro-
duced in this study with the purpose of performing a successful cryosurgical 
treatment for a tumor embedded with large blood vessels. Different from nano-
particle-enabled hyperthermia and drug delivery [13–16], the basic principle of 
nanocryosurgery is to introduce adjuvant nanoparticle suspensions with high 
thermal conductivity into tumors, which can significantly improve the freezing 
efficiency of a conventional cryosurgical procedure [17]. For the same reason, 
the highly thermal-conductive nanoparticle suspensions (introduced into tumor 
tissues in the vicinity of large blood vessels before cryosurgery) would evidently 
enhance the freezing effect of cryoprobes to the target tumor tissues surrounding 
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large vessels. To illustrate the effectiveness of nanocryosurgery in the treatment 
of tumors embedded with large blood vessels, the thermal effects of large vessels 
during both nanocryosurgery and conventional cryosurgery were investigated in 
this study through simulated experiments in phantom gels and in vitro porcine 
liver tissues and numerical simulation on in vivo tissues.

7.2 eXPerImental Procedures

During cryosurgical experiments, the HR-II Medical Infrared Imaging System 
(made by the Institute of optics and Electronics of North China, Beijing, China) 
was used to record the transient temperature distribution at the tissue surface, 
and thermocouples were employed to monitor the temperature responses inside 
the tissue. The infrared thermographic equipment has a discrimination of 0.1°C 
at ambient temperatures and 0.5°C down to −40°C, which represents the lower 
limit of the equipment, and the angular resolution is better than two miniradi-
ans. The infrared camera was placed in front of the object to be tested, and the 
vertical distance between the camera and the object was about 80 cm.

For all experiments, the large blood vessels were simulated by a 1 mm 
oD/0.8 mm ID Teflon tube. Water (25°C) was used to simulate the blood for 
conceptual illustration in this study. But for practical purposes, the simulating 
fluid could take a glycerol solution containing glycerol at a specific concentration 
and distilled water as the blood analog fluid, which has been routinely adopted in 
previous blood simulations. This feature will be considered in the near future for 
additional tests. The circuit pressure used to drive the water flow was supplied by 
means of a 1 meter head of water. In this way, the mass flow rate of water was first 
measured to be 3.1 g/min. Then, the flow velocity of water can be calculated from 
the flow rate, and the value was about 10 cm/s. A liquid nitrogen–based cryosur-
gical system [18] (developed by the Technical Institute of Physics and Chemistry, 
Chinese Academy of Sciences, Beijing, China) was applied to supply the cooling 
power, in which two cryoprobes with 5 mm diameters were selected to perform 
the simulated cryosurgery. one minute before freezing, a data logger connected 
with thermocouples was turned on to collect temperatures inside the tissue. The 
total freezing time was 20 minutes. Then, the freezing was stopped, and thawing 
commenced at room temperature.

7.2.1 Phantom Study

The medium used to simulate the biological tissue was a semitransparent 
gel phantom composed of 10% gelatin and 90% water by weight. The tissue 
phantom was formed and contained in a cubical organic glass box (the inner 
dimensions were 16 × 16 × 5 cm). The Teflon tube passed through 1 mm diam-
eter holes drilled on the two opposite panels of the organic glass box. For all 
phantom experiments, the distance between the two cryoprobes was 25 mm, 
and the insertion depth of the cryoprobes was 35 mm into the gel phantom. 
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The vertical distances between the blood vessel and the two cryoprobes were 
equal to each other.

Four different cases were investigated for the simulated experiments with tis-
sue phantom: the case of a single large blood vessel without introduced nano-
particles, the case of a single large blood vessel with adjuvantly introduced 
nanoparticles, the case of parallel countercurrent vessel pairs without loaded 
nanoparticles, and the case of parallel countercurrent vessel pairs with adjuvantly 
loaded nanoparticles. Photographs of the experimental setups are shown in 
Figures 7.1 and 7.2, respectively. For the case of a single large blood vessel, the dis-
tance between the blood vessel and the back surface of the phantom was 10 mm. 
The locations of thermocouples 1, 2, and 3 are shown in Figures 7.1A,D, and the 
insertion depths of thermocouples 1, 2, and 3 were all 35 mm. For the case of 
parallel countercurrent vessel pairs, the distance between the artery and the back 
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Thermocouples
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Water flow

Figure 7.1 Photographs of the experimental setup for tissue phantom with a single large blood vessel 
in which (A, B, and C) are for the case without loaded nanoparticles: (A) shows the front view of the 
phantom from where the cryoprobes were inserted, (B) shows the back view of the phantom from where 
the infrared camera was placed at a distance of 80 cm, (C) shows the iceball formed after 20 minutes 
of freezing, and (D) is for the case with adjuvantly loaded nanoparticles.
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surface of the phantom was 20 mm, and the distance between the vein and the 
back surface of the phantom was 10 mm.

The process of making the countercurrent vessels was as follows: first, the 
Teflon tube was guided through the 1 mm diameter holes drilled on the two 
opposite panels; then, it was swerved at the outside of the box; and after that, it 
was guided through another two holes with the same diameters, which were 10 
mm apart from the former holes. The locations of thermocouples 1, 2, and 3 are 
shown in Figures 7.2A,D, in which the location of thermocouple 3 was close to 
the inlet of the vein. The insertion depths of thermocouples 1, 2, and 3 were also 
35 mm. For the cases with adjuvantly loaded nanoparticles, a 20 milliliter (ml) 
aqueous suspension of Fe3o4 nanoparticles (20% wt.) was first introduced into 
the target area before the phantom gel solidified in the cubical organic glass box. 
Then, the solid mixtures of phantom gel and Fe3o4 nanoparticles were formed 
at the corresponding region (i.e., the black area, as shown in Figure 7.1D and 
Figure 7.2D).
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Figure 7.2 The experimental setup for the tissue phantom with parallel countercurrent vessel pairs 
in which (A, B, and C) are for the case without loaded nanoparticles: (A) shows the front view of the 
phantom from where the cryoprobes were inserted, (B) shows the back view of the phantom from where 
the infrared camera was placed at a distance of 80 cm, (C) shows the iceball formed after 20 minutes 
of freezing, and (D) is for the case with adjuvantly loaded nanoparticles.
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7.2.2 In Vitro Tissue Study

Although the tissue phantom has thermal properties similar to those of biological 
tissue, it does differ from real biological tissue, and it is hard to simulate the other 
properties of biological tissue such as anisotropy. In order to more realistically 
simulate the thermal effect of a large blood vessel during an actual cryosurgery, 
similar simulated experiments inside in vitro tissue were also performed. In vitro 
porcine liver tissues were selected as experimental material. For all in vitro tissue 
experiments, the distance between two cryoprobes was 35 mm, and the insertion 
depths of the cryoprobes were about 25 mm in liver tissues. The depths of large 
blood vessels were taken as 5 mm from the surface of liver tissues. The vertical dis-
tances between the blood vessel and the two cryoprobes were equal to each other.

Four cases were investigated for the simulated experiments with in vitro por-
cine liver tissue, which corresponded to those for the phantom experiments. 
Photographs of the experimental setups are shown in Figures 7.3 and 7.4. For 
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Figure 7.3 The experimental setup for in vitro porcine liver tissue with a single large blood vessel in 
which (A) and (B) are for the case without introduced nanoparticles, and (B) shows the iceball formed 
after 20 minutes of freezing. Parts (C) and (D) are for the case with adjuvantly introduced nanoparticles, 
and (D) shows the iceball formed after 20 minutes of freezing.
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the case of a single large blood vessel, the locations of thermocouples 1, 2, and 
3 were shown in Figures 7.3A,C, in which thermocouples 2 and 3 were inserted 
along the direction of the blood vessel with the same depth as the vessel. The 
insertion depth of thermocouple 1 was 5 mm, and the vertical distance between 
thermocouple 1 and the blood vessel was about 2 mm. For the case of paral-
lel countercurrent vessel pairs, the locations of thermocouples 1, 2, and 3 are 
shown in Figures 7.4A,C, in which thermocouples 2 and 3 are inserted along the 
direction of the blood vessels at the same depth as the blood vessels. The inser-
tion depth of thermocouple 1 was also 5 mm, and the vertical distance between 
thermocouple 1 and the vein vessel (shown in Figures 7.4A,C) was about 2 mm. 
For the cases with adjuvantly loaded nanoparticles, a 10 ml aqueous suspension 
of Fe3o4 nanoparticles (20% wt.) was injected into the target area of the liver tis-
sue before freezing.
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Figure 7.4 The experimental setup for in vitro porcine liver tissue with parallel countercurrent vessel 
pairs in which (A) and (B) are for the case without introduced nanoparticles, and (B) shows the iceball 
formed after 20 minutes of freezing. Parts (C) and (D) are for the case with adjuvantly introduced nano-
particles, and (D) shows the iceball formed after 20 minutes of freezing.
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7.3 numerIcal modelIng

In this study, two typical vascular models were applied to simulate the phase-
change heat transfer of biological tissues embedded with large blood vessels 
(shown in Figure 7.5), which include (a) a model with a single artery passing 
through the tumor (SATT); and (b) a model with countercurrent vessel pairs 
passing through the tumor (CVTT). The boundary conditions are a constant 
temperature of 37°C on all surfaces of the parallelepiped. Similar models and 
boundary conditions were first developed to study the effects of large blood ves-
sels on temperature distributions during hyperthermia treatment by Chen and 
Roemer [19]. In these models, the entire computation domain consists of unfro-
zen tissue, frozen tissue, and large blood vessel domains.

Generally, it is extremely difficult to quantify the thermal behavior of a bio-
logical body by means of distinguishing its temperature in local tissue from 
that of the vascular network. A simple, albeit intuitive, way is to introduce the 
temperature T to characterize the overall thermal state in a specific position 
of the tissue. As is well known, in the capillary bed the condition of very slow 
flow with a superposed oscillating component favors almost complete thermal 
equilibrium between the bloodstream and the surrounding tissue. Since the 
precapillary and capillary beds are the major sites for exchange of heat in tis-
sue, it is reasonable to assume the equality in postcapillary blood and tissue 
temperatures. It was based on this justification that the Pennes bioheat equa-
tion was established.

Artery 

(a) A model with a single artery transiting the tumor, SATT.
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(b) A model with countercurrent vessel pairs transiting the tumor, CVTT.

Figure 7.5 Illustration of two typical vascular models (not to scale).
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By introducing a series of effective quantities including effective heat capac-
ity �C, effective thermal conductivity �k, effective blood perfusion �ωb , and effective 
metabolic heat generation �Qm , the uniform heat transfer equation for the unfro-
zen and frozen biological tissues based on the Pennes equation can be written as 
follows [20]:
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where Cb is the heat capacity of blood; X contains the Cartesian coordinates x y, ,
and z ; Wdenotes the computational domain; T is the tissue temperature; and Ta is 
the arterial temperature; and [20]
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where Cu and C f are the volumetric heat capacities of unfrozen and frozen tis-
sues, respectively; Ql is the latent heat of tissue released when the water content of 
tissue was frozen; ku and kf are the thermal conductivities of unfrozen and fro-
zen tissues, respectively; ωb is the blood perfusion of unfrozen tissue; and Qm is 
the metabolic heat generation of unfrozen tissue [20]. In this study, the biologi-
cal tissues are treated as nonideal materials, freezing over a temperature range 
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(T Tml mu, ), where T Tml muand are, respectively, the lower and upper phase-transi-
tion temperatures of tissue, aiming to reflect a relatively real clinical situation.

The basic governing equation for the mean blood temperature in the large ves-
sels, Tb , at any position z along a transiting vessel is [5]
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where h Nu k Db= ⋅ / is the convective heat transfer coefficient between the blood 
and the vessel wall, D is the diameter of the vessel, P is the perimeter of the ves-
sel, S is the cross-sectional area of the vessel, v is the mean blood velocity in the 
vessel, Nu is the Nusselt number, and Twb is the wall temperature of the vessel. 
In Equation (7.6), conduction in the fluid in the z direction (flow direction) is 
neglected for large flow rates. The sign of the blood velocity v is assigned as posi-
tive (i.e., the velocities for blood in arteries and veins are positive and negative, 
respectively).

The boundary conditions at the surfaces of cryoprobes are prescribed accord-
ing to the probe tip and probe shank, respectively:

 T Tw= at probe tip  (7.7)

 
k T

n
∂
∂

= 0 at probe shank
  

(7.8)

The reason for using adiabatic boundary conditions at the probe shank is that 
the thermal leakage of the probe shank can be approximated to be zero due to the 
application of vacuum heat insulation in the shank.

In the SATT and CVTT models, since the artery supplies arterial blood to the 
tumor, the boundary condition for Tb in the artery can be taken as

 T zb = ° =37 0C,  (7.9)

In the CVTT model, since the vein collects venous blood in other parts of the 
body flowing through the tumor, the boundary condition for Tb in the vein can 
be approximated as

 T z zb ≈ ° =37 0C,  (7.10)

where z0 is the dimension in the z direction.
The boundary conditions at the interface of the two regions respectively related 

to Equations (7.1) and (7.6) can be included in the finite difference formulations 
for the four neighboring tissue nodes outside the vessel; readers are referred to 
Deng and Liu [5] for more details. The description will not be repeated here for 
the sake of brevity.

© 2009 by Taylor & Francis Group, LLC



  EXPERIMENTAL AND NUMERICAL INVESTIGATIoN oN SIMULATING NANoCRyoSURGERy 231

The initial temperature field in tissue is simplified as

 T x y z0 37( , , ) = °C  (7.11)

A finite difference algorithm developed in our previous study [5] is applied 
to solve the above problem with phase-change heat transfer in biological tis-
sues embedded with large blood vessels. The description and derivation of the 
algorithm are omitted here for the sake of brevity. Again, readers are referred to 
Deng and Liu [5] for more details. In calculations, the grid resolution is Dx = Dy = 
Dz = 0.002 m and Dt = 0.1 s, and the tissue domain is prescribed in a rectangular 
geometry with 10 × 10 × 20 cm in the x, y, and z directions, respectively. Since the 
cross-sectional mean blood temperature is used, only one line of finite difference 
nodes is needed to represent the blood inside a large vessel. If in a large vessel, 
there is one node at which the temperature is below the mean value at which tis-
sue freezes during the calculations, the blood flow velocity is then set as zero (i.e., 
this vessel has been frozen).

7.4 results and dIscussIon

7.4.1 Experimental Results

In the experimental study, temperatures inside tissues were measured with 
copper–constantan thermocouples (which were fabricated using copper wire 
and constantan wire, both with a diameter of 0.1 mm) connected to an Agilent 
34970A Data Logger (Agilent, Santa Clara, California). For convenient use in 
biological tissue, the thermocouple was packaged by a medical injection pin with 
an outer diameter of 0.6 mm and an inner diameter of 0.4 mm, in which the 
injection pin and the thermocouple head were welded together. The temperature 
distributions at the tissue surface were recorded by an infrared imaging system. 
Before the experiments, the thermocouples were calibrated and an accuracy of 
±0.1°C was obtained, and the infrared thermographic system was correlated 
using a mixture of ice and water.

7.4.1.1 Phantom Experiments

The experimental results for the phantom study are shown in Figure 7.6 through 
Figure 7.15. Concerning infrared thermographs, only parts of representative 
results were given for illustrative purposes. In infrared thermographs, different 
colors denote different temperature ranges, from which the boundaries of the 
iceball (determined by the isotherm of the phantom’s freezing point) at the tissue 
surface can be easily discriminated.

It was shown in Figure 7.6 that, for the case of a single large blood vessel without 
loaded nanoparticles, the temperature surrounding the vessel was much higher 
than that at other positions due to the heat source effect of water flow in the vessel 
during the freezing procedure. In addition, the tissue phantom surrounding the 
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vessel was relatively difficult to cool, resulting in an iceball formation that tended 
to deviate from the region of the large vessel. When the freezing time was long 
enough (20 minutes), the irregular-shaped iceball (as shown in the white area of 
Figure 7.1C and the black area of Figure 7.6E), which appears as a concave shape 
near the large vessel, finally enwrapped the large vessel. Even at this time, the 
simulated blood vessel was still not frozen, which can be inferred from the fact of 
running water flow at the outlet of the vessel.

For the case of a single large blood vessel with adjuvantly introduced nano-
particles, it was found during the experiments that the water flow stopped after 
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Figure 7.6 Infrared thermographs for the case of a single large blood vessel without introduced 
nanoparticles (phantom experiments): (A) before freezing, (B) after 5 minutes of freezing, (C) after  
10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and (F) after 
20 minutes of thawing.
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about 14 minutes of freezing. The corresponding infrared results for this case are 
shown in Figure 7.7. It can be observed from Figures 7.7A,B,C,D that before the 
vessel was frozen, the cooling characteristic of the phantom tissue and the shape 
of the isotherms are similar to those for the case of a single large vessel without 
introduced nanoparticles. After the vessel was frozen, as shown in Figure 7.7E, 
the shape of the isotherm close to the iceball is approximately elliptic, not con-
cave. More specifically, after 20 minutes of spontaneous thawing, the elliptic 
shape of the isotherm in the phantom tissue became more apparent, as seen in 
Figure 7.7F. This indicates that the frozen blood vessel had not been thawed dur-
ing the entire thawing procedure.
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Figure 7.7 Infrared thermographs for the case of a single large blood vessel with adjuvantly intro-
duced nanoparticles (phantom experiments): (A) before freezing, (B) after 5 minutes of freezing, (C) after 
10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and (F) after  
20 minutes of thawing.
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Figures 7.8 and 7.9 depict the transient temperatures of thermocouples 1 and 
2 for the cases of a single large blood vessel without and with loaded nanopar-
ticles, respectively. The sites of thermocouples 1 and 2 were shown in Figure 7.1. 
As stated above (in Section 7.2, “Experimental Procedures”), at 1 minute of 
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Figure 7.9 Transient temperatures at two different sites for the case of a single large blood vessel 
with adjuvantly introduced nanoparticles (phantom experiments) in which the sites of thermocouples 1 
and 2 are shown in Figure 7.1D.
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Figure 7.8 Transient temperatures at two different sites for the case of a single large blood vessel 
without introduced nanoparticles (phantom experiments) in which the sites of thermocouples 1 and 2 
are shown in Figure 7.1A.
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time, freezing started; and at 21 minutes, freezing stopped. It can be noted from 
Figures 7.8 and 7.9 that the temperature of thermocouple 1 is higher than that of 
thermocouple 2 during freezing, which may result from the heating effect of the 
blood vessel since thermocouple 1 was closer to the inlet of the water flow com-
pared with thermocouple 2. In addition, due to the high thermal conductivity of 
Fe3o4 nanoparticles (about 40 W/m°C) [21], the temperature difference between 
thermocouples 1 and 2 for the case without loaded nanoparticles was larger than 
that for the case with nanoparticles. Moreover, in the temperature curves for the 
case with nanoparticles, an inflexion point appeared at about 15 minutes during 
freezing (i.e., a jump occurred in the cooling rate of the phantom tissue at that 
time). on the other hand, the temperature curves for the case without loaded 
nanoparticles appeared very smooth during freezing. Such a phenomenon can 
be more clearly seen from Figure 7.10, which may be due to the fact that the vessel 
was frozen after about 14 minutes of freezing (as mentioned above). on the one 
hand, the heating effect of the water flow would not have any further effect after 
the vessel was frozen. on the other hand, the thermal conductivity of the phan-
tom tissue in the vicinity of the blood vessel would increase significantly when it 
is frozen. Consequently, the cooling rate of the phantom tissue would inevitably 
increase. The above results indicate that adjuvantly introducing nanoparticles 
with high thermal conductivity can significantly improve the freezing efficacy 
of cryoprobes.
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Figure 7.10 Transient temperatures of thermocouple 3 for two different cases (phantom experiments), 
in which case 1 denotes the case of a single large blood vessel without introduced nanoparticles, case 
2 denotes a single large blood vessel with adjuvantly introduced nanoparticles, and the sites of thermo-
couple 3 are shown in Figures 7.1A,D for the above two cases, respectively.
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Anatomically, the large blood vessels frequently are present in the form of 
countercurrent pairs of arteries and veins [6]. Based on this consideration, the 
thermal effects of parallel countercurrent vessel pairs were also investigated 
in the present study. Two cases were considered, without and with introduced 
nanoparticles. A photograph of the corresponding experimental setup is given 
in Figure 7.2, in which the U-type Teflon tube plays both roles of artery and 
vein. When the water flowed through the cubic box for the first time, it served 
as the arterial blood. When the water reflowed through the box, it was regarded 
as venous blood. The infrared thermographs for the above cases are shown in 
Figures 7.11 and 7.12, respectively. Similar results for the cases of a single large 
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Figure 7.11 Infrared thermographs for the case of parallel countercurrent vessel pairs without intro-
duced nanoparticles (phantom experiments): (A) before freezing, (B) after 5 minutes of freezing, (C) after 
10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and (F) after  
20 minutes of thawing.
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vessel had been obtained. Since the water flow in countercurrent vessel pairs pro-
vides more heat energy than does a single large vessel, the tissue phantom sur-
rounding the vessels was harder to freeze compared to the case of a single large 
vessel. The concave shape of the isotherm or iceball became more evident, and 
finally took on the shape of an “8.” For the case of parallel countercurrent vessel 
pairs without loaded nanoparticles, the 8-shaped isotherm in the phantom tissue 
did not disappear since it formed about 15 minutes after freezing (as shown in 
Figure 7.11D), due to the heating effect resulting from uninterrupted water flow 
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Figure 7.12 Infrared thermographs for the case of parallel countercurrent vessel pairs with adjuvantly 
introduced nanoparticles (phantom experiments): (A) before freezing, (B) after 5 minutes of freezing,  
(C) after 10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and 
(F) after 20 minutes of thawing.
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in the large vessel. For the case of parallel countercurrent vessel pairs with adju-
vantly introduced nanoparticles, the 8-shaped isotherm also formed after about 
15 minutes of freezing (as shown in Figure 7.12D). During the experiment, it was 
found that the water flow stopped after about 16.5 minutes of freezing. Then, the 
8-shaped isotherm disappeared after about three more minutes of freezing since 
the water flow stopped (as shown in Figure 7.12E). Finally, after 20 minutes of 
spontaneous thawing, an elliptically shaped isotherm was formed in the phan-
tom tissue, which is shown in Figure 7.12F. This implied that the frozen blood 
vessels had not been thawed during the entire thawing procedure.

Figures 7.13 and 7.14 showed the transient temperatures of thermocouples 1 
and 2 for the cases of parallel countercurrent vessel pairs without and with intro-
duced nanoparticles, respectively. The sites of thermocouples 1 and 2 are shown 
in Figure 7.2. As for the cases of a single large vessel presented above, freezing 
started at 1 minute of time, and at 21 minutes, freezing stopped. For the case 
without loaded nanoparticles, the temperature curves appear very smooth dur-
ing freezing, as shown in Figure 7.13. For the case with nanoparticles, a jump 
occurs in the cooling rate of the phantom tissue, similar to that for the case of a 
single large blood vessel with introduced nanoparticles. The time when this jump 
of cooling rate occurred was at about 17.5 minutes (i.e., about 16.5 minutes after 
freezing started), which corresponds to the time when water flow in the large 
vessels stopped. Figure 7.15 depicts the transient temperatures of thermocouple 
3 for the above two cases. It can also be seen from Figure 7.15 that at about 17.5 
minutes, the temperature curve for the case with loaded nanoparticles has an 
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Figure 7.13 Transient temperatures at two different sites for the case of parallel countercurrent ves-
sel pairs without introduced nanoparticles (phantom experiments) in which the sites of thermocouples 
1 and 2 are shown in Figure 7.2A.
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Figure 7.14 Transient temperatures at two different sites for the case of parallel countercurrent ves-
sel pairs with adjuvantly introduced nanoparticles (phantom experiments) in which the sites of thermo-
couples 1 and 2 are shown in Figure 7.2D.
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Figure 7.15 Transient temperatures of thermocouple 3 for two different cases (phantom experiments) 
in which case 1 denotes the case of parallel countercurrent vessel pairs without introduced nano-
particles, case 2 denotes the case of parallel countercurrent vessel pairs with adjuvantly introduced 
nanoparticles, and the sites of thermocouple 3 are shown in Figures 7.2A,D for the above two cases, 
respectively.
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inflexion point. Different from the case of a single vessel with nanoparticles, the 
temperature for this case (shown in Figure 7.15, case 2) starts to increase after the 
inflexion point occurred. The reason for this phenomenon is that the location of 
thermocouple 3 for this case was close to the inlet of a vein, whereas for the case 
of a single vessel, the thermocouple was close to the inlet of an artery. At the inlet 
of a vein, the local temperature of the phantom tissue, which almost had not been 
affected by the freezing of cryoprobes, could be cooled by the water flow in the 
vein (flowing from the cooled section of artery). After the vessels were frozen, the 
cooling effect did not exist anymore, and then the temperature in the vicinity of 
the vein inlet could increase. Moreover, it can also be seen from Figure 7.15 that 
during the first several minutes after the freezing started, the temperature of the 
phantom tissue had slightly increased since the phantom had just been taken out 
of the cooling room of a refrigerator 10 minutes before the experiments, and the 
temperature of the phantom tissue was lower than the temperature of water flow 
at that time. The above results can be attributed to the higher thermal conduc-
tivity of the metallic oxide nanoparticles. These results imply that nanoparticles 
with high thermal conductivity can serve as effective adjuvants for enhancing the 
efficacy of cryosurgical treatment of tumors with embedded large blood vessels.

7.4.1.2 In Vitro Tissue Experiments

The experimental results for an in vitro study on porcine liver tissues are shown in 
Figure 7.16 through Figure 7.23. The infrared thermographs show representative 
results for illustrative purposes. It was shown in Figure 7.16 that, for the case of a 
single large blood vessel without loaded nanoparticles, the temperature of liver tissue 
in the vicinity of the large vessel was much higher than that at other positions due to 
the thermal effect of the large vessel. In addition, the iceball also had the tendency of 
deviating from the region of the large vessel and appears as a concave shape in the 
vicinity of the large vessel (as shown in the white area of Figure 7.3B and the black area 
of Figures 7.16B,C,D,E), similar to the results obtained from the phantom study.

For the case of a single large blood vessel with adjuvantly introduced nano-
particles, it was found during the experiment that the water flow stopped after 
about 12.5 minutes of freezing. The corresponding infrared results for this case 
are shown in Figure 7.17. It can be found from Figures 7.17B,C that before the 
vessel was frozen, the cooling characteristics of liver tissue and the shape of the 
iceball were similar to those for the case of a single large vessel without intro-
duced nanoparticles. After the vessel was frozen, as shown in Figures 7.17D,E, the 
concave shape of the iceball gradually disappeared, and the iceball finally became 
a protuberant one (which can also be found from the optical picture, as shown in 
Figure 7.3D, more directly). It was indicated in Figure 7.17F that after 20 minutes 
of spontaneously thawing, the frozen blood vessel had not been thawed, since 
the shape of the unthawed iceball still appeared as protuberant, much different 
from that for the case of a single large vessel without introduced nanoparticles 
(as shown in Figure 7.16F).
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Figures 7.18 and 7.19 depict the transient temperatures of thermocouples 1, 
2, and 3 for the cases of a single large blood vessel without and with introduced 
nanoparticles, respectively. The sites of thermocouples 1, 2, and 3 were shown 
in Figure 7.3. As with the phantom study, freezing started at 1 minute of time, 
and at 21 minutes, freezing stopped. In Figures 7.18 and 7.19, the temperature 
of thermocouple 1 was the lowest one, the temperature of thermocouple 2 was 
the highest one, and the temperature of thermocouple 3 held the middle place. 
The rationale for these results was that the site of thermocouple 1 was nearest  
to the cryoprobes, while thermocouples 2 and 3 were inserted into the liver tissue  
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Figure 7.16 Infrared thermographs for the case of a single large blood vessel without introduced 
nanoparticles (in vitro tissue experiments): (A) before freezing, (B) after 5 minutes of freezing, (C) after 
10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and (F) after 
20 minutes of thawing.
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close to the inlet and outlet of the large vessel, respectively. In addition, due to 
the high thermal conductivity of Fe3o4 nanoparticles (about 40 W/m°C) [21], the 
temperatures of thermocouples 1, 2, and 3 for the case with introduced nanopar-
ticles (shown in Figure 7.19) were correspondingly lower than those for the case 
without introduced nanoparticles (shown in Figure 7.18). Moreover, for the case 
with introduced nanoparticles, a jump that occurred in the cooling rate of liver 
tissue is also shown, similar to the corresponding case of the phantom study. The 
time for this jump to occur was at about 13.5 minutes (12.5 minutes after freezing 
began), which agrees with the time when water flow in the large vessels stopped.
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Figure 7.17 Infrared thermographs for the case of a single large blood vessel with adjuvantly intro-
duced nanoparticles (in vitro tissue experiments): (A) before freezing, (B) after 5 minutes of freezing,  
(C) after 10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and 
(F) after 20 minutes of thawing.
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As stated above, the large blood vessels frequently are present in the form of 
countercurrent pairs of an artery and a vein, and sometimes they are situated 
close together. In the phantom study, the distance of the artery and vein pairs 
was set at 10 mm. For the in vitro tissue study, the cases of parallel countercurrent 
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Figure 7.18 Transient temperatures at three different sites for the case of a single large blood vessel 
without introduced nanoparticles (in vitro tissue experiments), in which the sites of thermocouples 1, 2, 
and 3 are shown in Figure 7.3A.
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Figure 7.19 Transient temperatures at three different sites for the case of a single large blood vessel 
with adjuvantly introduced nanoparticles (in vitro tissue experiments), in which the sites of thermo-
couples 1, 2, and 3 are shown in Figure 7.3C.
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vessel pairs were also considered, in which the separation distance of the artery 
and vein pairs was set more closely (about 3 mm apart). Two cases corresponding 
to the phantom study were considered, without and with introduced nanopar-
ticles. A photograph of the experimental setup is shown in Figure 7.4, and the 
infrared thermographs for the above cases are shown in Figures 7.20 and 7.21, 
respectively. Results similar to those for the cases of a single large vessel have 
been obtained. Since the water flow in countercurrent vessel pairs transfers more 
heat energy than does that of a single large vessel, the thermal effect of large ves-
sels is more evident, and the liver tissue in the vicinity of the large vessels was 
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Figure 7.20 Infrared thermographs for the case of parallel countercurrent vessel pairs without intro-
duced nanoparticles (in vitro tissue experiments): (A) before freezing, (B) after 5 minutes of freezing,  
(C) after 10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, and 
(F) after 20 minutes of thawing.
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harder to freeze compared with the case of a single vessel. For the case of paral-
lel countercurrent vessel pairs without introduced nanoparticles, the large ves-
sels were not frozen during the entire experimental procedure. For the case with 
adjuvantly introduced nanoparticles, it was found during the experiment that the 
water flow stopped after about 14 minutes of freezing.

Figures 7.22 and 7.23 show the transient temperatures of thermocouples 1, 2, 
and 3 for the cases of parallel countercurrent vessel pairs without and with intro-
duced nanoparticles, respectively. The sites of thermocouples 1, 2, and 3 were 
shown in Figure 7.4. It can be found from Figure 7.22 that for the case without 
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Figure 7.21 Infrared thermographs for the case of parallel countercurrent vessel pairs with adjuvantly 
introduced nanoparticles (in vitro tissue experiments): (A) before freezing, (B) after 5 minutes of freez-
ing, (C) after 10 minutes of freezing, (D) after 15 minutes of freezing, (E) after 20 minutes of freezing, 
and (F) after 20 minutes of thawing.
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introduced nanoparticles, the temperature curves appear to be relatively smooth. 
For the case with adjuvantly introduced nanoparticles, a jump in the cooling rate 
of liver tissue is also observed, similar to the corresponding result for the case of 
a single large vessel. The time for this jump to occur was at about 15 minutes (i.e., 
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Figure 7.22 Transient temperatures at three different sites for the case of parallel countercurrent 
vessel pairs without introduced nanoparticles (in vitro tissue experiments), in which the sites of thermo-
couples 1, 2, and 3 are shown in Figure 7.4A.
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Figure 7.23 Transient temperatures at three different sites for the case of parallel countercurrent 
vessel pairs with adjuvantly introduced nanoparticles (in vitro tissue experiments), in which the sites of 
thermocouples 1, 2, and 3 are shown in Figure 7.4C.
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about 14 minutes after freezing was started), which agrees with the time when 
water flow in the large vessels stopped.

The aforementioned experimental results indicated that when cryosurgical 
treatment is performed for tumors embedded with large vessel(s), the rapid flow 
of blood through the large vessel(s) will cause a heating effect on the target tis-
sues, and such heating prevents freezing of the large vessel(s) and the surround-
ing tissues. Consequently, tumor cells in the vicinity of larger blood vessel(s) may 
survive, and the surviving tumor cells further result in the recurrence of tumors 
after treatment. The results for the cases with adjuvantly introduced nanoparticles 
demonstrate that nanocryosurgery can significantly enhance the freezing efficacy 
of tissues and totally freeze the tumor tissues in the vicinity of large vessel(s).

In clinics, when large vessel(s) are present at the target area, vascular inflow 
occlusion has been used to enhance the treatment efficiency of cryosurgery [3]. 
However, the need of a major surgical procedure for vascular occlusion negates 
minimally invasive surgery, which is one of the major advantages of cryosurgery. 
Therefore, nanocryosurgery is expected to serve as an attractive modality for treat-
ment of tumors embedded with large blood vessel(s), due to its convenience in oper-
ation and excellent performance in disabling the thermal effect of large vessel(s).

7.4.2 Numerical Results

The dimensions of the overall tissue region for all vascular models (shown in 
Figure 7.5) were 10 × 10 × 20 cm in the x, y, and z directions, respectively, and 
the dimensions of the tumor, which was located at the center of the tissue region, 
were 4 × 4 × 4 cm. The vessel diameter was set as 0.8 mm for the case of validation 
calculation and 1 mm for other calculation cases. The constant Nusselt number 
was taken as Nu = 4  [22]. In the calculations, the cylindrical probe was approxi-
mated by a square cylinder for brevity. Although the nonuniform grid technique 
can be introduced to deal with the cylindrical surface of the probe, this feature 
was not addressed in this chapter for the sake of brevity. The two cryoprobes’ 
active tips with 20 × 6 × 6 mm size were respectively positioned in the domains of  
[ . . , . . , . . ]0 034 0 04 0 04 0 05 0 096 0 102m m m m m m≤ ≤ ≤ ≤ ≤ ≤x y z and [0.06 m ≤  
x  ≤  0.066 m, 0 04 0 05 0 096 0 102. . , . . ]m m m m≤ ≤ ≤ ≤y z  for all calculation cases 
except the case of the validation calculation.

The typical tissue properties were applied as used in Deng and Liu [5]: 
C Cb u= = °3 6 3. MJ/m C, C f = °1 8 3. MJ/m C, kf = °2 W/m C, k Qu L= ° =0 5. W/m C,  
250 3MJ/m , Ta = °37 C, Tml = - °8 C, and Tmu = - °1 C. The temperature of the cryo-
probe tip was assumed to be constant (Tw = - °196 C). Both the blood perfusion 
and metabolic rate are very different for normal and tumor tissues [23], and were 
respectively taken as
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where Wt  denotes the tumor domain. Since the value of the thermal conductiv-
ity of the mixtures of tissue and Fe3o4 nanoparticles was still not available, the 
thermal conductivities of frozen and unfrozen tissues injected with nanopar-
ticle suspensions were respectively taken as ku = °0 8. W/m C and kf = °2 8. W/m C 
based on the data used in Deng and Liu [12], both of which are a little higher than 
that of the normal situations. The tissue domain injected with nanoparticle sus-
pensions was the same as the tumor region for all involved calculations.

In order to validate the theoretical model, a comparison between the experi-
mental results for in vitro porcine liver tissues and the corresponding numerical 
results is shown in Figure 7.24. The experimental results were taken from the 
in vitro tissue experiments for the case of a single large blood vessel (as shown 
in Figures 7.18 and 7.19, the temperature curves of thermocouple 1 during the 
freezing procedure), and the numerical results were obtained from calculations 
using the SATT model. In the calculations, the configuration of the blood vessel 
and the cryoprobes and other conditions were the same as those for the in vitro 
tissue experiments. From the temperature curves presented in Figure 7.24, it can 
be seen that the calculated values fit fairly well with the experimental data, both 
for the case without introduced nanoparticles and for the case with adjuvantly 
introduced nanoparticles.

Although the experimental results presented in this study have demonstrated 
the feasibility of using nanocryosurgery to completely freeze tumor tissues 
embedded with a large blood vessel, numerical study on in vivo tissue was further 
performed to more realistically disclose the thermal effect of large blood ves-
sels during an actual cryosurgery, since in vitro experiments do differ from real 
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Figure 7.24 Comparison of experimental and numerical results for in vitro porcine liver tissues, in 
which case 1 denotes the case of a single large blood vessel without introduced nanoparticles, and case 
2 denotes the case of a single large blood vessel with adjuvantly introduced nanoparticles.

© 2009 by Taylor & Francis Group, LLC



  EXPERIMENTAL AND NUMERICAL INVESTIGATIoN oN SIMULATING NANoCRyoSURGERy 249

cryosurgical treatment in the human body. Figure 7.25 depicts the temperature 
distributions at the cross section z = 0 094. m at t =1200 s for the SATT model, in 
which the center line of the single artery was at x = 0 05. m, y = 0 05. m. It can be 
seen from Figure 7.25 that the tissue in the vicinity of the large vessel was signifi-
cantly warmer than that in other regions. It can also be noted in Figure 7.25a that 
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Figure 7.25 Temperature distributions at cross section z   = 0.094 m at t   = 1200 s for the SATT model, 
in which (a) is for the case without introduced nanoparticles and (b) is for the case with adjuvantly 
introduced nanoparticles.
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for the case without introduced nanoparticles, there is a temperature peak at the 
position of the large vessel, and the value of this peak temperature was obviously 
larger than the freezing point of liver tissue. It indicates that the vessel had not 
been frozen in the cryosurgical procedure. In fact, as observed in clinics [3,10], 
it is very difficult to freeze a large blood vessel by cryosurgical treatment, even 
when using multiple cryoprobes. For the case with introduced nanoparticles, the 
temperature at the position of the blood vessel (i.e., x = 0 05. m, y = 0 05. m) was 
obviously lower than the freezing point of tissue. It indicates that the vessel had 
been frozen, and that using adjuvantly introduced nanoparticles to totally freeze 
tumor tissue embedded with a large vessel is feasible. In addition, it should be 
observed that the temperature in the vicinity of a large vessel was still higher 
than that in other tissue regions, even after the blood flow was occluded by freez-
ing. This phenomenon may have resulted from the thermal effect of the large 
blood vessel before it was frozen. Such a phenomenon should be addressed when 
designing a treatment plan for nanocryosurgery of a tumor embedded with large 
vessels in order to ensure that the whole tumor can be frozen to a temperature 
lower than the lethal temperature (which is usually significantly lower than the 
freezing point of tissue, and ranges from −20°C to −70°C for different tumor tis-
sues) [24]. Figure 7.26 depicts the boundaries of the iceball formed at the cross 
section z = 0 094. m at t =1200 s for the SATT model. It is clearly shown in this 
figure that the large vessel had not been frozen for the case without introduced 
nanoparticles, while the vessel had been frozen for the case with introduced 
nanoparticles. In addition, due to the high thermal conductivity of nanoparti-
cles, the size of the iceball for the case with introduced nanoparticles was slightly 
larger than that for the case without introduced nanoparticles. Similar results 
had also been observed in the experimental results presented earlier, as shown 
in Figures 7.3B,D.

Figure 7.27 shows the temperature distributions at the cross section 
z = 0 094. m at t =1200 s for the CVTT model, in which the center lines of the 
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Figure 7.26 Boundaries of iceball formed at cross section z   = 0.094 m at t   = 1200 s for the SATT 
model, in which conventional cryosurgery denotes the case without introduced nanoparticles, and nano-
cryosurgery denotes the case with adjuvantly introduced nanoparticles.
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artery and the vein were at x = 0 05. m, y = 0 05. m and x = 0 05. m, y = 0 048. m,
respectively. Similar results to the cases using the SATT model are obtained. 
The temperature peak at the position of the large vessels for the case without 
introduced nanoparticles was more evident than that for the corresponding case 
using the SATT model, since the blood flow in countercurrent vessel pairs pro-
vides more heat energy than does a single large vessel. Figure 7.28 depicts the 
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Figure 7.27 Temperature distributions at cross section z   = 0.094 m at t   = 1200 s for the CVTT model, 
in which (a) is for the case without introduced nanoparticles and (b) is for the case with adjuvantly 
introduced nanoparticles.
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boundaries of the iceball formed at the cross section z = 0 094. m at t =1200 s
for the CVTT model. It is also demonstrated that the large vessels had not been 
frozen for the case without introduced nanoparticles and had been frozen for the 
case with nanoparticles. Figure 7.29 gives a comparison of numerical results for 
the SATT and CVTT models, in which the curves depict the temperature distri-
bution at  t =1200 s in the artery at x = 0 05. m, y = 0 05. m. It is clearly shown that 
for the case with introduced nanoparticles, the large blood vessel(s) had been 
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Figure 7.28 Boundaries of iceball formed at cross section z   = 0.094 m at t   = 1200 s for the CVTT 
model, in which conventional cryosurgery denotes the case without introduced nanoparticles, and nano-
cryosurgery denotes the case with adjuvantly introduced nanoparticles.
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frozen for both the SATT and CVTT models, whereas the large vessel(s) could 
not have been frozen for the case without introduced nanoparticles even when 
using the SATT model (in which only one large vessel was present).

The foregoing numerical results indicate that the heating effect created by 
blood flow in large vessel(s) can produce steep temperature gradients and lead to 
inadequate cooling of the surrounding tumor tissues. Therefore, they may seri-
ously contribute to the failed killing of tumors during cryosurgery. These results 
also imply that highly conductive nanoparticles can serve as effective adjuvants 
for enhancing the efficacy of cryosurgical treatment of tumors embedded with 
large vessels, and this feature enhances the possibility to totally destroy tumor 
tissues surrounding large vessel(s) by nanocryosurgery. However, it should be 
pointed out that when performing nanocryosurgery for treatment of a tumor 
embedded with some major vessel(s) that has important functions for tissues or 
organs at other regions, it must be seriously considered whether freezing such 
vessel(s) will result in severe postoperative complications.

7.5 conclusIons

In this study, both experimental and numerical investigations were performed 
to probe into the thermal effects of a single large blood vessel and of parallel 
countercurrent vessel pairs on tissue temperature responses during conven-
tional cryosurgery and nanocryosurgery. The results demonstrate that large 
blood vessel(s) embedded in tumor tissues have significant heating effects on its 
(their) surrounding tumor tissues and thus may result in insufficient freezing, 
which contributes to the nonkilling of part of the tumor cells. When nanopar-
ticles with high thermal conductivity were introduced into the target area, it 
was found that the freezing efficacy can be significantly enhanced, and conse-
quently the tumor in the vicinity of large vessel(s) and the vessel(s) can be effec-
tively frozen. In conclusion, both experimental and numerical results indicate 
that nanocryosurgery can be used to completely destroy tumors embedded with 
large blood vessel(s), and nanocryosurgery is expected to provide cryosurgeons 
with more choices in performing a highly efficient, minimally invasive treat-
ment for tumor killing.
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nomenclature

C: volumetric heat capacity [J/m3 °C]
D: diameter of vessel [m]
h: convective heat transfer coefficient [W/m2 °C]
k: thermal conductivity [W/m°C]
Nu: Nusselt number
p: perimeter of vessel [m]
Ql: volumetric latent heat [J/m3]
Qm : metabolic heat generation [W/m3]
S: cross-sectional area of vessel [m2]
t: time [seconds]
T: temperature [°C]
Ta: artery temperature [°C]
Tb : mean blood temperature [°C]
Tml : lower phase-transition temperature of tissue [°C]
Tmu: upper phase-transition temperature of tissue [°C]
Tw : temperature at probe tip [°C]
Twb: temperature of the vessel wall [°C]
v: velocity of blood flow [m/s]
x,y,z: Cartesian coordinate [m]
X: location [m]

greek symBols

ωb: blood perfusion [ml/s/ml]
W: computation domain

suBscrIPts

f: frozen tissue
u: unfrozen tissue

suPerscrIPts

~: effective value
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8.1 IntroductIon

The expression “human thermal model” can be defined in various ways. A broad 
definition includes any relationship between one or more bodily temperatures and 
environmental and metabolic variables, such as ambient temperature, humidity, 
and intensity of exercise. Algorithms included under a broad definition are often 
part of schemes for evaluating thermal comfort under various conditions. Such 
models usually ignore the geometry and composition of the human body, and 
treat physiological variables, such as skin blood flow, shivering, and sweating, in 
a highly empirical manner. Narrower definitions of human thermal model limit 
use of the term to models in which the temperature field is computed for a reason-
ably faithful representation of the human form and relevant physiological factors. 
Although we will mention briefly models included under a broad definition, the 
principal focus of this chapter will be on more rigorously defined models.

The usefulness of any mathematical model depends on many factors, the 
most important of which is the accuracy and completeness of underlying fun-
damental equations. While the accuracy and speed of computational methods 
used to obtain numerical values of various quantities are important, computa-
tional elegance cannot make up for the shortcomings of a fundamentally flawed 
model. With a few exceptions [1–3], human thermal models have been developed 
by engineers whose knowledge of, and interest in, human physiology appears to 
be limited. In this chapter, we will review in detail physiological phenomena that 
are important to human thermal regulation.

Human thermal models serve several useful purposes. Perhaps the most 
important purpose is to incorporate diverse physiological and physical phenom-
ena into an internally consistent representation of human thermal regulation. 
The difficulty of accomplishing that goal was described by Stolwijk and Hardy in 
1966 [4]. They wrote in describing their model,
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In fact, it can be argued that no completely satisfactory model of a (physiologi-
cal) subsystem such as temperature regulation can be formulated by itself and that 
inclusion of all thermal and non-thermal physiological data is essential for a solu-
tion. While recognizing this difficulty as basic in the study of physiology generally, 
the separate analyses involved in each subsystem and component are essential in 
each case and are therefore justified within limits for the present study.

An important example of interaction between systems is provided by the effect of 
exercise on skin blood flow, which is discussed in some detail later.

Another purpose of models is to predict human behavior under potentially 
life-threatening conditions. For example, expected survival time during acciden-
tal immersion in cold water is an important factor in managing search and rescue 
missions, both in terms of the response time required for a successful outcome 
and the maximum time a search should be continued. Laboratory studies involv-
ing human subjects provide useful information about initial cooling rates during 
immersion in cold water, but such studies are never carried to life-threatening 
limits, and predicting survival time involves significant extrapolation of the 
resulting data. A good human thermal model can be very useful for that purpose, 
although it also inevitably involves important assumptions, such as the condi-
tions under which a severely hypothermic individual no longer shivers.

A third purpose is to apply results obtained using human thermal manikins to 
human performance. For example, protective garments worn by military person-
nel invariably impose considerable thermal stress on the wearer. Instead of test-
ing each garment on 10 human subjects under various conditions, it is preferable 
to measure the properties of the garment on a manikin and use those results to 
predict human behavior under various field conditions.

There are also important medical applications of human thermal models, 
although not much has been done in that regard. The greatest interest to date has 
been in preventing hypothermia during surgery, and commercial systems have 
been developed for that purpose. on the other hand, patients are routinely cooled 
during open-heart surgery to alleviate undesirable effects of cardiopulmonary 
bypass. There is also considerable current interest in possible beneficial effects of 
cooling victims of heart attack and stroke. It is reasonable to expect additional 
medical applications of thermal models.

The final purpose to be mentioned is the prediction of human comfort under 
various conditions. Although relating individual perceptions of comfort to phys-
ical variables, such as skin and central temperatures, sweat rate, and skin wetted-
ness, is a rather imprecise art, there is considerable interest in such applications. 
Automotive engineers appear to be particularly interested in establishing com-
fortable conditions for passengers.

All previously developed human thermal models define the regulation of 
skin blood flow, sweating, and shivering in terms of a central temperature (pre-
sumably representative of hypothalamic temperature) and mean skin tempera-
ture. Relevant control functions are usually defined to achieve good agreement 
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between computed and observed temperatures under various conditions, but 
that process does not necessarily yield results consistent with results obtained 
in other physiological studies. An important objective of this chapter is to dem-
onstrate that control functions derived from independent physiological studies 
yield a model with good thermal properties.

8.2 eVolutIon of human thermal models

Before we delve into the details of model formulation, it is worthwhile to review 
briefly the history of human thermal models. Two of the earliest models are still 
in use in modified form by those whose principal concern is thermal comfort 
under moderately stressful conditions. The evolution of human thermal models 
outlined in this section reflects the author’s prejudices, and others might con-
struct a rather different version.

Probably the first model was proposed by A. C. Burton in 1934 [5]. His very 
simple model represented the human body as a single homogeneous cylinder 
with uniform metabolic heat generation. It suggested that the steady-state tem-
perature profile is parabolic in agreement with the experimental observations of 
Bazett and McGlone [6]. Subsequently, Burton and Bazett [7] used the transient 
solution of the heat conduction equation for the same system to interpret data 
obtained with their bath calorimeter.

Since the results of experimental studies are nearly always reported as central 
and mean skin temperatures, it followed quite naturally that a two-node model 
would be developed. Machle and Hatch [8] described a “core and shell model” in 
their extensive 1947 review paper summarizing the results of research conducted 
during World War II at the Armored Medical Research Laboratory in Fort Knox, 
Kentucky, and at the Pierce Laboratory at yale University. Application of that 
model was not discussed and it was probably not very useful, because it neglected 
heat transfer between core and shell, assuming instead that core and shell tem-
peratures were linearly related.

A significant milepost in the development of human thermal models occurred 
in 1948 with the publication of Pennes’s classic paper [9] on the effect of blood 
flow on tissue temperature. Pennes advanced the notion that heat transfer 
between blood in small vessels and adjacent tissue is proportional to the product 
of the perfusion rate and the difference between blood and tissue temperatures. 
Although computed temperature profiles in the forearm had a slightly different 
shape from profiles measured by drawing a fine thermocouple through the fore-
arm, the difference was eventually attributed to the way data for arms of different 
size were analyzed [10]. Most current detailed models employ the Pennes model 
(often referred to as the bioheat equation) to describe heat transfer in perfused 
tissue. Implicit in the Pennes model is the assumption that no heat transfer occurs 
between blood in small arteries and veins connected to capillaries and surround-
ing tissue. That assumption has been criticized and analyzed in considerable 
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detail (for a summary of early work, see Charney [11]), with the resulting conclu-
sion that Pennes’s original model probably overestimates the rate of heat transfer 
between blood and tissue. Multiplication of the Pennes expression by a factor that 
depends on the perfusion rate provides a more accurate result [12–14].

Wissler [15] applied concepts developed in Pennes’s paper to develop the first 
steady-state, multielement, human thermal model. His model consisted of six 
homogeneous cylindrical elements representing the head, trunk, two arms, and 
two legs, which were connected by circulating blood. The thermal energy balance 
for blood made allowance for the effect of countercurrent heat transfer between 
arterial and venous blood. When reasonable values were assigned to metabolic 
and perfusion rates in the six elements and allowance was made for respiratory 
heat loss, acceptable agreement between computed and measured temperatures 
was obtained. That model did not consider the effect of thermal state on blood 
flow, sweat secretion, or shivering.

Information gained from studies conducted at the Pierce Laboratory during 
the next 5 years contributed greatly to our understanding of human thermoregu-
lation. Transient changes in central (usually rectal) and mean skin temperatures 
were recorded during exposure of seated, lightly clad, male subjects to air tem-
peratures ranging from 13°C to 48°C. Rates of metabolic heat generation and 
sweat secretion were determined by partitional calorimetry. The resulting data 
are still invaluable for testing human thermal models.

In 1966, Stolwijk and Hardy [4] significantly advanced the art of human ther-
mal modeling with their publication of a theoretical study in which the concepts 
of feedback control were applied to human thermoregulation. Although those 
concepts were not original with Stolwijk and Hardy, the thoroughness of their 
analysis enhanced the validity of human thermal modeling.

The 1966 Stolwijk and Hardy model consisted of three cylindrical elements 
representing the head, trunk, and extremities. That model was implemented on 
an analog computer, which undoubtedly limited the number of elements and 
amount of detail it could contain. A total of seven regions represented the head 
core (brain), trunk muscle, trunk core (viscera), extremity core, and a 2 mm thick 
layer of skin on each element. The radius and length of each cylinder were defined 
so that it had a mass and surface area appropriate to the anatomical region rep-
resented. Heat transfer by conduction occurred between adjacent regions in pro-
portion to the difference in regional temperatures. Blood contained in a central 
pool exchanged heat with tissue located in each region. The principal contribu-
tion of that model was that it incorporated control functions for skin blood flow, 
sweating, and shivering into a physically reasonable model. Subsequent models 
have all employed the approach introduced in that paper.

Two notable models evolved from the 1966 Stolwijk and Hardy model. In 1970, 
Stolwijk [1] developed a six-element model that ran on an early digital computer. 
Each element was subdivided into four regions representing a central core sur-
rounded by muscle, subcutaneous fat, and skin. The regions were perfused with 
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blood drawn from a central pool. Heat transfer by conduction between adjacent 
regions occurred at a rate proportional to the temperature difference between 
them. Using physiological control functions for skin blood flow, sweating, and 
shivering based on the best available information, Stolwijk and Hardy signifi-
cantly advanced the art of human thermal modeling. Their model was used in 
the design and operation of the Portable Life Support System for the Apollo mis-
sions, and it is still employed in several thermal comfort models. For example, the 
Berkeley multinode comfort model [16] is based on the 25-node Stolwijk model, 
although it has been augmented in many ways.

Also in 1970, Gagge et al. [2] developed a simple two-node model for the pur-
pose of evaluating thermal stress imposed by a given environment. Their objec-
tive was to develop an effective temperature scale that would allow engineers 
and environmental scientists to compare thermal environments on the basis of 
energy exchange. That simple model still finds application, although one must 
question the virtue of extreme simplicity when powerful computational facilities 
are readily available. Moreover, a recent study by Jay et al. [17] reaffirmed that 
using core and mean skin temperatures to estimate the internal energy content of 
the human body is quite inaccurate [18]. However, for the record, we mention an 
example of that approach provided by Bruse’s individual thermal comfort model 
[19], which is based on the two-node Gagge model.

The summary presented above is by no means complete. other variants of 
human thermal models evolved from the Stolwijk and Hardy model, but their 
existence was often transient, and limitations of space and time preclude includ-
ing them in this document.

8.3 model structure

Factors that affect human thermal regulation are both physical and physiological 
in nature. Physical factors include the geometry and composition of the body. 
Heat transfer from exposed skin or clothing is also a purely physical phenom-
enon, as is evaporation of sweat. Ambient conditions, such as fluid velocity, 
temperature, humidity, and incident radiant flux, are also physical factors. In 
general, the effect of physical factors is well understood and amenable to rational 
analysis, although applications to human modeling are often rudimentary. For 
example, modern computational fluid dynamic (CFD) techniques should permit 
accurate computation of local heat and mass transfer coefficients for the human 
body, but that is seldom done. Another physical factor normally treated rather 
approximately is heat and mass transfer in clothing.

Under moderate environmental conditions, human beings can achieve 
acceptable temperature control by regulating three physiological variables: blood 
flow to skin, sweating, and shivering. While those variables respond primarily 
to thermal stimuli, usually defined in terms of a central temperature assumed 
to be the temperature of the hypothalamus, mean skin temperature, and local 
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skin temperature, they are also affected by 
nonthermal factors. An example is that cir-
culatory responses to thermal conditions may 
be modulated by exercise, because the pri-
mary purpose of the circulatory system is to 
satisfy the metabolic requirements of tissue, 
especially the requirements of critical organs 
and active muscle.

8.3.1 Geometry

Nearly all human thermal models approxi-
mate individual elements of anatomy as cir-
cular cylinders, although several represent 
the head as a sphere. An early arrangement 
is shown in Figure 8.1. That one-dimensional 
model developed in 1964 [20] assumed that 
physical properties and temperature are func-
tions of radial position and time and required 
a large central computer for execution. As 
more powerful computers became common-
place, additional cylindrical elements were 
added to models, and time-dependent physi-
cal properties and temperature were allowed 
to vary with both r and q. Axial conduction 
is still generally neglected. For example, Fiala 
et al. [21,22] developed a 15-element model, 
and Qi [23] developed a 54-element model. The author has recently developed 
a new 21-element model in which the head is represented by two elements, the 
trunk is represented by three elements, and each arm and leg is represented by 
four elements. All of the models mentioned allow a reasonably good representa-
tion of major organs, muscles, arteries, and veins.

Allowing physical properties and temperature to vary with angular position 
removes a serious limitation of early one-dimensional models, which could not 
represent nonuniform boundary conditions on a given element. For instance, 
conditions on the anterior surfaces of an individual seated in an air-conditioned 
automobile are markedly different from conditions on the posterior surface, and 
there is no rational basis for defining “average conditions” in a one-dimensional 
model.

one might expect that allowing temperature to vary with q greatly complicates 
numerical analysis, but that is not necessarily true. According to Fiala et al. [21] 
two considerations suggest that conduction in the q direction can be neglected 
without seriously affecting accuracy. Within the very thin skin region, the prod-
uct of the temperature gradient parallel to the surface and the area through 

Qr

Figure 8.1 A typical representation 
of the human geometry.
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which heat is conducted in the q direction is much smaller than the correspond-
ing product for heat transfer normal to the skin and, therefore, is negligible. In 
deeper regions, temperature gradients are small, heat transport by convection is 
dominant, and tissue temperature is determined largely by the rates of metabolic 
heat generation and perfusion by blood. While those arguments are intuitively 
appealing, they appear to be untested.

Several recent papers describe in somewhat nonspecific terms models in which 
finite element methods are used to represent accurately the human form [24–26]. 
Those models appear to describe faithfully external features of human geometry, 
but it is unclear how accurately they represent internal structural features.

8.3.2 Composition

The temperature field within a region depends on its composition, because ther-
mal conductivity, thermal diffusivity, rate of heat generation, and perfusion rate 
are all functions of tissue type. one of the more important tissue components is 
subcutaneous fat, which has a relatively low thermal conductivity and low perfu-
sion rate, and is located directly under skin where it can limit heat transfer to cool 
environments.

The local thickness of subcutaneous fat has been determined for more than 
50 years by measuring the skinfold thickness with a standard calipers. A cor-
relation relating percent body fat determined by underwater weighing to skin-
fold thicknesses measured at four sites was developed in 1974 by Durnin and 
Womersley [27], and is still widely used. However, when local subcutaneous fat 
thickness derived from skinfold measurement at the site has been compared with 
thickness determined from magnetic resonance imaging (MRI) or X-ray images, 
the skinfold-derived value has usually been found to be quite inaccurate, often 
underestimating the actual fat thickness by 50% [28,29].

In one of the more comprehensive studies, Hayes et al. [30] compared sub-
cutaneous fat thickness determined from MRI images with corresponding 
thicknesses derived from skinfold measurements at 89 sites on 20 male and 
20 female subjects. They found that skinfold measurement significantly underes-
timated the subcutaneous fat thickness. They also reported that the distribution 
of subcutaneous fat varied markedly as a function of percentage of body fat and 
gender, which is often not taken into consideration.

Since that report is not generally available, selected data are summarized in 
Table 8.1. Groups are defined in terms of mean subcutaneous fat thickness (SCF) 
as determined by MRI measurement. For females: in Group 1, 12.1 mm < SCF; 
in Group 2, 12.1 mm ≤ SCF < 15.2 mm; and in Group 3, 15.2 mm ≤ SCF. For 
males: in Group 1, 4.8 mm < SCF; in Group 2, 4.8 mm ≤ SCF < 9.0 mm; and 
in Group 3, 9.0 mm ≤ SCF. The body segments are as follows: 1 = upper trunk; 
2 = lower trunk; 3 = head; 4, 5, and 6 = proximal, medial, and distal segments of 
the legs; and 7, 8, and 9 = proximal, medial, and distal segments of the arms. The 
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following relationships define “true mean” SCF in terms of the mean skinfold 
thickness (SkF4) measured by calipers at four sites. For females,

 SCF = 0.445 SkF4 – 1.013 (8.1)

and for males,

 SCF = 0.721 SkF4 + 7.300 (8.2)

8.4 PhysIologIcal control functIons

Human thermal models are often defined in terms of passive and active systems. 
The “passive system” refers to the physical system in which the transient tem-
perature field is defined by the bioheat equation with appropriate boundary and 
initial conditions, while the “active system” defines control functions for blood 
flow (especially to skin and muscle), sweat secretion, and shivering. As we noted 
previously, definition of the passive system ranges from very simple to very 
sophisticated. Although a simple system may provide an acceptable description 
of resting individuals in a warm environment, a detailed description is usually 
required for cold environments when appreciable temperature gradients exist 
within the body. We will assume that readers are quite knowledgeable about 
methods available to construct the passive system and will focus attention on 
the active system.

8.4.1 Regulation of Blood Flow to Muscle

Since convection by circulating blood is an effective transport mechanism for heat 
transfer, the manner in which local perfusion rates are computed is an important 
attribute of human thermal models. Highly variable blood flow to muscle and 

Table 8.1 Ratio of Local Subcutaneous Fat Thickness to Mean Fat Thickness Determined 
by MRI

Females
Body Segment 1 2 3 4 5 6 7 8 9
Group 1 0.64 1.56 0.92 1.45 0.92 0.72 0.76 0.63 0.64
Group 2 0.72 1.70 0.62 1.36 0.85 0.61 0.81 0.55 0.47
Group 3 0.79 1.67 0.72 1.36 0.84 0.60 0.75 0.55 0.45

 
Males
Body Segment 1 2 3 4 5 6 7 8 9
Group 1 0.77 1.94 0.64 1.53 0.99 1.08 0.39 0.13 0.01
Group 2 0.96 1.67 0.66 1.23 0.84 0.78 0.78 0.25 0.09
Group 3 1.07 1.63 0.68 1.05 0.73 0.50 0.75 0.55 0.27

 
Source: Hayes et al. [30].
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skin is especially important. Definition of suitable control functions for the cir-
culatory system is complicated by the fact that blood transports vital chemical 
species, as well as heat, and both functions must be performed adequately. The 
heart is a two-stage positive displacement pump that supplies a vascular system 
in which the resistance of various branches is regulated in a manner that assures 
adequate flow to vital organs, such as the heart and brain. Consequently, thermo-
regulatory control of blood flow cannot be treated as though it were an indepen-
dent system. That is discussed in great detail by Rowell [31,32].

The perfusion rate of active muscle affects the temperature increase owing to 
enhanced metabolic heat generation during exercise. Typically, the steady-state 
temperature of active muscle is 1°C higher than the local arterial blood tem-
perature. Although the fundamental mechanisms that determine muscle blood 
flow remain obscure, empirical data firmly establish that the perfusion rate of 
active muscle increases promptly as the local rate of oxygen consumption ( �VO2

) 
increases. Values of �VO2

above the resting rate are determined by the rate at which 
external work is done, the mechanical efficiency of the body (typically about 
25%), and the relative involvement of various muscles.

The perfusion rate (q) is related to the arteriovenous oxygen difference (DO2,av) 
by the relationship

 
q

V
O

O

av
=

�
2

2D ,  
(8.3)

where DO2,av in resting muscle is about 5 ml O2/100 ml of blood, and increases very 
rapidly to approximately 13 to 17 ml O2/100 ml blood during exercise. Proctor et al. 
[33] observed that the reduction of femoral venous oxygen content occurs at sur-
prisingly low exercise levels (for example, at 20 W), and Nielsen et al. [34] showed 
that DO2,av in active muscle is not a strong function of temperature.

An important question is whether blood flow to inactive muscle varies with 
local tissue temperature. That question was especially pertinent a few years ago, 
when venous occlusion plethysmography (VoP) was the predominant method 
for measuring skin blood flow in the human forearm during rest and exercise in a 
warm environment. That technique involves measuring the volume of a section of 
forearm when venous outflow is blocked by applying appropriate pressure at the 
wrist and below the elbow. Pressure applied at the wrist blocks both arterial and 
venous blood flow, while pressure applied below the elbow blocks only venous 
outflow from the forearm. Several studies [35–37] established conclusively that 
blood flow to inactive muscle does not increase with increasing temperature. on 
the other hand, other studies strongly suggest that the perfusion rate of inactive 
muscle decreases when muscle is cooled, although the precise nature of thermally 
induced vasoconstriction in muscle remains obscure.
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8.4.2 Regulation of Skin Blood Flow

Extensive investigation of skin blood flow has been motivated by several con-
siderations. one is that the rate of blood flow to maximally dilated skin is the 
order of 7 l/min, which is an appreciable fraction of maximal cardiac output. 
Moreover, since cutaneous vasculature is rather compliant, a significant transfer 
of blood from the central venous pool to skin occurs during heat stress, which 
may adversely affect cardiac performance. Skin is also the only organ in which 
blood flow can be measured noninvasively.

Skin blood flow is an important factor in human thermoregulation. Most 
models define skin blood flow simply as a function of central and mean skin tem-
peratures. While those temperatures are undoubtedly important determinants 
of skin blood flow, more than 50 studies carried out during the past half century 
have established that local skin temperature and several nonthermal factors are 
also important. The results of those studies can be summarized as follows:

 1. Two branches of the sympathetic nervous system affect efferent neural 
mechanisms that control cutaneous vasculature of the head, trunk, and 
limbs. one branch is an active vasodilator system, and the other branch 
is an active vasoconstrictor system.

 2.  Modulation of skin blood flow owing to cold stress, moderate heat stress, 
and exercise can be attributed to variable vasoconstrictor tone. As skin 
and central temperatures increase, active vasodilation becomes effec-
tive, and the large increase in skin blood flow seen during severe heat 
stress is caused primarily by active vasodilation.

 3.  Active vasoconstriction responds reflexively to mean skin temperature.
 4.  Local skin temperature affects local cutaneous vasoconstrictor tone.
 5.  Active vasodilation increases linearly with increasing central tempera-

ture above a threshold temperature that is modulated by mean skin tem-
perature, exercise, and posture.

8.4.2.1 Measurement of Skin Blood Flow

Prior to 1980 the only quantitative measure of skin blood flow was provided by 
forearm blood flow (FBF) measurement using VoP. Around 1980, laser-Doppler 
(LD) techniques that detect the velocity of red blood cells as they pass through 
cutaneous capillaries were developed for sensing skin blood flow in a small area. 
Choosing a laser of appropriate wavelength allows incident light to be almost 
completely absorbed or reflected within the skin so that blood flow within under-
lying muscle is not detected [38]. When Johnson et al. [39] compared skin blood 
flow measured using an LD instrument with flow measured by VoP, they found 
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that LD flow rates were linearly related to flow rates measured plethysmographi-
cally, although the relationship was specific to each subject. LD instruments offer 
the advantages that they can be used on any skin area, they respond rapidly to 
changing flow rate, and the temperature of skin in the area of measurement can 
be closely controlled.

Since LD measurements do not provide absolute values for skin blood flow 
(SkBF), they are usually reported as a percentage of some reference value, usually 
either a thermally neutral initial value or a maximal value recorded at a local 
skin temperature of 42°C. In addition, LD measurements are usually reported as 
cutaneous vascular conductance (CVC), which is the ratio of the flow rate to the 
mean arterial pressure.

The use of chemical agents to block centrally mediated changes in skin blood 
flow is a time-honored technique. When combined with LD measurement of 
SkBF, it allows investigators to differentiate clearly responses of the active vaso-
dilator system from responses of the vasoconstrictor system. Kellogg et al. [40,41] 
very successfully employed bretylium blockade of active vasoconstriction to iso-
late the effect of active vasodilation on SkBF during exercise.

8.4.3 Algorithm for Computing Skin Blood Flow

Experimental results from studies reported during the past half century can be 
represented reasonably well by the following relationship:

 q q AVD CVCM CVCL CVCEs s r= × × × ×,  (8.4)

where the quantity q s is the local cutaneous perfusion rate (typically reported as 
ml blood/[100 ml tissue min]), and qs,r is the perfusion rate under reference con-
ditions, which we define as Ts = 34°C, Ts = 34.5°C, and Tc < the threshold central 
temperature (Tc,th) for active vasodilation. AVD defines the centrally mediated 
drive for active vasodilation, CVCM accounts for the reflex effect of Ts on CVC, 
CVCL defines the locally mediated effect of Ts on CVC, and CVCE accounts for 
the direct effect of dynamic exercise on vascular conductance and the increase in 
mean arterial pressure (MAP) that occurs during exercise. By definition, each of 
the functions has a value of unity at the reference condition.

With the exception of active vasodilation (AVD), definitions of the component 
functions are based on CVC data. Forearm blood flow data are generally consis-
tent with CVC data when reasonable assumptions are made about muscle blood 
flow. If we assume that plethysmography detects only skin and muscle blood 
flows, we have

 FBF X q X qs s m m= +  (8.5)

in which Xs and Xm are the volume fractions of skin and muscle, respectively, in 
the forearm; and qs and qm are the respective perfusion rates. Cooper et al. [42] 
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reported that Xs = 0.086 and Xm = 0.636 in five forearms obtained postmortem 
from different subjects.

8.4.3.1 Active Vasodilation: Thermal Factors

Defining the separate and collective contributions of central temperature and 
Ts to regulation of skin blood flow has been very challenging, largely because it 
is difficult to change one temperature without affecting the other. Central tem-
perature can be increased either by raising the skin temperature, or by increas-
ing metabolic heat production through exercise. A complicating factor associated 
with the second approach is that moderate to heavy exercise causes a decrement 
in skin blood flow under certain conditions.

Several papers published from 1974 through 1975 [43,44] established that FBF 
increases linearly with Tc and Ts over certain temperature ranges. If FBF varies 
linearly with Tc, qs also varies linearly with Tc when qm is constant. Accordingly, 
we define AVD as follows: when Tc < Tc,th, AVD = 1.0, and when Tc,th< Tc,

 AVD  = 1.0 + a (T c – Tc,th) (8.6)

in which a is a gain constant. Tc,th depends on Ts and several nonthermal factors. 
If we let Tc,th = Tc th

o
,  + DTc,th in which Tc th

o
, is the threshold central temperature for 

a resting, supine individual when Ts = 33°C, DTc,th/DTs ≈ – 0.05.

8.4.3.2 Active Vasodilation: The Effect of Exercise

Since exercise and heat both cause cardiac output to increase and modify the dis-
tribution of blood volume, it is reasonable to assume that exercise affects circula-
tory responses to heat. The fact that splanchnic and renal blood flow and blood 
flow to inactive muscle decrease during exercise also suggests that skin blood 
flow might decrease during exercise. However, that possibility must be tempered 
by the fact that skin blood flow plays an important role in thermoregulation, 
while splanchnic and renal and inactive muscle blood flows do not. Numerous 
early studies stimulated by the possibility that exercise affects skin blood flow 
yielded somewhat contradictory results, although a reasonably consistent picture 
can now be constructed.

Studies of the effect of exercise on SkBF conducted before 1990 focused on 
the vasodilator system, that is, on AVD in Equation (8.4). In that context, exer-
cise could modulate SkBF either by modifying the slope of the Tc–SkBF relation-
ship or by changing Tc,th. Johnson [45] was the strongest proponent of the notion 
that nonthermal factors, such as exercise and posture, affect SkBF by modulating 
Tcth. Early support for that concept came primarily from studies conducted with 
an elevated Ts of 38°C to 38.5°C established by means of a liquid-perfused suit. 
Experiments usually consisted of comparing the values of Tc,th during rest with 
values observed during exercise of moderate intensity. Tc,th was defined as the 
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value of Tes at which FBF increased sharply with increasing Tc. In a typical study, 
Johnson and Park [46] concluded that Tc,th increases 0.28°C with exercise, and 
0.11°C with the change from supine to upright posture.

Contradictory studies that showed no effect of exercise on Tc,th were conducted 
in cool room air at lower mean skin temperature. While it was not apparent at 
the time, it now appears that the difference between results obtained by different 
investigators can be attributed to the difference in Ts . A lack of awareness of the 
importance of skin temperature during the 1970s is suggested by the fact that Ts 
was often not reported when exercise was performed in air.

The murky picture of the effect of exercise on SkBF began to clear with pub-
lication of a study by Taylor et al. in 1988 [47]. Those investigators evaluated the 
effect of five different intensities of supine cycling in 21.1°C air on the cutaneous 
vascular responses of four men. Data from their study indicated that exercise had 
no effect on CVC at low intensities of exercise, but exercise at intensities above 
125 W, which corresponds to �VO2

of approximately 45% of �VO max2 , , caused a dec-
rement in CVC at a given value of Tes. Taylor et al. attributed the decrement in 
CVC, which was proportional to the workload, to an increment in Tc,th. Values of 
DTc,th derived from their data are plotted in Figure 8.2.

In a subsequent study, Smolander et al. [48] employed VoP to measure FBF 
in six men during 15 minutes of cycling exercise in 25°C air. Measurements were 
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Figure 8.2 DTc,th as a function of �VO r2,
when Ts ≤ 33°C. Filled and open circles identify plethys-

mographic and LD data, respectively, of Smolander et al. [48]; open triangles identify data of Taylor 
et al., [47]; and open squares identify data from Table 2 of Kenny et al. [49]. The graph of Equation (8.8) 
is also shown.
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made at five workloads varying from 50% to 90% of �VO max2 , . Mean skin tempera-
tures close to 33.5°C were independent of exercise intensity. The principal finding 
of this study was that SkBF during dynamic work was significantly attenuated 
when a subject’s oxygen uptake exceeded 80% of his maximum oxygen consump-
tion rate ( �VO max2 , ). LD measurement of SkBF and VOP measurement of FBF pro-
vided comparable indications of Tc,th for active vasodilation.

Smolander et al. [48] also attributed the decrement in FBF at moderate work-
loads to an increase in Tc,th . If we assume that Tc,th for �VO2

= 0.5 �VO max2 , is the 
normal threshold temperature for enhanced SkBF, then threshold temperature 
increments (DTc,th) for higher workloads can be computed from values reported 
by Smolander et al. The values of DTc,th computed in that way are 0.00, 0.06, 0.17, 
0.37, and 0.78°C for �VO2

= 0.5, 0.6, 0.7, 0.8, and 0.9 �VO max2 , , respectively. Those 
values are also plotted in Figure 8.2.

Another paper that helped to clarify the effect of exercise on SkBF was pub-
lished by Kellogg et al. [40], who (as mentioned in Section 8.4.2.1) employed 
bretylium blockade of active vasoconstriction [41] to isolate the effect of active 
vasodilation on SkBF during exercise. Figure 3 in that paper shows clearly that 
exercise delays the onset of active vasodilation by raising Tc,th. For the conditions 
of their study, Tc,th during exercise was 0.28°C higher than during rest. An addi-
tional observation was that the initiation of exercise causes a reduction in CVC 
before active vasodilation is initiated.

The studies by Taylor et al. [47] and Smolander et al. [48] established that SkBF 
depends on the intensity of exercise under conditions that impose moderate to 
high stress on the circulatory system. We have chosen to define the relationship 
between intensity of exercise and SkBF in terms of the relative rate of oxygen 
consumption,
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(8.7)

Equation (8.8), derived from the data of Smolander et al. and Taylor et al., 
defines the increase in DTc,th owing to exercise in the absence of heat stress.

 ∆Tc,th = 1.41 ∆V 2 – 0.194 ∆V + 0.01°C (8.8)

where DV V V VO r O crit O crit=( )/( . ), , ,
� � �

2 2 2
1 0- - . For the cool mean skin temperatures 

employed by Taylor et al. and Smolander et al., �VO crit2 , = 0.5. The relationship 
defined by Equation (8.8) is plotted in Figure 8.2.

Although Equation (8.8) accounts for the effect of exercise on DTc,th at mod-
erate skin temperatures, it fails to account for the effect of moderately heavy 
exercise on DTc,th at high skin temperatures. For example, Equation (8.8) yields 
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DTc,th = 0°C when Ts = 38°C and �VO r2 , = 0.5, which is inconsistent with the 
threshold increment of 0.28°C observed under those conditions by Johnson 
and Park [46] and by Kellogg et al. [40]. A possible solution for that dilemma 
is to assume that �VO crit2 , decreases with increasing Ts, which is not unreasonable, 
because cutaneous blood flow and volume both increase when the skin tempera-
ture is high. We will assume that �VO crit2 , decreases linearly from �VO crit2 , = 0.5 for 
Ts ≤ 33°C to �VO crit2 , = 0 for 38°C ≤Ts. Then, if Ts = 38°C and �VO r2

0 5, .≈ , as in the 
studies of Johnson and Park, and Kellogg et al., the exercise-mediated DTc,th pre-
dicted by Equation (8.8) is 0.26°C, which is reasonably close to the observed value 
of 0.28°C.

Data on which Equations (8.7) and (8.8) are based were derived from stud-
ies in which the onset of active cutaneous vasodilation was observed during a 
period of rising central temperature. A very important complementary study by 
Kellogg et al. [50] investigated the effect of exercise on established active vasodi-
lation. Conditions of that study were similar to those in the first study by Kellogg 
et al. [40], except that moderately heavy exercise did not commence until after 
active vasodilation had been firmly established by 35 to 40 minutes of passive 
heating. In both studies, CVC was determined at two sites, one treated with 
bretylium tosylate to block vasoconstriction and the other untreated. Contrary 
to implications of previous observations, exercise in the second study reduced 
CVC at the untreated site, and not at the bretylium-treated site, which implied 
that exercise modulated cutaneous vasoconstriction, but did not affect active 
vasodilation.

Several mathematical solutions for the paradox presented in the preceding 
paragraph are possible. one is to assume that the central thermoregulatory cen-
ter processes afferent signals by integrating the rate of change, instead of sub-
tracting Tc,th from Tc. That is, we can assume that

 

AVD dT
dt

dtc

t

t

o

= +
′

′∫1.0 a

 
(8.9)

in which to is the instant at which Tc = Tc,th. If we assume that integration con-
tinues as long as Tc,th < Tc, modifying Tc,th after active vasodilation has begun has 
no effect on SkBF. Another possibility is that DTc,th owing to exercise is transient 
in nature and diminishes as active vasodilation progresses. That possibility is 
completely unexplored.

8.4.3.3 Active Vasodilation: Other Factors

Extrapolation of relationships representative of moderate conditions of heat 
stress and exercise to more severe conditions may require cardiac output that 
approaches, or exceeds, the capacity of the heart. Consequently, it is necessary to 
limit SkBF to physically realizable values. Several studies have shown that during 
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moderate exercise, the slope of the Tc–FBF curve decreases significantly for cen-
tral temperatures above 38°C, with the slope above Tes = 38°C being roughly one-
half the slope at lower central temperatures [51,52]. Kellogg et al. [53] established 
that the reduced slope can be attributed to reduced active vasodilation, which in 
our model amounts to attenuating AVD. Therefore, if 38°C < Tc and 0.4 < �VO r2 , < 
0.9, AVD defined by Equation (8.6) is modified as follows:

 AVD = AVD* – 0.5 (Tc – 38.0) (8.10)

where AVD* is the value computed using Equation (8.6).
Moreover, according to Smolander et al. [48], the slope of the Tc–FBF curve 

is greatly reduced over its entire range at exercise intensities above 0.9 �VO max2 , . 
Therefore, when 0.9 < �VO r2 , , AVD is computed as follows:

 AVD = 0.25 (Tc – Tc,o – DTc,th) (8.11)

8.4.3.4 Cutaneous Vasoconstriction (CVCM): The Reflex 
Effect of Mean Skin Temperature

Studies by Charkoudian and Johnson [54], Stephens et al. [55], and Kenney et al.  
[56] established that, in addition to shifting Tc,th, Ts has a reflex effect on cuta-
neous vasoconstriction. Since Ts in those studies was lowered from an initially 
comfortable level, Tc remained below Tc,th, and centrally mediated vasodilation 
was not a factor. Local skin temperature at the measurement site was maintained 
constant in each study.

Results from that study are plotted in Figure 8.3. All data have been normal-
ized so that CVC is unity at Ts = 32°C. A shortcoming of those data is that there 
are no experimental data to define an upper limit for the ratio CVC/CVC32°C, 
although we know that SkBF has an upper limit [57]. The reason for the lack of 
data is probably that it is impossible to raise Ts to 42°C without simultaneously 
increasing Tc, causing active vasodilation. There is also a paucity of data for Ts 
below 30°C. The curve shown in Figure 8.3 is a graph of the function

 
CVCM Ts= + -1 422 0 275 32 0

2 018
. tanh[ . ( . )]

.  
(8.12)

8.4.3.5 Effect of Ts on Skin Blood Flow (SkBF) (CVCL)

The least ambiguous aspect of SkBF regulation is the effect of Ts on SkBF, which 
can be studied under comfortable conditions that do not involve active vaso-
dilation, and for which the effect of Ts is fairly constant. Direct LD measure-
ments of SkBF were made by Charkoudian et al. [58] in their study of the effect 
of female reproductive hormones on local control of SkBF. Those data are plotted 
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in Figure 8.4. Forearm blood flow data reported by Barcroft and Edholm [35,59], 
Brown et al. [60], and Wenger et al. [61] agree qualitatively with the CVC data of 
Charkoudian et al. in that they show a strong withdrawal of vasoconstrictor tone 
at local skin temperatures above 32°C.
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Figure 8.3 Normalized CVC plotted as a function ofTs . (Data were obtained from: open circles, CVC 
from Stephens et al. [55] Figure 1 (saline); diamonds, CVC from Stephens et al., Figure 3a (saline); 
pluses, CVC from Stephens et al., Figure 5 (saline); and triangles, CVC from Charkoudian and Johnson 
[54], Figure 2.)

© 2009 by Taylor & Francis Group, LLC



  WHoLE-BoDy HUMAN THERMAL MoDELS 275

8.4.3.6 Effect of Exercise on Cutaneous Vasoconstriction (CVCE)

Data from several studies suggest that exercise causes a significant decrease in 
CVC. Kellogg et al. [40,50] observed that strenuous exercise reduces CVC by 
increasing cutaneous vasoconstriction in both normothermia and hyperthermia. 
Taylor et al. [62] observed that moderate leg exercise causes a reduction in blood 
flow of a locally heated arm. In that study FBF at four temperatures, 36, 38, 40, 
and 42°C, was measured by VoP. While there was some variation with Ts, the 
mean reduction was the order of 3 ml/(100 ml min).

Taylor et al. [63] evaluated the effect of absolute and relative work, and the 
kind of exercise on CVC. They found that the CVC decrement was proportional 
to absolute workload, and not relative workload. In addition, they found that 
isometric exercise had no effect. Their data are represented reasonably well by the 
following relationship:

 
CVCE W= -1 0 0 071

110
. .

 
(8.13)

in which W is the workload in watts.
The decrease in CVC with exercise is offset to some extent by an increase in 

MAP. We will assume that MAP increases during leg exercise according to the 
relationship

 
MAP V TorrO r= +85 23

2
�

,   (8.14)

in which �VO r2 ,  is the fraction of the maximum oxygen consumption rate.

8.4.3.7 Combination of AVD, CVCL, CVCM, and CVCE to Define qs

The four factors described above, AVD, CVCL, CVCM, and CVCE, were derived 
from experiments that provide little guidance about the manner in which they 
should be combined to form a comprehensive model of SkBF regulation. For 
example, experimental investigations carried out at a fixed elevated Ts provide 
no information about the combined effect of Ts and Tc. Although several authors 
have concluded that responses owing to central and cutaneous temperatures 
combine additively, a careful analysis of relevant data suggest that a multiplica-
tive combination is more appropriate.

We note that since the quadruple product, AVD × CVCM × CVCL × CVC, has 
a value of unity for the reference state, Tc < 37.0°C, Ts = 34.5°C, Ts = 34°C, and 
�VO r2 , < 0.5, it must be multiplied by qs,r. our estimate of qs,r is 14.7 ml/(100 cc of 

skin min), which is consistent with an FBF reference value of 3.0 ml/(100 cc min). 
Hence, we have

 
q AVD CVCM CVCL CVCE ml blood

cc of tissues =14 7
100

.
m

× × × ×
iin  

(8.15)
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A study that supports our hypothesis concerning the combined effect of the 
four factors was performed by Nadel et al. [52]. They used VoP to measure FBF in 
three relatively fit young men who performed moderate and heavy cycling exer-
cise at three room temperatures: 20°C, 26°C, and 36°C. Corresponding mean 
skin temperatures were approximately 32.0°C, 33.5°C, and 35.5°C. The esoph-
ageal temperature varied from 37.1°C to 37.7°C during exercise at 40% �VO max2 , , 
and from 37.1°C to 38.8°C during exercise at 70% �VO max2 , . Forearm skin tempera-
ture was not measured. Data from that study are plotted in Figures 8.5 and 8.6. 
Corresponding values computed using Equations (8.1) and (8.19) and assuming 
that Ts =Ts are also plotted. R2 for the computed and measured values is 0.95. Two 
important conclusions can be drawn from the data plotted in Figures 8.5 and 8.6. 
one is that the slope of the Tes–FBF relationship increases with increasing Ts, and 
the other is that FBF is suppressed by moderate exercise.

8.4.3.8 Comparison of Computed and Measured Forearm Blood Flow (FBF) Data

Although the definitions of CVCM, CVCL, and CVCE are based on relatively 
recent CVC data, it would be imprudent to ignore earlier FBF data. FBF mea-
sured by VoP includes blood flow to both skin and muscle. While several stud-
ies have established rather conclusively that forearm qm does not increase with 
bodily temperature, the possibility remains that it decreases under hypothermic 
conditions, and FBF data tend to support that possibility.

In Figure 8.7, values of FBF computed using the algorithm described above 
are compared with measured values reported by various investigators. That com-
parison certainly lends credence to the validity of our approach.
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8.4.4 Regulation of Sweating

Sweating is essential for survival in a warm environment. Various studies have 
established that the neutral range of skin temperature for resting individuals is 
approximately 33°C to 35°C. In other words, 35°C is the maximum mean skin 
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Figure 8.6 FBF measured by Nadel et al. [52] for exercise at 70% of �VO max2,
and Ts = 32.0°C (circles), 

33.6°C (squares), and 35.5°C (triangles). Filled symbols identify measured values, and open symbols 
identify computed values.

0

5

10

15

20

25

0 5 10 15 20 25
Measured FBF: ml/(100 ml min)

Co
m

pu
te

d 
FB

F:
 m

l/(
10

0 
m

l m
in

)

Figure 8.7 Comparison of computed and measured FBF.
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temperature for which heat generated in metabolically active organs at their nor-
mal temperatures can be transported to the skin. If 80 W of metabolically gener-
ated heat are transferred from skin to air by convection and radiation, and the 
combined heat transfer coefficient is 10 W/(m2 °C), the mean skin-to-air tem-
perature difference is roughly 4°C. It follows that resting individuals must sweat 
when the air temperature is above 31°C.

Basic attributes of sweating are summarized below:

 1. Local sweat rate (SR) is affected by Tc , Ts, and Ts.
 2. Sweating at a given thermal state appears to be greater during exercise 

than during rest.
 3. Local sweat rate varies over the surface of the body. In general, the slope 

of the Tc–SR relationship is greater on surfaces where sweating begins 
early as Tc increases.

 4. Fitness and heat acclimation both facilitate sweating.
 5. Prolonged wetting of skin reduces sweat secretion—a process known as 

hidromeiosis.

Although sweating is absolutely essential to survival in a hot environment, it 
is actually a rather crude thermoregulatory mechanism. Sweat is secreted copi-
ously during severe heat stress, but the rate of evaporative cooling is often limited 
by the rate of diffusion of water from skin to air, rather than by the rate of sweat 
secretion. In a humid environment, sweating may have little effect on thermal 
response.

8.4.4.1 Measurement of Sweat Rate

Continuous weighing of a subject, with suitable allowance for respiratory loss of 
mass, is the preferred technique for determining the transient whole-body rate of 
sweat evaporation. Local rates of sweat secretion are usually determined by mea-
suring the rate of evaporation under a capsule ventilated with a steady stream of 
dry air with resistance hygrometry used to measure the humidity of the effluent 
air stream [64]. While that technique is useful for assessing the effect on sweating 
of various factors, such as heat acclimation, it is difficult to determine the whole-
body rate of sweat secretion from local values [65].

Sweat rates measured on several skin areas in a single study indicate that 
the slope of the Tc–SR curve and Tc,th for sweating vary from region to region. 
Figure 8.8 shows how the local sweat rate at six sites increased with time dur-
ing exhaustive exercise (90% of �VO max2 , ) in 30°C air [66]. Since the esophageal 
temperature during those trials increased at the rate of 0.2°C/min, the sweat-
ing sensitivity for the chest was roughly 0.1 mg/(min cm2 °C). Sweating began 
almost simultaneously on the abdomen, chest, and back. Sweating on the fore-
arm began about 2.25 minutes later, which corresponds to a 0.45°C higher Tc,th.  
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Central threshold temperatures for sweating on the thigh and upper arm were 
0.6°C and 0.8°C higher, respectively, than Tc,th for the chest. Moreover, as Nadel 
et al. [67] noted, there appears to be a tendency for lower sweating sensitivity on 
areas that have higher Tc,th.

8.4.4.2 An Algorithm for Computing the Sweat Rate

The discussion in this section focuses on the dependence of sweating on thermal 
factors, acclimation to heat, fitness, and exercise. Two papers by Nadel and his 
colleagues [67,68] defined the principal characteristics of sweating. In the fol-
lowing discussion of those papers, central temperature refers to the esophageal 
temperature, and sweat rate is defined as grams of sweat produced per square 
meter of skin per second. Since the latent heat of vaporization of water at 32°C is 
2425 J/gm, evaporation at the rate of 0.1 gm/(m2 s) removes heat at the rate of 
242.5 W/m2. For a person whose body surface area is 1.8 m2, an evaporation rate 
of 0.1 gm/(m2 s) corresponds to a whole-body evaporation rate of 0.65 kgm/hr.

The first paper by Nadel et al. [68] described experiments in which they con-
tinuously measured the weight of supine, seminude subjects supported on 5 cm 
fish netting suspended from an aluminum frame on a sensitive beam balance. A 
subject’s anterior skin temperature was rapidly varied by controlling the radiant 
heat flux from lamps located overhead. Esophageal temperature was increased 
by imposing brief periods of exercise between observation intervals. This study 
yielded a canonical relationship between sweat rate and relevant body tempera-
tures. That relationship has the following form:
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Figure 8.8 Change in sweating over different skin areas at the start of heavy exercise in 30°C room 
air. The solid line is an average of five observations and the other five curves are single observations plot-
ted in time and magnitude relative to the chest curve. (Saltin et al. [66], Figure 7. With permission.)
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in which the term that involves dT
dt

s  is included only if dT
dt

s  < –ro °C/min. A specific 
example for whole-body sweating (derived by Nadel et al. from mean data for six 
resting subjects with Tty < 37.5°C) is
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The second paper by Nadel et al. [67] refined and extended concepts presented 
in the first paper. Three relatively fit male subjects performed 10-minute bouts of 
cycling exercise at 80% of �VO max2 , . Ambient conditions were an air temperature of 
26°C and a relative humidity of 40%. A sensitive beam balance was used to mea-
sure whole-body weight loss. Data from two sweat collection capsules placed on 
various skin areas established that sweat secretion was initiated on different areas 
at different esophageal temperatures. In general, early sweating was associated 
with high local sensitivity (i.e., with a larger slope of the Tes–SR relationship).

Nadel et al. interpreted Equation (8.17) as the product of a central drive 
that increases linearly with central and mean skin temperatures, and a periph-
eral modifying factor that increases exponentially with local skin temperature. 
They also concluded that the increase in central drive per degree increase of Tes 
is approximately 10 times the increase per degree of Ts. In addition, they con-
cluded that the natural logarithm of the peripheral factor increases 0.1 per degree 
increase of local skin temperature.

Nadel et al. [67] correlated their data for the steady-state rate of sweating on 
the chest with the following equation:

 
SR T T T
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
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2
. gm

m s  
(8.18)

They hypothesized that the last term [0.033 gm/(m2 s)] represents the mini-
mum rate of glandular secretion for which sweat is expelled from sweat ducts; 
in other words, they assumed that sweat secreted from a gland at less than 
0.033 gm/(m2 s)] is reabsorbed through the surface of the duct and does not reach 
the skin surface.

other research studies clarified certain aspects of sweating without chang-
ing appreciably basic tenets presented above. Wurster and McCook [69], Saltin  
et al. [66], and Wyss et al. [43] also observed that sweating is strongly attenuated 
by falling mean skin temperature. Wyss et al. [43] measured sweat rate under a 
capsule on the forearm during direct heating and cooling of four male subjects. 
Skin temperature was rapidly varied by controlling the temperature of water in a 
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tube suit worn by the subjects, as shown in Figures 8.1 and 8.2 of their article [43]. 
Data for their subjects were well represented by the following equation:

 
SR T T

dT
dtes s

s= - + - + +a b d( . ) ( . )36 5 33 0 g
 

(8.19)

in which a = 0.12 (0.002) gm/(m2s°C), β = 0.013 (0.0005) g/(m2s°C), and γ =  
–0.11) g/(m2 s). The parameter, δ, varies depending on the sign of dT

dt
s . When dT

dt
s  

is positive, δ = 0.026 (0.005); and when dT
dt

s  is negative, δ = 0.015 (0.002). Values 
within parentheses are standard deviations. It is not surprising that parameters 
derived from this study are different from those reported by Nadel et al. [67], 
because sweat rate on the forearm was measured in this study while whole-body 
sweat rate was measured by Nadel et al., and it is well known that sweat secretion 
is not uniform over the skin surface.

We will adopt Equation (8.16) as the basic relationship defining the local rate 
of sweating in terms of Tc, Ts, dT

dt
s , and Ts. Application of Equation (8.16) requires 

specification of seven parameters, which calls for some rather arbitrary decisions. 
First, we assume that β ≈ (0.05 to 0.1) a, which is consistent with results from sev-
eral studies [66,67]. Accepting the values reported by Nadel et al. [68] for γ, δ, and 
ro yields the following relationship between sweat rate and thermal factors:
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If we also assume that Ts,o =Ts o, , Equation (8.20) then contains three arbitrary 
parameters: the sweating sensitivity, a, and two reference temperatures, Tc o,  and 
Ts o, . The reference temperature Ts o, can be specified arbitrarily, because it appears 
in combination with a and Tc o, , at least during heating, which is our primary 
concern. Setting Ts o, = 34.0°C leaves two parameters to be specified, a and Tc,o. 
Results from several experimental studies are summarized in Table 8.2.

Unfortunately, the wide range of values in Table 8.2 makes assigning appro-
priate values to a and Tc,o rather difficult. For young resting individuals who are 
neither especially fit nor heat acclimated, we will use Equation (8.11) from the 
paper by Saltin et al. [66], expressed as follows:
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The parameters shown in Equation (8.21) might appear to be odd choices because 
a = 0.046 gm/(m2s°C) is certainly on the low end of the values in Table 8.2. 
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However, those values were chosen because they are based on whole-body data 
collected for both resting and exercising subjects over a considerable period of 
time at the Pierce Foundation Laboratory. By comparison, data published in sev-
eral papers by Nadel and colleagues indicate that local sweat rates measured with 
aspirated capsules tend to be higher than whole-body rates measured under simi-
lar conditions [66,67].

8.4.4.3 Effect of Acclimation to Heat and Fitness on Sweating

Since the purpose of sweating is to facilitate heat removal from skin when con-
vective and radiative heat transfer are inadequate, the rate of sweat secretion is 
determined primarily by thermal factors. However, that does not preclude the 
possibility that nonthermal factors also influence sweating. We will consider 
four possible nonthermal factors: acclimation to heat, fitness, exercise, and skin 
wettedness.

Various studies have shown that enhanced sweating is the principal effect 
of acclimation to heat, which can be realized either by reducing the threshold 
central temperature for sweating or by increasing the slope of the Tes–SR rela-
tionship. In their third paper, Nadel et al. [72] investigated the separate effects 
of physical training and heat acclimation on sweating. Six relatively unfit men 
underwent physical training by cycling 1 hour per day for 10 consecutive days 
in a cool environment (Ta = 22°C). Physical training was followed by a similar 
period of acclimation to heat effected by exercise in a warm, dry environment. 
The sweat sensitivity of each subject was determined by measuring the rate of 

Table 8.2 Threshold Central Temperature for Sweating and Sweat Sensitivity 
Determined in Various Studies

First Author Activity Skin Area Tc,th (°C)
Sensitivity 

(gm/(m2s°C))
 

Nadel et al. [68] Rest Thigh 37.2 0.06
Mack et al. [70] Rest Chest 36.8 0.30
Kondo et al. [71] Rest Forearm 36.8 0.19
Kondo et al. [71] Exercise Forearm 36.8 0.12
Nadel et al. [68] Exercise Chest 36.6 0.21
Nadel et al. [72] Exercise Chest 37.4 0.21
Roberts et al. [73] Exercise Chest 37.5 0.178
Pandolf et al. [74] Exercise Upper arm 37.0 0.083
Cotter et al. [75] Exercise Mean of eight sites 36.9 0.58
Patterson et al. [76] Exercise Mean of five sites 37.0 0.7
Nadel et al. [68] Rest Whole body 36.7 0.08
Hardy [77] Rest Whole body 36.6 0.07
Stolwijk [78] Rest Whole body 37.0 0.038
Saltin et al. [66] Exercise Whole body 36.4 0.046
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sweat secretion on the chest as a function of esophageal and local skin tempera-
tures. The authors concluded that physical training and heat acclimation both 
enhance the rate of sweat secretion at given values of esophageal and mean skin 
temperature, although they do so by entirely different mechanisms. Physical 
training increases the slope of the Tes–SR relationship; that is, it increases the 
value of a in Equation (8.16). Heat acclimation, on the other hand, lowers the 
threshold central temperature for initiating the central drive for sweating. These 
studies were conducted with each subject serving as his own control, and while a  
majority of the subjects responded as described above, some exhibited little 
response, or even responded negatively.

Results from a subsequent study by Roberts et al. [73] were consistent with the 
conclusions of Nadel et al. [72]. Roberts et al. also employed a two-step procedure 
(10 days of exercise training followed by 10 days of heat acclimation) to assess  
the effect of training and acclimation on chest sweating. Mean values of the slope 
and threshold temperature are shown in Table 8.3. Although those values suggest 
that the slope increases with training and heat acclimation, differences between 
the three conditions were not statistically significant.

Pandolf et al. [74] studied the effect of 10 days of heat acclimation on the rela-
tionship between rectal temperature and whole-body sweat rate for two groups of 
subjects, one young and the other middle-aged. Their results are summarized in 
Table 8.4. The difference in slopes and threshold temperatures between this study 
and the study of Roberts et al. [73] can probably be attributed to the fact that 
Roberts et al. measured local sweating on the chest, while Pandolf et al. measured 
whole-body sweating. otherwise, results from the two studies are consistent in 
that they show a small increase in slope and a 0.3°C decrease in threshold tem-
perature with acclimation.

Table 8.3 Effect of Training and Heat Acclimation on Sweating Parameters

 Pretraining Posttraining Postacclimation
 

Slope: gm/(m2s°C) 0.16 0.22 0.24
Threshold temperature: °C 37.5 37.4 37.3

 
Source: Roberts et al. [73].

Table 8.4 Effect of Heat Acclimation on Sweating Parameters

Slope: gm/(m2s°C) Threshold Temperature: °C

Day 1 Day 10 Day 1 Day 10
 

Young 0.083 0.098 36.99 36.67
Middle-aged 0.078 0.105 36.79 36.64

 
Source: Pandolf et al. [74].
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Similar results were reported by Armstrong and Kenney [79], who studied 
the effect of age and heat acclimation on the mean body temperature (defined as 
0.8 Tre + 0.2 Tsk )–sweating relationship during 90 minutes of passive heating. In 
both groups, 9 days of acclimation lowered the threshold mean body temperature 
about 0.4°C.

8.4.4.4 Effect of Exercise on Sweating

The effect of exercise on sweating is mildly controversial. Van Beaumont and 
Bullard [80] were the first to investigate carefully whether exercise directly affects 
sweating. They used resistance hygrometry to measure the rate of sweating under 
7 cm2 capsules located on the forearm and calf. Subjects exercised at 160 W on a 
cycle ergometer after an initial, 1-hour period of rest in the test chamber. When 
the chamber temperature was 37.5°C, light sweating occurred before exercise 
began. Under those conditions, definite increases in sweat rates on both the rest-
ing forearm and the working leg were observed within 2 seconds of the onset of 
exercise, before any change in central or skin temperature occurred. When the 
chamber temperature was 30°C, preexercise sweating was absent and sweating 
began after 30 to 80 seconds of exercise.

In a subsequent investigation, Gisolfi and Robinson [81] also observed rapid 
changes in the rate of sweat secretion during intermittent dynamic exercise when 
subjects had a warm core (Tc above 38°C), a warm skin (Tsk above 35.5°C), or 
both. Robinson [82] and Robinson et al. [83] reported that, for a given thermal 
state defined by central temperature, mean skin temperature, and body heat load, 
the rate of sweating is higher during exercise than during rest.

Similar results were reported by yanagimoto et al. [84], whose subjects cycled 
for 80 seconds at 30, 50, and 70% of �VO max2 , in a chamber where the tempera-
ture was 35°C and the relative humidity was 50%. Those conditions caused light 
sweating during the 1-hour preexercise period. Increased sweating on the chest, 
thigh, and forearm was observed to begin during the first 2 to 16 seconds of exer-
cise. The latent period decreased and the rate of sweating increased with increas-
ing intensity of exercise.

yamazaki et al. [85] measured esophageal and mean skin temperatures and 
forearm sweat rates as six male subjects performed cycling exercise that varied 
sinusoidally in intensity from 10% to 60% of �VO max2 , . Four periods (1, 3, 4, and 
8 seconds) were employed. Since sweat rate varied sinusoidally during the 1- and 
3-second oscillations even though there was little variation in esophageal or 
mean skin temperature, yamazaki et al. [85] concluded that exercise modulates 
sweat rate.

Tam et al. [86] studied two subjects, one normal and the other paraplegic, 
during passive heating and during exercise. During exercise in a warm envi-
ronment, a sharp increase in whole-body sweat rate (evaluated as a weighted 
mean of four local sweat rates) [65] was observed before there was a measurable 
increase in aural or mean skin temperature. The initial sharp increase in sweat 
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rate was followed by a slower increase with increasing central temperature. The 
slope during the second phase was similar to the slope for passive heating, but an 
apparent threshold central temperature obtained by extrapolating the tympanic  
temperature–SR curve to zero sweat rate was about 1°C lower than the threshold 
tympanic temperature for rest.

Although a considerable body of evidence exists indicating that sweating is 
enhanced during dynamic exercise, results from other studies fail to support that 
concept. For example, Johnson and Park [46] observed that Tes–forearm sweating 
relationships for supine rest and upright exercise were virtually identical. In both 
cases, subjects wore a liquid-perfused suit that maintained a mean skin tempera-
ture of 38.0 to 38.5°C. one difference between those experiments and the experi-
ments of Van Beaumont and Bullard [80] and Gisolfi and Robinson [81] is that 
light sweating was present in the latter two studies, which exhibited an enhance-
ment of sweating when work commenced, while that apparently was not true of 
the study by Johnson and Park.

Saltin et al. [66] performed a series of experiments with one subject to define 
more clearly how exercise affects the onset of sweating. Their subject cycled at 
90% of �VO max2 , in a chamber where the temperature was 30°C and the humidity 
was low. No sweating was observed during the first minute of exercise, but by the 
end of the second minute, sweating occurred on at least 50% of the skin.

8.4.4.5 Hidromeiosis

Another nonthermal effect is hidromeiosis, which defines the progressive sup-
pression of sweating when the skin is wet. An early description of hidromeiosis 
was published by Taylor and Buettner [87], who presented previously unpublished 
data collected in 1932, 1942, and 1946. Although their analysis is somewhat lim-
ited by the assumption that the thermal drive for sweating is proportional to the 
mean skin temperature, their data indicated clearly that sweat secretion depends 
on environmental factors, such as humidity, wind speed, and air pressure, which 
they called the “environmental effect.” They concluded that any environmental 
factor that facilitates evaporation of sweat promotes sweat secretion at a given 
mean skin temperature. The presence of water on the skin, whether caused by 
intense sweating or by immersion, inhibits sweat secretion [88,89].

Brown and Sargent [90] also conducted an extensive study of hidromeiosis, 
from which emerged the following six characteristics:

 1. In an environment of constant high ambient temperature, a person 
exhibits initially an outburst of sweating that reaches a peak in 1 to  
2 hours, after which the rate progressively declines.

 2. The rate of decline is steeper in moist heat than in dry heat.
 3. The degree of sweat depression appears to be related to the magnitude of 

the initial maximum rate, suggesting that a threshold rate of sweating 
must be reached to initiate hidromeiosis.
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 4. Hidromeiosis does not appear to be an adaptive process, since frequently 
the rectal temperature rises in the face of the declining sweat rate.

 5. Dehydration may accelerate hidromeiosis.
 6. The duration of exposure to thermal stress, rather than the intensity of 

work, appears to be a factor in the occurrence of hidromeiosis.

Brown and Sargent [90] concluded that there is a threshold rate of sweating 
below which hidromeiosis does not occur, and that rate is sufficient to maintain 
a fully wetted skin. Since hidromeiosis usually becomes apparent only after 1 or 
2 hours of intense sweating, it is not normally a factor in experiments of shorter 
duration.

Two very interesting early studies conducted by Gerking and Robinson [91,92] 
were consistent with the first four points of Brown and Sargent [90]. Male subjects 
in the Gerking-Robinson studies walked for 6 hours with a 5-minute break for 
weighing at the end of each hour. The predominant metabolic rate was 220 W/m2,  
although that was reduced to 150 W/m2 for several subjects. Experiments were 
carried out under two different ambient conditions: humid, and hot and dry. 
Humid conditions involved an air temperature of 31.9°C to 38°C and rela-
tive humidity of 95% to 51%. In the hot and dry conditions, air temperature 
ranged from 40.0°C to 50.1°C with a relative humidity of 38% to 18%. Subjects 
either wore shorts, shoes, and socks, or a poplin tropical uniform, shoes, and  
socks.

In 50 experiments, the average rate of sweating during the first 2 hours was 
1400 gm/hr. The rate of sweat secretion during the sixth hour varied from to 10% 
to 80% of the initial rate, depending on environmental conditions, with high 
humidity resulting in a pronounced decline in the rate of sweating. Subjects were 
able to maintain a steady sweating rate of 780 gm/hr in moderate conditions.

The Robinson-Gerking studies [91,92] are unique in that they evaluated the 
effect of clothing on sweat secretion. As expected, clothing inhibited evapora-
tion of sweat, and excess sweat accumulated on the skin and in the clothing. 
Consequently, the rate of sweat secretion by clothed subjects decreased continu-
ously after the second hour, and by the fourth hour, the rate of evaporation was no 
longer sufficient to prevent skin and rectal temperatures from increasing. Sweat 
deficiency during the last 3 hours of work was partially alleviated by evaporation 
of sweat that had accumulated in the cotton uniform during the first 3 hours (as 
much as 800 gm in one case).

Nadel and Stolwijk [93] studied hidromeiosis as one part of the series of inves-
tigations discussed above. In the hidromeiosis study they reduced the amount of 
sweat accumulated on skin either by wiping the skin with a towel, or by increas-
ing the wind speed to facilitate evaporation. In both cases, they observed that 
drying the skin promptly increased the rate of sweat secretion. Qualitatively, 
their observations were similar to those of Brown and Sargent [90].
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Candas et al. [94] investigated the effect on hidromeiosis of acclimation to 
humid heat. Their study took place over 10 consecutive days during which eight 
subjects clad only in shorts reclined for 2 hours and 45 minutes on a web bed 
in a humid environment. The initial rate of sweat secretion for seven subjects 
increased linearly with days of acclimation; the eighth subject showed no effect of 
acclimation. Candas et al. found that the rate of decline of sweat secretion owing 
to hidromeiosis was proportional to the rate of sweat secretion during the prehi-
dromeiosis period. Their data are well represented by the following relationship:

 SR SR t to o= - -[ . ( )]1 0 009  (8.22)

where SRo is the maximum rate of sweat secretion before the onset of hidromeio-
sis at to. Time is measured in minutes. The degree of sweat secretion attenuation 
observed by Candas et al. is several times larger than was observed by Robinson 
and Gerking [92]. Based on their observations of sweat secretion (deduced from 
the rate of sweat drippage), Candas et al. concluded that hidromeiosis does not 
occur on a given region until it is fully wet.

From the limited point of view of thermoregulation of nude subjects, hidromei-
osis is unimportant, because it does not occur until an area is fully wet, and then 
the rate of evaporation is determined by environmental conditions. Nevertheless, 
hidromeiosis cannot be completely neglected for two reasons. one is that the rate 
of sweat secretion affects one’s level of hydration when adequate water replace-
ment does not occur, and appreciable dehydration has thermoregulatory con-
sequences. Another reason is that excess sweat accumulates in garments and 
changes their physical properties. For example, as noted above, Robinson and 
Gerking noted that one subject accumulated 824 grams of sweat in his poplin 
uniform during the first 3 hours of walking at a metabolic rate of 220 W/m2 
under hot and dry conditions. During the last 3 hours of the 6-hour experiment, 
his sweat rate was below the rate of evaporation from his clothing, and one-third 
of the previously accumulated sweat evaporated.

8.4.4.6 Comparison of Computed and Measured Whole-Body Sweat Rates

Values computed using Equation (8.21) with suitable modification to account 
for the effect of training, heat acclimation, and exercise are compared with 42 
experimentally observed values in Figure 8.9. Tes,o was assigned a value of 36.7°C 
for resting nonacclimated individuals. We assumed that acclimation plus train-
ing reduce Tes,o by 0.3°C, and exercise reduces Tes,o by 0.9°C; the two effects are 
additive. Represented are three combinations of acclimation and exercise: unac-
climated rest, unacclimated exercise, and acclimated exercise. Although agree-
ment between computed and measured values might be improved by modifying 
the factors given above, which are supported by experimental data, those factors 
provide acceptable agreement between computed and measured values.
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8.4.5 Shivering

During exposure to extreme cold, metabolic heat generation owing to shivering 
can approach five times the resting metabolic rate [95]. While shivering helps to 
prevent hypothermia under most conditions, the net benefit may be small during 
immersion in cold water, because peripheral blood flow also increases. Shivering 
responds to signals generated both centrally and peripherally.

8.4.5.1 An Algorithm for Computing the Rate of Shivering Metabolism

our basic representation of shivering is derived from the study of Hayward 
et al. [96], who measured the oxygen consumption rate together with tympanic 
and rectal temperatures in two groups of subjects during immersion in 10°C 
water. one group had a mean skinfold thickness of 7.8 mm, while the mean 
skinfold thickness of the other group was 10.4 mm. That study is particularly 
interesting because it demonstrates that shivering, unlike skin blood flow and 
sweating, exhibits a rather clear dependence on the rate of change of mean skin 
temperature.

Two other studies suggest that shivering is also stimulated by rapidly falling 
central temperature. Piantadosi et al. [97] attributed enhanced shivering to rapid 
central cooling (defined in terms of changing rectal temperature) in subjects who 
breathed hyperbaric heliox at pressures corresponding to depths of 1400 and 
1800 ft sw. In the other study, Nadel et al. [98] induced a rapid 0.6°C decrease in 
tympanic temperature by having subjects ingest 500 gm of ice cream during a 
10-minute interval. They attributed the ensuing sharp, brief interval of enhanced 

0

0.04

0.08

0.12

0.16

0.20

0.24

0.28

0 0.04 0.08 0.12 0.16 0.20 0.24 0.28
Measured SR: gm/(sq m sec)

Co
m

pu
te

d 
SR

: g
m

/(s
q 

m
 se

c)

Figure 8.9 Comparison of sweat rates computed using Equation (8.21) with corresponding measured 
values. Filled circles denote acclimated exercising subjects, open circles denote unacclimated exercising 
subjects, and open triangles denote unacclimated resting subjects.
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shivering to the transient decrease in central temperature. However, we will 
not include this factor in the shivering algorithm because there are not enough 
experimental data to define the effect, and it is unlikely to be important in most 
situations to which thermal models are applied.

Consequently, we assume that the rate of shivering can be represented as the 
sum of two parts:

 M M Msh sh sh= +, ,1 2  (8.23)

Msh,1 , which accounts for the effect of rapidly decreasing mean skin temperature, 
is defined as follows:

 

dM
dt

F dT
dt

Msh s
sh

,
,

1
1 1 1= 





- b
 

(8.24)

where F1 = 0 if –1.5°C/min < dT
dt

s ; F A dT
dt

s
1 1 1 5= - -( . ) if –3.5°C/min < dT

dt
s < –1.5°C; 

and F1 = 2.0  A1 if
dT
dt

s < –3.5°C/min. According to this model, slowly decreasing Ts 
does not stimulate shivering, and a maximum stimulus occurs when Ts decreases 
more rapidly than –3.5°C/min. Values of the two parameters are A1 = 120 W/°C 
and β1 = 0.5 m–1.

Under most conditions, the largest contribution to shivering is provided by 
Msh,2, which is defined as follows:

 

dM
dt

F T T Msh
c s sh

,
,[ ( , ) ]2

2 2 2= -b
 

(8.25)

in which F2 (Tc, Ts) is the rate of shivering normally observed under steady-state 
conditions. The value of β2 is 0.177 m–1. Specific relationships for F2 can be derived 
from papers by Hayward et al. [96] and Tikuisis and Giesbrecht [99]. We use the 
function defined by Tikuisis and Giesbrecht with slightly modified parameters.

 
F T T Tc s s

2
155 5 36 6 1 57 28 0 47 0 30 0= - - - - -. ( . ) [ . ( . ) . ]( . )

BBF  
(8.26)

where BF is the percentage of body fat.
Benzinger [100] concluded from his extensive early study of shivering that 

shivering metabolism decreases when the mean skin temperature is below 20°C. 
Although several of his hypotheses were refuted by subsequent investigators, a 
recent study by Tikuisis and Giesbrecht [99] seems to support his hypothesis con-
cerning the effect of skin temperature on shivering. Accordingly, when Ts < 20°C,  
we reduce the shivering rate computed according to Equation (8.26) by adding 
the multiplicative factor,1 0 0 004 20 0 2. . ( . )- - Ts .
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8.5 model Performance

As we mentioned earlier, an important objective of this chapter is to investigate 
whether physiological control functions determined in their own right allow an 
acceptable description of human thermal regulation when incorporated into a 
human thermal model. Before we consider specific cases, it is worthwhile to dis-
cuss several factors relevant to comparison of computed and measured values. 
We start with the following quotation attributed to W. I. Beveridge (1908), which 
appears in the last paragraph of Rowell’s book on human circulation: “No one 
believes an hypothesis except the originator, but everyone believes an experiment 
except the experimentor” [31].

Probably the greatest frustration encountered by a physical scientist engaged in 
human thermal modeling is the biological variability of individuals. Physiological 
experiments usually involve a small number of subjects whose physical charac-
teristics may vary considerably. For example, the physical characteristics of eight 
subjects in the cold-immersion experiments performed by Hayward et al. [96] are 
summarized in Table 8.5.

The mean rectal temperature of the first three less fat subjects decreased to 
34.0°C during 45 minutes of immersion in 10°C water, while the mean rec-
tal temperature of the other five fatter subjects remained above 34.5°C during 
60 minutes of immersion at the same temperature. Clearly, subcutaneous fat 
thickness affects an individual’s response to severe cold, but can we assume that 
the response of an individual with mean physical characteristics is the same  
as the mean response of a group with diverse characteristics?

In general, models easily account for two variable physical factors, body mass 
and subcutaneous fat thickness, although, as we saw earlier, fat thickness deter-
mined using calipers may be quite inaccurate. Degree of acclimation to heat and 

Table 8.5 Physical Characteristics of Subjects in the 
Cold-Immersion Study of Hayward et al.

Subject
 Age 

(years)
Weight 
(kgm)

Height 
(cm)

Skinfold 
(mm)a

 
1 21 71.4 188.4 7.4
2 21 75.9 179.1 7.8
3 22 80.9 181.3 8.2
4 21 64.5 174.2 9.0
5 20 92.7 193.0 9.8
6 20 76.4 181.6 10.3
7 22 74.1 178.5 11.0
8 26 76.8 185.4 12.0

 
a Mean of thicknesses at four sites.
Source: Hayward et al. [96].
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physical fitness can also be important factors under particular conditions, but 
they are not usually reported. In addition, factors such as the threshold tempera-
tures for active vasodilation and the onset of sweating vary considerably between 
individuals and from day to day for a given individual.

Another important consideration is lack of precision in measured values. 
For example, the central temperature for thermoregulatory control is usually 
approximated by the rectal, esophageal, or tympanic temperature, none of which 
provides a consistently accurate approximation for the temperature of the inac-
cessible hypothalamus. Measured central temperatures may differ from one to 
another by as much as 1°C during transient periods. The disparity is illustrated 
in Figure 8.10 and discussed more fully following Figure 8.11.

Mean skin temperature typically determined as the weighted mean of six to 
ten skin temperatures is only an approximation for the true mean skin tempera-
ture. In addition to the problem of definition, we note that simply taping a ther-
mocouple on the skin alters the temperature of the skin. Moreover, there is very 
little experimental evidence pertaining to the integrated cutaneous input when 
conditions vary considerably over the surface of the body, for example during 
partial immersion in cold water.

In summary, differences between computed and measured values should not 
automatically be attributed to deficiencies in the model; valid reasons for the dif-
ferences may be attributable to the manner in which the experiment was per-
formed, or the results are interpreted.
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Figure 8.10 Measured and computed temperatures for seminude subjects resting for 60 minutes at 
18°C, 120 minutes at 42°C, and 60 minutes at 18°C. Plotted are the measured tympanic (filled circles), 
rectal (filled triangles), and mean skin temperatures, and the computed esophageal (open circles) and 
mean skin temperatures (open triangles).
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We will compare computed and measured values for four cases. The first case 
involves extended exposure of resting subjects to a hot environment, the sec-
ond case involves exercise at three intensities in cool and warm environments, 
the third case involves passive exposure to cold air, and the fourth case involves 
immersion in cold water. In each case, subjects were seminude, which eliminates 
uncertainty associated with modeling clothing and provides a clearer evaluation 
of the physiological model. These particular cases were chosen to test the model 
because we have experimentally measured values for one or two central tempera-
tures, a mean skin temperature, the metabolic rate, and the rate of evaporative 
cooling (when sweating is an important factor).

8.5.1 Passive Exposure to Heat

The first case is one of many reported by Hardy and Stolwijk [77,78]. Their 
experiments carried out in the partitional calorimeter of the Pierce Foundation 
Laboratory at yale University were fairly unique in that the rate of sweat evapo-
ration was measured continuously using a sensitive beam balance to record sub-
ject weight. Seminude subjects sat quietly in a chair during the experiment, with 
minimal air movement in the chamber. The rate of oxygen uptake, rectal temper-
ature, tympanic temperature, and mean skin temperature were also measured.

Plotted in Figures 8.10 and 8.11 are results for a 4-hour experiment in which 
three subjects spent the first hour in a chamber where Tair = 18°C, the next 
2 hours in a chamber where Tair = 42°C, and the fourth hour back in the first 
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Figure 8.11 Measured (filled circles) and computed (open circles) rates of evaporative cooling for the 
conditions shown in Figure 8.10.
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chamber. Computed values of the esophageal temperature, mean skin tempera-
ture, and rate of evaporative cooling are plotted.

Several points are worth mentioning about the results of this case. First, a sig-
nificant difference exists between measured rectal and tympanic temperatures. 
The difference is largest during relatively steady conditions at the beginning 
and end of the experiment, when the rectal temperature is approximately 0.5°C 
higher than the tympanic temperature. That difference is fairly typical of steady-
state rectal and tympanic temperatures. During the initial heating period, the 
rectal temperature decreased for 20 minutes (presumably owing to an increase 
in peripheral circulation), while the tympanic temperature increased. Because 
the tympanic temperature increased more rapidly than the rectal temperature 
immediately after subjects moved into the warm room, the difference between 
the two temperatures was negligible during much of the heating period. It should 
be noted that part of the increase in tympanic temperature was probably due 
to the influence of ambient air temperature on tympanic temperature. Several 
studies have established that tympanic temperature is affected by ambient tem-
perature, although the cause is not clear. one likely cause is that venous drainage 
from the face affects temperature in the ear through countercurrent exchange of 
heat with blood in the carotid artery. Since the actual change in arterial blood 
temperature was probably intermediate between changes in the rectal and tym-
panic temperatures, the computed change in esophageal temperature may be 
slightly too large.

Agreement between measured and computed mean skin temperatures is rea-
sonable given the problems associated with such measurements. The reason for 
the sizeable temperature disparity during the third phase of the experiment is 
unknown. Agreement between measured and computed rates of evaporative 
cooling is excellent.

8.5.2 Exercise at Three Intensities and Two Temperatures

Experiments simulated in the second case were also carried out in the Pierce 
Foundation partitional calorimeter [101]. This case differs from the previous case 
in that this study involved a seminude subject who performed cycling exercise at 
three intensities (25%, 50%, and 75% of �VO max2

, ). Measured results for this case 
are particularly interesting because they are for one subject, instead of being 
mean values for five or six subjects. Hence, we are simulating the behavior of a 
subject for whom all of the physical parameters are known.

Rectal, active muscle, and mean skin temperatures were measured together 
with the metabolic and evaporative cooling rates. Measured and computed 
results are plotted in Figures 8.12 and 8.13 for 10°C ambient conditions, and in 
Figures 8.14 and 8.15 for 30°C ambient conditions. Results for 20°C were consis-
tent with those two conditions.
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Figure 8.12 Measured and computed temperatures for a seminude subject during three periods of 
cycling exercise in 10°C air. Plotted are the measured rectal (filled circles), active muscle (filled squares), 
and mean skin (filled triangles) temperatures, and computed esophageal (open circles), muscle (open 
squares), and mean skin (open triangles) temperatures.
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Figure 8.13 Measured and computed metabolic (circles) and evaporative cooling (triangles) rates 
during cycling exercise in 10°C air. Filled symbols denote measured values and open symbols denote 
computed values.
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Agreement between measured and computed values for this rather demand-
ing case is reasonable. The greatest discrepancies are between measured and 
computed mean skin temperatures in the 30°C chamber, and between measured 
and computed active muscle temperatures in both chambers. The discrepancy 
between computed and measured mean skin temperatures could be caused by 
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Figure 8.14 Measured and computed temperatures for seminude subjects during three periods of 
cycling exercise in 30°C air. Symbols have the same meaning as in Figure 8.12.
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Figure 8.15 Measured and computed metabolic and evaporative cooling rates during cycling exercise 
in 30°C air. Symbols have the same meaning as in Figure 8.13.
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several factors, including uncertainty in the heat and mass transfer coefficients, 
improper distribution of sweat secretion, and errors in the computed local blood 
flow rates. The smaller than expected increase in computed muscle temperature 
might be attributable to our assumption that the entire mass of leg muscle par-
ticipates equally in the work of cycling, which is probably not true, especially at 
lower intensities of exercise.

8.5.3 Passive Exposure to Cold Air

The last two cases involve exposure to conditions sufficiently cold to invoke shiv-
ering. Experimental data for the third case were obtained from four studies [102–
105] performed at the Centre de Reserches du Service de Sante des Armees in 
Lyon, France. In those experiments, recumbent, seminude subjects were exposed 
for 2 hours to 1°C, 5°C, and 10°C air. Computed results are compared with mea-
sured values in Figures 8.16, 8.17, and 8.18.

Although there was some disparity between results from different studies, two 
rather interesting conclusions emerged from the observations. one is that shiv-
ering and strong vasoconstriction are able to prevent a large decrease in central 
temperature during several hours of cold-air exposure. The second, somewhat 
surprising conclusion is that a smaller decrease in central temperature occurs 
during exposure to 1°C air than during exposure to 10°C air, as is illustrated by 
the temperatures plotted in Figure 8.16. While that behavior can be attributed in 
part to the higher metabolic rate observed during exposure to 1°C air, as shown 

35

35.5

36

36.5

37

37.5

38

806040200 120100
Time: Min

Ce
nt

ra
l T

em
pe

ra
tu

re
: C

  

Figure 8.16 Measured rectal temperature [103] (filled symbols) and computed esophageal tempera-
ture (open symbols) during exposure of seminude subjects to cold air. Ambient temperatures were 1°C 
(squares), 5°C (triangles), and 10°C (circles).
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Figure 8.17 Measured [103] and computed mean skin temperature for seminude subjects during 
exposure to cold air. Symbols have the same significance as in Figure 8.16.
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Figure 8.18 Measured [103] and computed mean metabolic rate for seminude subjects during expo-
sure to cold air. Symbols have the same significance as in Figure 8.16. Measured values on the dashed 
lines are mean values for nine subjects [102,105].
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in Figure 8.18, enhanced vasoconstriction induced by rapidly decreasing skin 
temperature during exposure to 1°C air also seems to be involved.

It is difficult to compare computed and measured mean skin temperatures 
during the first few minutes of cooling because the measured values reported at 
time = 0 were apparently recorded after the cold exposure began. Nevertheless, 
it is encouraging to note that computed mean skin temperatures during the last 
half of the experiment are close to measured values.

The sizeable discrepancy between computed and measured metabolic rates 
might indicate that the shivering control function used in the model is inad-
equate, which is not totally unreasonable because it was derived from experi-
mental studies in which subjects were exposed to rather cold water, while these 
experiments involved less severe exposure to cold air. The experimental data plot-
ted in Figure 8.18 suggest that shivering began almost simultaneously with expo-
sure to cold air, but the data in Table 8.2 of the paper from which those data were 
taken [104] reported that shivering began after cold exposures of 6.1 minutes, 
15.7 minutes, and 17.5 minutes for air temperatures of 1°C, 5°C, and 10°C, respec-
tively. In addition, a graph of the mean metabolic rates for nine subjects during 
exposure to 1°C and 10°C air, represented by the broken lines in Figure 8.18, 
suggests that shivering develops more slowly in 10°C air than the data plotted in 
Figure 8.18 indicate. Although determination of shivering metabolic rate appears 
to be straightforward, that may not be completely true. Interested readers may 
want to read a discussion by Buskirk et al. [106] of possible artifacts that can 
affect such measurements during mild cold exposure.

8.5.4 Immersion in Cold Water

The fourth case provides a more severe test of the model’s ability to simulate 
responses to cold exposure. In these experiments, eight young men whose physi-
cal characteristics are shown in Table 8.5 were immersed to the neck in 10°C 
water. one criterion for termination of the experiment was a rectal temperature 
of 35°C. The three subjects with the lowest mean skinfold thicknesses reached 
that condition after 45 minutes of immersion, while five fatter subjects tolerated 
60 minutes of immersion. Measured rectal temperatures and computed esopha-
geal temperatures for the two groups are plotted in Figure 8.19. Measured and 
computed metabolic rates are plotted in Figure 8.20.

The computed change in esophageal temperature for the thin subjects (–1.5°C) 
is significantly less than the measured change in tympanic temperature (–2.8°C). 
on the other hand, the computed change in esophageal temperature for the fat-
ter subjects (–1.8°C) is close to the measured change in tympanic temperature 
(–1.9°C). While the second result is encouraging, it may be somewhat fortuitous 
because of differences that can occur between tympanic and esophageal tem-
peratures during periods of rapid change. It is disturbing that the model does 
not appear to account properly for the effect of subcutaneous fat thickness 
on response during immersion in cold water. Another important difference 

© 2009 by Taylor & Francis Group, LLC



  WHoLE-BoDy HUMAN THERMAL MoDELS 299

between computed and measured central temperatures for both groups is that 
the model does not account for the “after-drop” in central temperature, which is 
often observed in cold-immersion experiments. Unfortunately, the physical and 
physiological reasons for after-drop are unclear, and there is no obvious reason 
for the difference between simulated and observed responses.
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Figure 8.19 Measured tympanic temperature (filled symbols) and computed esophageal temperature 
(open symbols) during immersion in 10°C water. Circles denote heavy subjects (mean skinfold thickness =  
10.4 mm) and triangles denote thin subjects (mean skinfold thickness = 7.8 mm).
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Figure 8.20 Measured and computed metabolic rates during immersion in 10°C water. Symbols have 
the same significance as in Figure 8.19.
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A final comment about results for the third and fourth cases is in order. 
Although a strong objective of this development has been to establish that the 
physiological control functions for skin blood flow, sweating, and shivering 
determined without regard to thermoregulation per se yield a model with accept-
able thermoregulatory characteristics, it was necessary for the two cold-exposure 
cases to make some ad hoc adjustments. Although those adjustments are not sup-
ported by independent physiological experiments, neither do they violate such 
observations.

We found that the model responded properly to cold-air exposure only after 
it was modified by assuming that rapidly falling mean skin temperature causes 
vasoconstriction in inactive muscle and venoconstriction in the arms and legs 
(which increases arteriovenous countercurrent heat transfer). Unfortunately, 
changes required to conserve bodily heat during exposure to cold air also pre-
vented cooling during immersion in cold water, and, therefore, it was necessary 
to assume that those changes are reversed when the skin temperature falls below 
20°C. Hence, vasoconstriction in inactive muscle and venoconstriction were 
stronger during exposure to 1°C air than during exposure to either 10°C air or 
10°C water. Although independent experimental evidence supporting the sec-
ond assumption was reported by Cannon and Keatinge [107], the validity of both 
responses warrants further experimental investigation.

8.6 conclusIons

To develop a useful human thermal model, one must be able to formulate physi-
cal concepts in mathematical terms and have a good grasp of scientific litera-
ture dealing with thermal and circulatory physiology. Unlike physical scientists, 
physiologists do not express their findings in quantitative terms that are easily 
incorporated into complex models. For example, there are only two or three early 
papers that propose a quantitative relationship between skin blood flow and cen-
tral and mean skin temperatures, and those relationships have been ignored by 
subsequent investigators. Consequently, there are no sources to which modelers 
can turn for quantitative relationships between physiological variables. The prin-
cipal purpose of this chapter is to present relationships that were derived from an 
extensive examination of the relevant literature.

The relationships presented in this chapter seem to work well when incorpo-
rated into a human thermal model. Although that model is not described, it is 
similar to other models developed during the last 30 or 40 years. The important 
thing is that the model provides reasonable agreement between computed and 
measured thermal responses to conditions involving rest and exercise during 
exposure to hot and cold ambient conditions.

Challenges remain for those who are fascinated by the functioning of the 
human body, as I have been for 50 years. It seems to me that one of the biggest 
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challenges is to discover how the body responds to distributed stimuli. For exam-
ple, if a soldier walks immersed to the waist in cold water, do skin blood flow and 
shivering respond to mean skin temperature computed for the entire body, or do 
they respond preferentially to cold stimuli coming from wet skin? Answers to such 
questions will allow the development of better models, and well-designed human 
thermal models can play an important role in answering such questions.
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9.1 IntroductIon

The computational control system under development at the University of Texas 
at Austin combines a numerical implementation of the Pennes equation of bio-
heat transfer with the precise timing and orchestration of the problems of calibra-
tion, optimal control, data transfer, registration, finite element mesh refinement, 
cellular damage prediction, and laser control. The ultimate goal of this research 
is to provide the medical community a predictive computational tool that may 
be used by a surgeon during a minimally invasive hyper- or hypothermia treat-
ment of a cancer-infected tissue. The tool controls the thermal source, provides 
a prediction of the entire outcome of the treatment, and, using intraoperative 
data, updates itself to increase the accuracy of the prediction. A current working 
snapshot of the entire control system is provided within this chapter. Current 
results demonstrate the importance of modeling the heterogeneity within the 
patient-specific biological domain to the accuracy of the computational solu-
tion. Through inversion of the constitutive nonlinearities, results also reinforce 
the experimentally observed phenomena of decreased perfusion in the damage 
region and hyperperfusion surrounding the damage region.

Minimally invasive treatments of cancer are key to improving posttreatment 
quality of life. Thermal therapies delivered under various treatment modali-
ties are a form of minimally invasive cancer treatment that has the potential to 
become an effective option to eradicate the disease, maintain the functionality of 
infected organs, and minimize complications and relapse. However, the ability 
to control the energy deposition to prevent damage to adjacent healthy tissue is a 
limiting factor in all forms of thermal therapies [1], including cryotherapy, micro-
wave, radio frequency, ultrasound, and laser. The combination of image guidance 
with computational prediction has the potential to allow unprecedented control 
over the bioheat transfer. Image guidance facilitates real-time treatment moni-
toring through temperature feedback during treatment delivery [2,3], and high- 
performance numerical implementations of mathematical bioheat transfer mod-
els can use the current-time thermal-imaging data to predict the outcome of the 
treatment minutes in advance [4].

The cyberinfrastructure under development at the University of Texas at Austin 
is an example of a dynamic data-driven feedback control system wherein the 
digitized bioheat transfer models control the heat transfer while simultaneously 
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9.8 Conclusions and Future Directions 340
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using real-time imaging data to update the accuracy of the prediction. The aim 
of the control system is to provide the medical community with a real-time com-
putational tool for visualization of the predicted temperature and damage fields, 
allowing for patient-specific optimized therapy guidance. The current control 
system is applicable to tissues that are stationary during imaging and uses an 
interstitial laser fiber as the thermal source. The purpose of this chapter is to 
provide a working snapshot of the current cyberinfrastructure.

9.2 control system ImPlementatIon

Figure 9.1 provides an outline of the data flow between the major software 
modules of the control system. Communication connecting the software mod-
ules at an actual laboratory at the M. D. Anderson Cancer Center in Houston, 
Texas, to the computing and visualization center in Austin, Texas, is currently 
handled via batch secure file transfer protocol (sftp) over a commercial GigE 
Internet connection. The Level Set Boundary-Interior-Exterior (LBIE) Mesher* 
generates a patient-specific finite element mesh of the biological domain using 
preoperative magnetic resonance imaging (MRI) data. Prior to treatment, the 
location of optical fiber and laser power are optimized to control heat shock 
protein (HSP) expression, eliminate and sensitize cancer cells, and minimize 
damage to healthy cells. During treatment, intraoperative MRI data are used to 
register the computational domain with the biological domain, and real-time  
thermal-imaging MR thermal imaging (MRTI) data drive the calibrations align-
ing the parameters of the bioheat transfer model to the patient’s biological tissue 
values. As new thermal-imaging data are acquired intermittently, the compu-
tational prediction is compared to the measurements of the real-time thermal 
images and the differences seen are used to update the computations of the opti-
mal laser parameters as well as goal-oriented mesh adaptation [5], where appro-
priate. The image acquisition by the computers in Austin implicitly controls the 
power wattage output of the laser in Houston. The software infrastructure is built 
from the Petsc [6] parallel computing paradigm and the Toolkit for Advanced 
optimization (TAo; Argonne National Laboratory, Argonne, Illinois) [7] parallel 
optimization library. Advanced Visual Systems (AVS; Waltham, Massachusetts) 
[8] is used in conjunction with a virtual network computing (VNC) server for 
remote visualization. AVS coroutines are used to manage and coordinate the 
simultaneous visualization of the MRI anatomical image, the MRTI thermal 
image, and finite element data sets.

* Software available at http://cvcweb.ices.utexas.edu/cvc.
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A high-level abstraction of the HP3d* finite element solver is shown in 
Figure 9.2. The finite element solver is run at the Texas Advanced Computing 
Center (TACC), located in Austin. As illustrated in Figure 9.2, the problems of 
real-time calibration, optimal control, and goal-oriented error estimation are 
solved in parallel by separate groups of processors. Periodically during treat-
ment, the groupwise optimization solutions and error estimates are collected on 
the control task. A skeleton of the entire finite element method (FEM) mesh of 
the biological domain is stored on the control task. Using the collective error 
estimates, a mesh refinement strategy is computed on the control task, and both 
the collective optimization solutions and refinement strategy are broadcast to the 
individual computational groups. The data server shown in Figure 9.2 reads in 
the thermal images from disk, filters the thermal images to remove noise, broad-
casts the thermal images to each computational group as needed, and transmits 
the laser power to Houston. The timing of the laser power control is implicit 
through the image acquisition by the HP3d data server in Austin. As new ther-
mal images are written to disk physically in Houston, they are transferred to disk 
at TACC. When the data server detects that the full set of thermal images for a 
time instance is available, the power to be used for the next time interval is sent 
to Houston.

*  Software available at http://dddas.ices.utexas.edu.

LBIE
Image processing
Mesh generation
Registration

MRI scanner/laser
Anatomical images

�ermal images
�ermal source

HP3d
FEM computation

Optimization
Laser control

Cellular models
HSP expression
Cellular damage

Cell viability

Visualizaton
FEM visualization

MRTI visualization
Anatomical visualization

Figure 9.1 The computational infrastructure has five main modules: heating and imaging, finite ele-
ment mesh generation, finite element computation, cellular damage models, and visualization. The data 
flow between the control system modules is illustrated.
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9.3 ImagIng to fInIte element mesh PIPelIne

The imaging-to-modeling software system for anatomical MRI data employs both 
image-processing and geometry-processing functionalities to produce a suitable 
linear or higher-order meshed model of the anatomy. Figure 9.3 describes the data 
flow layout. The major algorithmic components of each of the processing units is 
described in this section. The reader must note that the modules are selectively 
used depending on the nature and quality of the imaging data.

9.3.1 Image Processing

The input raw imaging data are often of poor quality, which makes it difficult to 
build a quality meshed model of the anatomy under investigation. In order to 

Control Task
Adaptivity

Model parameters
Visualization

Data Server
Broadcast thermal images

Laser control

Computational Group
Element computations
Linear system solver
Optimization solver

Computational Group

HP3d

Element computations
Linear system solver
Optimization solver

Send laser power

Send thermal images

t = 0.0

t = 0.0

Austin (HP3d)

Houston (Laser source/imaging)

Figure 9.2 The finite element computations are performed on a parallel computing architecture using 
multiple groups of computed tasks to simultaneously solve disjoint numerical problems of the con-
trol system. A control task is used to gather and broadcast the individual solutions of the computa-
tional groups. A data server broadcasts filtered thermal images to individual computational groups as 
requested. The imaging implicitly controls the laser power output. As a new thermal image is acquired by 
HP3d in Austin, the power wattage for the next time interval is transmitted to the laser.

© 2009 by Taylor & Francis Group, LLC



312 K. R. DILLER ET AL.

improve the image quality, we have developed a suite of image-processing func-
tionalities that facilitate further processing. The modules encapsulated in the 
image-processing units are as follows:

 1. Contrast enhancement: Improves the contrast of the image to help 
extraction of the domain of interest [9].

 2. Filtering: Removes the noise by modifying the input image using bilat-
eral filtering coupled with an anisotropic geometric diffusion partial 
differential equation (PDE) [10].

 
∂ - ∇ ∇

∇






=t div Df f f
f

s� �
� �
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 3. Segmentation: Segments an image into anatomically separate regions 
of interest using a fast marching method [11]; each region can then be 
extracted from the raw image [12].

 4. Image skeletonization: Extracts lower-dimensional features from the 
image by analyzing the critical points of the imaging data [13,14].

Raw imaging
data

Image processing
unit

Image processing
unit

Geometry
processing unit

Meshing

Surface extraction
Segmentation
Curation
Skeletonization
Alignment

Linear B-Spline A-Spline

Geometry
processing unit

Geometry
processing unit

Template
geometry

Skeletonization Classification/
segmentation

Contrast enhancement

Filtering Alignment

Meshing

Alignment

Final meshed
model

Figure 9.3 Data flow of imaging-to-meshing software system: There are two major processing units: 
image processing and geometry processing. The image-processing unit consists of modules for contrast 
enhancement, classification and segmentation, filtering, skeletonization, and alignment. The geometry-
processing unit consists of surface extraction, curation, segmentation, skeletonization, alignment, and 
meshing; meshing is further subdivided into linear and higher-order boundary element and finite ele-
ment mesh generation components. The three-dimensional (3D) anatomical magnetic resonance imag-
ing (MRI) data are first passed through the image-processing unit for improvement of image quality, 
and are then processed by the geometry-processing unit for extraction of a clean geometry annotated 
with the present features. Finally, the clean geometry is converted to a linear or higher-order mesh. 
Occasionally, to deal with incomplete or low-quality imaging data, a twin data-processing pipeline is 
employed where a template geometry is processed to extract vital geometric information.
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 5. Flexible alignment: Performs affine transformation to best fit an image 
of a biological system onto a different instance of the same [15].

9.3.2 Geometry Processing

After passing the input raw image through the modules of the image-processing 
unit, an improved image is obtained on which the geometry-processing routines 
are applied. The modules encapsulated in this unit are dedicated to better under-
standing the features of the model in order to improve the topological and geo-
metric qualities that help in producing a correct meshed model of the domains 
of interest.

 1. Surface extraction: Geometry extraction from the imaging data is done 
either by using contouring [16,17] or by reconstructing a piecewise tri-
angulated or higher-order surface model from the boundary voxels of 
the segmented regions [18–20].

 2. Curation and filtering: The initial surface model extracted from the 
imaging data has topological anomalies, namely, small components, 
spurious noisy features, and the like. The algorithms developed to cure 
the model of such anomalies include point cloud regularization [21], 
and volumetric primal and dual space feature quantification [22,23].

 3. Segmentation: Geometric segmentation of an initial model often leads to 
better understanding of the quality of the model in terms of its topology 
N-d geometry. We have developed a geometry segmentation module 
based on the distance function induced by the geometry under investi-
gation [22].

 4. Skeletonization: The skeletal feature of a model provides a lower-di-
mensional description of a geometry that is helpful in building further 
meshed models of the anatomy, as was utilized in Zhang et al. [24]. We 
have developed a skeletonization algorithm that extracts a polylinear or 
polygonal skeletal structure from the geometric model [25] and further 
helps in annotating the shape into tubular or flat regions.

 5. Meshing: The task of meshing is primarily divided into two parts—
boundary element and finite element meshing. Each part has three sub-
parts depending on if the resulting mesh is linear or higher order. For 
boundary element meshing, we have three options, namely, triangle or 
quadrilateral meshing [26], B-spline meshing, and A-spline meshing 
[27]. Similarly, for finite element meshing, we also have developed three 
different meshing modules, namely, tetrahedral or hexahedral meshing 
[26,28], solid nonuniform rational B-spline (NURBS) meshing [24], and 
A-spline meshing [29].
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9.4 goVernIng equatIons

The governing state equations of the control system are built around the Pennes 
bioheat transfer model.

Find the spatially and temporally varying temperature field u(b,x,t) such 
that
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where cp and cblood are the specific heats of the tissue and blood, respectively; ua 
is the arterial temperature; r is the density of the tissue; and h is the coefficient 
of cooling. The constitutive equations for the thermal conductivity, k J

s m K[ ],⋅ ⋅ and 
blood perfusion, ω[ ],kg

s m3 assume a nonlinear form, as shown in Figure 9.4.
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Note that ω0(x) is allowed to vary over the spatial dimension, as the blood per-
fusion within the necrotic core of a cancerous tumor or within a damaged tissue 
is expected to be significantly lower than that within the surrounding healthy 
tissue. k0(x) is also allowed to vary over the spatial dimension to capture the bio-
logical tissue heterogeneity. The isotropic laser source term, Qlaser, is of the form
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where ma and ms are laser coefficients related to laser wavelength and give the 
probability of tissue absorption and scattering of photons, respectively. P(t) is the 
laser power wattage as a function of time. For the defined bioheat transfer model, 
let b denote all the model parameters:

 b ω ω ω ω m m≡ , , , , , , , , , ,( ( ) ˆ ( ) ˆ ( )k k k k P t a s0 1 3 3 0 1 3 3x x� � ,,x0 )
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The variational form of the Pennes equation is given below:
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The test function is denoted v(x,t). Notice that each of the above integrals 
is well defined given that the thermal conductivity k(u,x,b) and the perfusion 
ω(u,x,b) are bounded and assuming that ∂

∂ ∈u
t L2( ).W

The goal of the temperature-based optimal control and calibration problems 
within the control loop is to find the set of model parameters that minimize 
the space–time norm of the difference between the computed temperature field 
u(b,x,t) and an ideal field uideal(x,t). The mathematical structure is formally stated 
as follows.

Find the model coefficients, b* ∈P, that produce the temperature field, u* ∈V ,  
such that
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Figure 9.4 The temperature dependence of the blood perfusion and thermal conductivity material 
data used in the Pennes model are plotted against the left axis and right axis, respectively. The values 
shown were computed using inverse techniques applied to thermal imaging.
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satisfies
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The ideal field for the calibration problem is the experimentally determined 
temperature field uexp(x,t). The ideal field for temperature-based optimal control 
is given as follows:
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The function Φ(b) is a penalty term added to the objective function used to 
keep the model parameters within physically acceptable bounds.
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The dimension of the parameter space is denoted Nparams. bi denotes a particu-
lar parameter. The physically acceptable lower and upper bounds of the param-
eter, bi, are denoted by bi

LB and bi
UB , respectively. The penalty term is scaled by  

g = 1000.0.

9.4.1 Discretization of Equations

The optimization problem in Equation (9.2) is solved using an adjoint method to 
compute the gradient of the quantity of interest. The following Galerkin repre-
sentation of the temperature field and adjoint variable is assumed:
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where Nstep is the number of time steps, Ndof is the number of Galerkin coefficients, 
and fi’s are the finite element shape functions of polynomial order p = 1,2,3…
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The time discretization of the power is assumed to be piecewise constant in 
time.
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The spatial variation of the parameter fields is assumed to have the following 
Galerkin representation:
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where Ψ(x) are piecewise constant across elements.

9.4.1.1 Time Stepping

Assuming that the test function is piecewise constant in time,
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The governing equations (Equation 9.1) are solved with the following Crank-
Nicolson time-stepping scheme.
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where (using Einstein summation notation)
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The discretization (Equation 9.3) is of the form
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9.4.1.2 Adjoint Gradient

The Adjoint Gradient of the quantity of interest is constructed from the deriva-
tive of the discretized equations with respect to a single model variable. The chain 
rule is used to compute the gradient of the quantity of interest for the optimiza-
tion. The initial condition does not depend on the model parameters, ∂

∂ =u
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The same Galerkin representation is used for uideal as u.
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Derivatives are taken with respect to the numerically computed quantity of 
interest.
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The derivative of the discretized state (Equation 9.3) with respect to a single 
model variable yields the following:
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Solving for the adjoint variable, Pk, such that
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∀ , = - , - , ,û k N Nstep step1 2 1…

© 2009 by Taylor & Francis Group, LLC



  CoMPUTATIoNAL INFRASTRUCTURE 321

implies that the numerical gradient of the quantity of interest may be computed 
as follows:
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9.4.2 Calibration Results

The computational results presented in this section revisit the thermal-imaging 
data studied in Feng et al. [30] and oden et al. [4]. The calibration algorithm pre-
sented in Section 9.4.1 is applied to these data sets to invert for the constitutive 
equation nonlinearities as well as the heterogeneity of the biological domain.

The effect of calibrating the nonlinear perfusion, ω(u,x,b), and the thermal 
conductivity, k(u,x,b), parameters in the Pennes model was studied. Calibration 
was done with respect to MRTI thermal-imaging data of in vivo heating of canine 
brain tissue. The thermal-imaging data were acquired in the form of five two-
dimensional (2D) 256 × 256 pixel images every 6 seconds for 120 time steps. The 
spacing between images was 3.5 mm. A manual craniotomy of a canine skull 
was performed to allow insertion of an interstitial laser fiber to provide the heat-
ing. A template base [32] finite element mesh was generated from 36 2D 256 × 
256 pixel MRI images of the canine brain. The field view was 200 mm × 200 mm, 
with each image spaced 1 mm apart. The FEM prediction using CRC Handbook 
[31] linear material coefficients, k u W

mK( ) [ ], , = .x b 0 527  and ω b( ) [ ],u kg
sm, , = .x 6 0 3

is shown in Figure 9.5. Figure 9.6 shows the FEM prediction using calibrated 
nonlinear coefficients. A plot of the material coefficients obtained is shown in 
Figure 9.4. The data shown in Figures 9.5 and 9.6 illustrate a particular time 
instance. The upper-right windows in Figures 9.5 and 9.6 each show a cutline 
comparison of the filtered MRTI data with the unfiltered data. The upper-left 
windows in Figures 9.5 and 9.6 display an overlay of the MRTI thermal image 
onto the anatomical MRI image. The lower-left window in Figures 9.5 and 9.6 
shows a 2D temperature slice through the 3D domain. The lower-right window is 
a cutline comparison of the filtered MRTI data to the FEM prediction. The accu-
racy of the predicted FEM solution shown in Figure 9.6 was obtained by invert-
ing for the constitutive nonlinearities. The damage of the tissue is reflected in 
the decrease in perfusion for high temperatures within the damaged region and 
hyperperfusion surrounding the damaged region. As shown in oden et al. [4], 
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the linear case captures the early time heating well, but the cutlines in Figures 9.5 
and 9.6 illustrate that the material nonlinearities are necessary to model the late 
time heat dissipation. The results presented in Figure 9.8 indicate that a spa-
tially varying inversion for the perfusion field should provide a means to further 
increase the accuracy of the FEM temperature prediction of the canine brain data 
(Figure 9.6).

Allowing the perfusion and thermal conductivity model parameters to vary 
as a spatial field is seen to have a tremendous effect on the model calibrations. 
Inverting for the spatial variation in the parameters embeds the biological tissue 

Figure 9.5 Thermal images of in vivo heating of a canine brain were taken every 6 seconds over a 
period of 12 minutes. The top left shows the anatomy with a particular time instance of the thermal 
images overlaid. The linear Pennes equation was solved using CRC Handbook [31] perfusion and thermal 
conductivity values for the canine brain, and the bottom left shows the linear finite element method  
(FEM) prediction at the same time instance for comparison. The temperature range shown is from 307 K  
to 325 K. The top right shows a cutline through the thermal image data. The unfiltered and filtered 
image data are plotted along the cutline. The bottom right compares the FEM predicted temperature and 
filtered thermal image along a cutline through the FEM mesh.
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heterogeneity within the Pennes model. Imaging data of an external laser applied 
to a tumor grown on a mouse’s hind leg were used to study the effect of the 
parameter field inversion. Sixty thermal images were acquired at an interval of 
5 seconds. A single time instance of the data is shown in Figures 9.7 and 9.8. The 
field of view is 4 × 6 cm2, and the thickness associated with the MRI and MRTI 
images is 3 mm. Figures 9.7 and 9.8 compare the FEM prediction using textbook 
linear material coefficients to the calibrated heterogeneous material coefficients 
applied to the in vivo heating of a tumor grown on a mouse. The upper-right win-
dows in Figures 9.7 and 9.8 each show a cutline comparison of the filtered MRTI 

Figure 9.6 Thermal images of in vivo heating of a canine brain were taken every 6 seconds over a 
period of 12 minutes. The top left shows the anatomy with a particular time instance of the thermal 
images overlaid. The Pennes equation was solved with a set of nonlinear perfusion and thermal con-
ductivity material coefficients that were calibrated to the thermal images, and the bottom left shows 
the nonlinear FEM prediction at the same time instance for comparison. The temperature range shown 
is from 307 K to 325 K. The top right shows a cutline through the thermal image data. The unfiltered 
and filtered image data are plotted along the cutline. The bottom right compares the FEM predicted 
temperature and filtered thermal image along a cutline through the FEM mesh.
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data with the unfiltered data. The upper-left windows in Figures 9.7 and 9.8 dis-
play an overlay of the MRTI thermal image onto the anatomical MRI image. The 
images are 49 × 56 pixels. The lower-left window in Figures 9.7 and 9.8 shows a 
2D temperature slice through the 3D domain. The lower-right window is a cut-
line comparison of the filtered MRTI data to the FEM prediction. The agreement 
between the predicted FEM solution and the MRTI thermal images shown in 
Figure 9.8 illustrates the importance of inverting for the field of material hetero-
geneity. Figure 9.8 represents a ≈4100 parameter optimization problem. Figure 9.9 

Figure 9.7 Thermal images of in vivo heating of a tumor grown on the hind leg of a mouse were 
taken every 5 seconds over a period of 5 minutes. The top left shows the anatomy with a particular time 
instance of the thermal images overlaid. The linear Pennes equation was solved using CRC Handbook of 
Mechanical Engineering [31] perfusion and thermal conductivity values for the tissue, and the bottom 
left shows the linear FEM prediction at the same time instance for comparison. The temperature range 
shown is from 307 K to 350 K. The top right shows a cutline through the thermal image data. The unfil-
tered and filtered image data are plotted along the cutline. The bottom right compares the FEM predicted 
temperature and filtered thermal image along a cutline through the FEM mesh.
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shows the optimizer evolution of the material heterogeneity inversion for the 
thermal conductivity fields and blood perfusion fields. The initial guess for the 
material coefficients was assumed homogeneous, and the optimizer determined a 
sufficient field variation of the parameters that allows the Pennes model to accu-
rately predict the temperature field seen in the thermal images. The values of the 
thermal conductivity field found by the optimizer are above the physical range 
seen in the CRC Handbook of Mechanical Engineering [31]. Future work includes 
correlating the computed inverted parameter field with the physical tissue.

Figure 9.8 Thermal images of in vivo heating of a tumor grown on the hind leg of a mouse were 
taken every 5 seconds over a period of 5 minutes. The top left shows the anatomy with a particular time 
instance of the thermal images overlaid. The Pennes equation was solved with a spatially varying field 
of perfusion and thermal conductivity material that were calibrated to the thermal images, and the bot-
tom left shows the nonlinear FEM prediction at the same time instance for comparison. ≈4100 model 
parameters were optimized to recover the material heterogeneity. The temperature range shown is from 
307 K to 350 K. The top right shows a cutline through the thermal image data. The unfiltered and filtered 
image data are plotted along the cutline. The bottom right compares the FEM predicted temperature and 
filtered thermal image along a cutline through the FEM mesh.
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Figure 9.9 Thermal-imaging data were used to drive an inverse problem to recover the biological 
tissue heterogeneity. ≈ 4100 model parameters representing the blood perfusion and thermal conduc-
tivity fields of the biological domain were optimized to allow the Pennes model to accurately predict 
the temperature field seen in the thermal images. As shown at the top of the figure, the parameter 
fields are initially assumed homogeneous. The evolution of the optimizer’s inversion for the parameter 
fields is shown. (a) and (b) show the evolution of the thermal conductivity  and blood perfusion  fields, 
respectively.
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9.5 cell studIes

Damage and heat shock protein (HSP) optimizations are based on in vitro cellu-
lar data. Due to the role of HSPs in posttraumatic cell survival, one needs to have 
proper data determining the changes in HSP expression induced by the thermal 
stress. HSPs are molecular chaperones responsible for protecting the cells from 
damage. They are normally present in both prokaryotic and eukaryotic cells in 
minimal quantities. Various stressful stimuli can lead to increased expression of 
HSPs, including, but not limited to, high or low temperature, acidosis, ischemia, 
hypoxia, and ultraviolet (UV) irradiation [33]. Denatured proteins, if bigger 
than 100 to 150 amino acids in size, cannot refold properly by themselves [34]. 
HSPs prevent improper aggregation of these damaged proteins and direct newly 
formed proteins for final packaging, degradation, and repair [35]. As mentioned 
earlier, exposure to sublethal stimuli would cause an increase in production of 
HSPs, which, in turn, would cause increased tolerance to further stress. This is a 
very important protection mechanism for cells [36]. Some members of the HSP 
family are inhibitors of apoptosis proteins. Therefore, an increase in expression 
of HSPs would lead to blocking pathways that lead to apoptosis. The preven-
tion of apoptotic death of the damaged cells would increase cell survival rates 
[37]. In cancer treatment, it lowers the response of the cells to chemotherapeutic 
agents.

The goal of thermal therapy is to ablate malignant tissue while preserving nor-
mal tissue as much as possible. To make a correct estimate of damage in malig-
nant and normal areas, one needs to have prior knowledge of the mechanics and 
kinetics of thermal damage in the appropriate cell types. This information can 
be acquired by conducting controlled stress experiments in model systems such 
as cell cultures. The subject culture can be obtained either from established cell 
lines or by establishing primary cultures from harvested tissue. These procedures 
are widely reported in the literature [38–40].

9.5.1 Heating Protocol

The heating experiments were done on primary cultures of prostate stromal cells 
isolated from canine prostate tissue following the protocol described by Srinivasan 
et al. [38]. Controlled thermal stress is applied to culture systems by immersing 
them in a heated liquid bath. The heating medium used in our experiments con-
tains no L-glutamine, to prevent cellular damage due to production of ammonia 
secondary to breakage of L-glutamine. The heating is done in a water bath for only 
one culture flask at each given time to prevent a drop in temperature of the bath. 
In order to induce a sharp increase in the temperature of the samples, the heating 
medium is preheated to the same temperature as is desired for the heating experi-
ment itself. The flasks are washed with 37°C PBS. Preheated medium is added to 
the flasks, which are submerged in a heated water bath for the desired duration 
of heating. Then the heating medium is replaced with 37°C growth medium, and 
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the flasks are returned to the 37°C incubator. Samples are checked for viability 
60 hours postheating. At the end of this time, samples are trypsinized, and the 
cells are removed and washed in cold PBS twice and resuspended in binding 
buffer at 10 g/ml concentration. Annexin V and PI (BD Biosciences) (Franklin 
Lakes, New Jersey) are used to detect apoptotic and dead cells, respectively. The 
samples are analyzed using BD FACSCalibur (BD Biosciences). This flow cytom-
eter is used primarily for cell analysis with simultaneous acquisition of forward 
scatter, side scatter, and fluorescence. on the forward-scattering (FS) versus side-
scattering (SC) plot, the events with a low level of SC or FS are considered to be 
dead cells or debris from disintegrated cells. These events are later distinguished 
from each other using the fluorescence detected by FL 1 (filter 1 detects fluores-
cence emission centered at 530 nm; this would be able to detect the emission from 
Annexin V) and FL 2 (detects emission centered at 585 nm; this corresponds to 
emission from PI). on a dot plot of FL 1 versus FL 2, events negative for both 
are considered to be debris, whereas the events positive for either Annexin V or 
PI are counted as dead cells. Furthermore, on the FS versus SC plot, the events 
with a high level of SC and FS are considered to be live or dead cells, which later 
on would be distinguished from each other using the dot plot of FL 1 versus 
FL 2; events negative for both are considered to be live cells, and the events posi-
tive for either Annexin V or PI (or both) would be considered dead cells. Data 
analysis is performed using FlowJo 8.0 (BD Biosciences). HSP expression data 
presented here are based on the work done by Rylander et al. [35]. To determine 
the relationship between HSP expression and thermal stress, after heating the 
cell flasks by the method described above, cells lysed were in a buffer solution 
16 to 18 hours postheating, and then the supernatant was analyzed using Western 
blotting. Later, a spectrophotometer at 595 nm (Beckman DU 530) (Beckman 
Coulter, Fullerton, California) and protein dye assay (Bio-Rad 500-0002) 
(Bio-Rad, Hercules, California) were used, and the relative concentration of HSP 
to actin in the cell lysate was measured.

9.5.2 Cell Study Results

Figure 9.10 shows the viability data for heating done at 45°C, 50°C, and 56°C for 
time durations of 5, 10, and 15 minutes. Cell viability is defined as the percentage 
of live cells in the cell culture flasks 60 hours after thermal stress. As expected, 
the higher the temperature and duration of heating, the lower the cell viability.

Rylander measurements for HSP70 (i.e., 70 kilodalton heat shock proteins) 
expression at different durations and temperatures are shown in Figure 9.11 [35]. As 
can be seen, the HSP expression increases for each given temperature up to a cer-
tain duration of heating, after which it drops sharply. Figure 9.12 shows Rylander 
et al. [35] cell viability data for different time durations and temperatures.

The goal of our experiments is to find the ideal duration and temperature that 
maximizes trauma in tumoral cells and minimizes damage in the normal region. 
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To study the effect of cell viability and HSP expression, Rylander et al. [41] have 
introduced a figure of merit (FoM), which is defined as follows:
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Figure 9.11 Normalized heat shock protein (HSP) and actin expression as a function of heating time 
and temperature evaluated at 16 to 18 hours postheating. The average error is ±0.13 mg/ml, n = 3 [35].
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9.6 cell damage models

Thermal damage processes in cells and tissues are usually quantified by kinetic 
models based on a first-order rate process to characterize pathological transfor-
mation to specific states by observable alterations such as coagulation or desicca-
tion. While the Arrhenius law is commonly used to describe the rate of chemical 
reactions involving temperature [42,43], Henriques and Moritz were the first to 
propose a model of this form in 1947 to quantify thermal damage specifically for 
tissue [44,45]. The thermal injury associated with exposing cells to hyperthermia 
conditions is generally predicted using the Arrhenius law based on the assump-
tion that the rate of cell damage is proportional to exp(–Ea/Ru), where Ea is the 
activation energy (or the heat of activation), R the universal gas constant, and u 
the temperature in degrees Kelvin [46], with a few exceptions (e.g., Roti Roti and 
Henle [47]).

Although thermal damage models based on the Arrhenius law are widely 
used, the model possesses some inherent limitations, which include its inabil-
ity to predict cellular injury over a wide hyperthermic temperature range and 
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throughout the entire heating process, its sensitivity to small changes in parame-
ters, and the ambiguity in interpretation of model parameters characterizing the 
cell damage formulation. In fact, several basic questions can be raised. How do 
cells essentially respond to temperature? Why does the rate of thermal damage 
follow the first-order unimolecular chemical reaction? What is the biophysical 
interpretation of both parameters in the Arrhenius model? Some answers related 
to these questions may be found in Lepock [48], Pearce and Thomsen [49], and 
Philibert [50]. However, further investigation is warranted due to the complexity 
of these questions.

Experimental data [41,51] suggest that there are at least two transitional tem-
peratures (“break points”) at 43°C and 52°C in the temperature range from 39°C 
to 60°C. A different injury mechanism may be initiated at each of these tempera-
tures. At the cellular or subcellular level, the sigmoidal phenomenon observed in 
the cell viability profile could be related to the melting of oligomers that occurs 
in DNA molecules [52], or due to the damage of the lipid bilayer of cell mem-
branes. Although phospholipids are the major components of the bilayer, it is 
worth noting that other lipid components in the bilayer such as dodecanoic and 
tetradecanoic acids have melting temperatures of 44.2°C and 53.9°C, respectively 
[53]. Cells initially exhibit resistance to the thermal damage due to the induction 
of heat shock proteins by sublethal temperatures as autoregulatory mechanisms. 
With increases in temperature or extended exposure times, the heat shock pro-
teins that participate in the rescue process are denatured and rendered nonfunc-
tional. This phenomenon can be observed in measured cell viability data in which 
the cell damage rate is initially slow, followed by an injury rate dominated by  
exponential decay [41].

Usually, the Arrhenius model permits fitting of data solely within the expo-
nential decay region of the curve where cell viability is plummeting due to exten-
sive injury, but is not able to accommodate the “shoulder region” characterized 
by sustained high cell viability encountered in the initial stages of the heating 
process for lower temperatures. Cells exposed to u < 54°C experience high via-
bility initially for a range of exposure times until a threshold thermal dose is 
achieved to initiate cellular injury and a corresponding decline in cell viabil-
ity. In general, although it depends on cell line and temperature, cell viability 
profiles in this temperature range initially exhibit a shoulder region where cell 
viability remains high until a threshold lethal thermal dose is achieved to initi-
ate rapid declines in cell viability. The Arrhenius model is capable of predicting 
the complete injury phenomena for cells exposed to u < 54°C, where thermal 
dose is substantial at short exposure times, causing rapid declines in cell viability 
immediately following thermal stress. However, three sets of injury parameters 
are required for different temperature regimes (u < 43°C, 43°C ≤ u ≤ 54°C, and 
u > 54°C) in order to permit accurate fitting of cellular injury data for the entire 
range of temperatures.
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An additional problem with the thermal damage model based on the Arrhenius 
model is its numerical sensitivity of model parameters to small changes in mea-
surement data. As a result, therapeutic outcomes could be compromised if the 
treatment planning is based on such models.

To overcome the weaknesses of the Arrhenius model described above, other 
types of models have been proposed for thermal damage of cells and tissues. 
These include models that are derived using statistical methods [54], an enzyme 
denaturation approach [55], and widely used kinetic theory [51,56–59]. For a dis-
cussion of various cell damage models, He and Bischof [46] provide a compre-
hensive review. Most of these models, however, relate thermal damage to the rate 
process in such a way that the rate of change with respect to temperature and 
time are decoupled.

In a recent study [60], a two-state model of in vitro cell death due to ther-
mal insult is derived based on simple arguments motivated by classical statis-
tical thermodynamics. This model characterizes two populations of viable 
(live) and damaged (dead) cells, which leads to the damaged cell population 
of the form C u t G ku G ku( ) ( ) ( ( ), = -D / / + -D /exp exp1  or, alternatively, C(u, t) = 
1
2

1
2 2+ -D /tanh( ),G ku where k is the Boltzmann constant and DG is interpreted 

as a change in a functional analogous to a classical Gibbs free energy, depending 
on both temperature and exposure time. We postulate that DG is a linear function 
of time and is inversely proportional to temperature. To determine DG, we use cell 
viability data for human prostate cancerous (PC3) and normal (RWPE-1) cells to 
calibrate the two-state cell damage model derived in this study. Excellent agree-
ment between experimental data and the derived model is obtained through 
least-squares regression. As compared to the Arrhenius model, the two-state 
model captures the damage process more accurately over a wide hyperthermic 
temperature range, including the beginning phase (the shoulder region) when 
cells are first exposed to the heat shock. Also, the model successfully character-
izes the sigmoidal phenomenon of the cell response.

9.6.1 Two-State Cell Damage Model

Consider a cell population with two distinct states (i.e., a cell is either live or 
dead). We apply classical arguments of statistical thermodynamics to derive a 
two-state model for cell damage under hyperthermia conditions. In an in vitro 
system of the fixed population of total n cells, we assume that there are only two 
species of cells in this population: dead or dying cells (including apoptotic and 
necrotic cells), and live cells.

Based on the standard argument of statistical thermodynamics, the following 
results for a two-state population can be obtained [60]:

 
C u t e

e
D u t

e

G ku

G ku G ku
( ) ( ), =

+
, =

+

-D /

-D / -D /1
1

1
and

 
(9.4)
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or, equivalently,

 
C u t G ku( ) tanh( ), = + -D /1

2
1
2

2
 

(9.5)

 
D u t C u t G ku( ) ( ) tanh( ), = - , = - -D /1 1

2
1
2

2
 

(9.6)

where C(u,t) is the cell viability function and D(u,t) is the cell damage function. 
Inspired by statistical thermodynamics, we let DG = DH – uDS and postulate that 
DH is a constant and DS a linear function in time (i.e., DS = aot + bo). The notions 
of DG, DH, and DS are chosen to mimic changes in Gibbs free energy, enthalpy, 
and entropy.

Based on the results in Equation (9.4), the cell viability function C(u,t) can also 
be defined as a solution to the following system of partial differential equations:
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∂

= ⋅ ,

-D /

C u t
t

C u t
e

C u t
u

h
u

C u t

G ku

( ) ( )

( ) ( )

a
1

2 11+








 -D /e G ku  

(9.7)

where h = DH/k, a = ao/k, and b = bo/k are constants. If e–DG/ku is very small, then 
1 + e–DG/ku ≈ 1 and Equation (9.7) can be approximated by
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∂
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(9.8)

9.6.2 Parameter Estimation

To determine DG, we let DG = DH – uDS and DS = aot + bo, where u and t are tem-
perature and time, respectively, and DH, ao, and bo are constants. Then the first 
equation in Equation (9.7) can be converted to

 

D = D - D = - ,
,





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G
ku

H u S
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C u t
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(9.9)

In other words,

 

D - D = D
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(9.10)
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For simplicity, let h = (DH)/k, a = ao/k, and b = bo/k. Suppose that there are 
m × n experimental data points for cell viability C u t m n( , ), , ,� � � …= ×1 (i.e., m 
temperature measurement points with n exposure time for each temperature). 
Denote by z the function z = ln[(1 – C(u,t))/C(u,t)], then the data points ( , , ),u t z� � �  
� …= ×1, ,m n  can be plotted in three-dimensional (3D) space with respect to 1/u 
and t.

At each point ( , , ),u t z� � � Equation (9.10) can be rewritten as

 
h

u
t z m n1 1

�
� � � …







- - = , = , , ×a b
 

(9.11)

where parameters h, a, and b are to be determined by the standard least-squares 
regression using measurement data. Figure 9.13 illustrates that the transforma-
tion by introducing the z-variable converts a curved surface representing cell 
viability into a flat plane in 3D space. The 2D projections on the C – 1/u and C – t 
planes are also presented on Figure 9.13.

We summarize the algorithmic steps of parameter estimation for the two-
state models as follows:

 1. Compute z C u t C u t i m j ni j i j� … … �= - , / , = , , = , , =ln[( ( )) ( )], ; ;1 1 1 11, , ×… m n.
 2. Plot data points z� versus time t and 1/u on a 3D graph.
 3. Use bilinear regression to find the coefficients: h, a, and b.
 4. The resulting coefficients are used directly in the model (Equation 9.4).

Since the range of C u t( ) [ ],, ∈ ,0 1 we need to exclude initial points C(ui,0) = 1, 
i = 1,…, m, in the least-squares regression process. This will not affect the final 
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Figure 9.13 Two-dimensional projections of (a) the Arrhenius model and (b) the two-state model.
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results because the initial conditions in the original form (Equation 9.4) are auto-
matically satisfied.

As a comparison, we also list the major steps to establish the Arrhenius 
model:

 1. Plot data points C(ui,tj) versus time for all i m j n= , , = , ,1 1… …; .
 2. Determine time τi such that C u % i mi i( ) ( ), ., = . W = = , ,τ 36 8 1 1�
 3. Plot data points (ln )τi iu, /1  on a 2D graph, i m= , ,1… .
 4. Use linear regression to find the slope and (ln τ)-intercept.
 5. The resulting slope is Ea/R, and the (ln τ)-intercept is ln A.

Next, we discuss the major differences and similarities between two cell dam-
age models.

9.6.3 Model Comparison between the Arrhenius Model  
and the Two-State Model

The cell damage index W is defined as usual. When the cell viability function 
C(u,t) is normalized and C(u,0) is set to one, we have W = –ln C(u,t). Recall that 
the Arrhenius model assumes that the cell damage rate is proportional to the 
rate of reaction k u e

Ea
Ru( ) .= -  Thus, the cell damage index based on the Arrhenius 

model is

 
W = ∫

-

0

t

Ae d
Ea

Ru( )τ τ
 

(9.12)

where t is the total exposure time and A is a constant that is often referred to as 
the frequency factor [49]. If temperature is kept constant during the entire expo-
sure time t, then

 W =
-

At e
Ea

Ru
 (9.13)

In order to compare the Arrhenius model with the two-state model, we rewrite 
Equations (9.15) and (9.12) in terms of cell viability in a differential form:
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(9.14)

Therefore, the Arrhenius model is an approximation to the two-state model when 
e G Ru-D / �1 with different choices of parameters.
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Note that both functions C(u,t) and D(u,t) depend on DG, which is a func-
tion of temperature and time involving parameters that will be determined by 
experiments. In addition, it is important to recognize that the variable t is treated 
simply as a label for a continuous sequence of quasistatic states during heating.

9.7 sensItIVIty study

When creating a high-fidelity bioheat transfer model meant for prediction, a cru-
cial element is capturing the heating source accurately. In the case of laser ther-
apy, this mainly involves modeling the laser fluence in the tissue correctly. While 
there are two standard ways of modeling this—analytically or by using a Monte 
Carlo method—they both depend on three optical parameters of interest: the 
absorption coefficient, ma; the scattering coefficient, ms; and the anisotropic fac-
tor, g. Respectively, these give the average number of photons that are absorbed 
per unit length, the average number of photons scattered per unit length, and 
the expected value of the cosine of the scattering angle. In living tissue, each 
of these parameters is truly a function of space, light wavelength, and tempera-
ture. However, the way in which they are obtained experimentally usually limits 
them to functions of wavelength only, though the temperature can sometimes be 
accounted for. The model being presented in this chapter is currently implement-
ing these parameters as functions of wavelength, and thus (since a single wave-
length is used during treatment) leaving them constant throughout the entire 
simulation. Experiments have been done by Nau et al., however, showing that as 
the temperature increases, these parameters do not remain constant [61]. As the 
treatment being considered is meant to increase the temperature in the modeling 
region, it seems that this effect should most definitely be captured. However, the 
Pennes bioheat transfer model highly diffuses the heat in the domain. Thus, there 
is a question of whether the change in the heat source parameters will affect the 
overall heating profile enough to warrant modeling them as functions of tem-
perature instead of constants. A sensitivity study was conducted to answer this 
question, the results of which are given here.

 
W = ,

,




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ln ( )
( )

C u
C u t

0

 
(9.15)

Laser fluence terms are generally obtained in one of two ways: analytically 
or via a Monte Carlo method. When capturing fluence analytically, a diffusion 
theory must be used, and generally many simplifying assumptions are made 
regarding boundary conditions and the source geometry. However, once the 
equation form is found, it is differentiable and easily calculated for different sets 
of parameters. Generally, the diffusion theory assumption, which states that the 
light radiance is mostly isotropic but for a small perturbation in one direction, 
holds when the source is not collimated and far from a boundary of two layers 
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with very different refraction indices or optical parameters (i.e., tissue and air). 
In contrast, the Monte Carlo method allows for a more accurate handling of 
boundary conditions and source geometries.

However, once the fluence is found for one set of parameters, there is no easy 
way to convert it into the fluence for another set of parameters; the entire simula-
tion must be run again. Their differences make them appropriate or necessary 
for different situations; analytic solutions are appropriate for interstitial diffuse 
lasers, while Monte Carlo solutions are necessary, for high accuracy, when mod-
eling laser beams incident to a flat surface.

In the experiments done for this research, despite the specific interest in inter-
stitial tumors, both topical and interstitial lasers have been used. Since different 
source terms should be used for these situations, the sensitivity study presented 
here considers both an analytic solution as well as a Monte Carlo solution. In 
particular, the analytic fluence term considered is

 
Φ( ) ( )r

r

r

=
-

3
4

P t e
tr

eff

m
π

m

where P is the power, m m mtr a sg= + -( ) ,1  and m m meff a tr= 3 .  This is derived as 
a solution to the transport equation as a spherically isotropic point source. The 
Monte Carlo fluence used follows the algorithm in Welch and van Gemert [62] 
incorporating a Gaussian initialization profile of a 1/r2 radius of 2 cm with 3 million  
photons for each simulation. For each of the source terms, the sensitivity was 
analyzed by running many simulations with each, varying one parameter while 
holding the others constant. original values of parameters were ma = 2.15 [1/cm], 
ms = 14.2 [1/cm], and g = 0.7. The squared L2 space–time norm of the temperature 
field was then calculated as the quantity of interest and plotted. The squared L2 
norm used is given here:

 0

2T

u t d dt∫ ∫ ,
W

( )x x

The different simulations were all run on a mesh representing a tumor on the 
leg of a mouse, a setup that is admittedly more appropriate for the Monte Carlo 
approach due to the boundary interface. Use of the isotropic source term, how-
ever, is not inappropriate for the purposes of this study since the general changes 
in the model’s predictions are what are of interest. Figures 9.14 and 9.15 each 
show representative snapshots of the temperature profiles. The snapshots are each 
at time step 40, equivalent to 3 minutes and 20 seconds of heating.

The general effects of changing these parameters, which can be seen in 
Figures 9.14 and 9.15, are the same for both source terms. Higher values of ma 
and ms are associated with an increase in heating, whereas an increase in g is 
associated with a decrease in heating. However, the relative increase or decrease 
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Figure 9.14 All images here show the temperature field generated with a Monte Carlo source term 
at time step 40, equivalent to 3 minutes and 20 seconds of heating. Line (a) contains images from 
simulations using values of ma = 0.44, 3.14, and 5.0 [1/cm], respectively. Line (b) contains images 
from simulations using values of ms = 1, 11, and 25 [1/cm], respectively. And line (c) contains 
images from simulations using values of g = 0, 0.5, and 0.99, respectively. Original values of the 
parameters are ma = 2.15, ms = 14.2, and g = 0.7. Temperature is given in degrees of Kelvin.
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Figure 9.15 All images here show the temperature field generated with an isotropic source term 
at time step 40, equivalent to 3 minutes and 20 seconds of heating. Line (a) contains images from 
simulations using values of ma = 0.44, 3.14, and 5.0 [1/cm], respectively. Line (b) contains images 
from simulations using values of ms = 1, 11, and 25 [1/cm], respectively. And line (c) contains 
images from simulations using values of g = 0, 0.5, and 0.99, respectively. Original values of the 
parameters are ma = 2.15, ms = 14.2, and g = 0.7. Temperature is given in degrees Kelvin.
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in temperature does appear to be different for the two source terms. The graphs 
in Figure 9.16a,b show the values of the quantity of interest, the L2 norm, gen-
erated in each simulation and graphically show the general effects mentioned 
above. As a remark, the Monte Carlo simulations have produced more heating 
than the analogous isotropic simulations because the source is assumed to be 
2 cm in diameter, whereas the isotropic source was merely at a point.
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Figure 9.16 (a) Sensitivity plots for the isotropic source term simulations. (b) Sensitivity plots for the 
Monte Carlo source term simulations.
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These graphs indicate that the model’s sensitivity to the parameters, for both 
source terms, is for the most part linear. For the range tested here, the linear 
regression slopes are given in Table 9.1. It can be argued from these results that 
in the isotropic case, both the parameters ms and ma may be treated as functions 
of wavelength only, but that g may need to be a function of temperature as well. 
However, in the Monte Carlo case, while ms can still remain just a function of 
wavelength, both ma and g should be dependent on temperature.

9.8 conclusIons and future dIrectIons

Every aspect of the control system is operational and has been tested on a 1% 
agar phantom material. This testing represents a project milestone. The phantom 
material has provided an animal-free method of testing and debugging the entire 
control system. The phantom is meshed, it is registered, the computers in Austin 
control the heating, thermal images of the heating are acquired and sent to HP3d, 
HP3d calibrates and optimizes the model parameters, and, finally, a visualiza-
tion of the entire process is provided in Houston. Figure 9.17a shows a particular 
time instance of heating of the phantom with an external collimated source. For 

Table 9.1 Linear Regression Slopes of Plotted Sensitivities

Monte Carlo  Isotropic
 

ma 4.95 0.398
ms .071 0.017
g –1.55 –1.09
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(b)

Figure 9.17 (a) 3D volume rendering of MRI and MRTI images at a selected time instance. The phan-
tom geometry is shown in grayscale, and the thermal image is overlaid. The color bar illustrates the 
temperature range. (b) Isosurface visualization of MRI images of the geometry of the phantom material. 
The fiducial used to mark the laser probe for the FEM calculations are also shown.
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this particular test, the thermal images were mainly used to periodically update 
the initial condition of the FEM computation in real time. After each update, the 
calculations proceeded to predict all the way to the end of the treatment. on cur-
rent parallel computing architectures, the prediction capabilities seen are that 10 
seconds of computation time at high-performance computing facilities provide 
≈40 to 50 seconds’ worth of prediction. Figure 9.17b conveys the geometry of the 
phantom, as seen by an isosurface visualization of the MRI images. A fiducial 
marking the external laser position is shown above the phantom. This is used to 
obtain the coordinates of the laser tip in the FEM calculations.

The next milestone on the horizon for this multidisciplinary effort is to per-
form an in vivo trial of the control system. Current results indicate that it is indeed 
feasible to accurately control the bioheat transfer through real-time imaging and 
computational prediction. The culmination of adaptive hp finite element technol-
ogy implemented on parallel computing architectures, modern data transfer and 
visualization infrastructure, thermal-imaging modalities, and cellular damage 
mechanisms as cancer treatment tools will provide a very powerful methodology 
for planning and optimizing thermal therapy delivery for cancer treatments.

acknoWledgments

The research in this chapter was supported in part by the National Science 
Foundation (NSF) under grants CNS-0540033 and IIS-0325550, and National 
Institutes of Health (NIH) Contracts P20RR0206475 and GM074258. The authors 
also acknowledge the important support of dynamic data-driven application sys-
tem (DDDAS) research by Dr. Frederica Darema of NSF.

references

 1. K. Shinohara, Thermal ablation of prostate diseases: advantages and limitations, Int. 
J. Hyperthermia, vol. 20, no. 7, pp. 679–697, 2004.

 2. R. Salomir et al., Hyperthermia by MR-guided focused ultrasound: accurate tem-
perature control based on fast MRI and a physical model of local energy deposition 
and heat conduction, Magn. Reson. Med., vol. 43, no. 3, pp. 342–347, 2000.

 3. F. C. Vimeux et al., Real-time control of focused ultrasound heating based on rapid 
MR thermometry, Invest. Radiol., vol. 34, no. 3, pp. 190–193, 1999.

 4. J. T. oden, K. R. Diller, C. Bajaj, J. C. Browne, J. Hazle, I. Babuška, J. Bass,  
L. Demkowicz, y. Feng, D. Fuentes, S. Prudhomme, M. N. Rylander, R. J. Stafford, 
and y. Zhang, Dynamic data-driven finite element models for laser treatment of 
prostate cancer, Num. Meth. PDE, vol. 23, no. 4, pp. 904–922, 2007.

 5. J. T. oden and S. Prudhomme, Goal-oriented error estimation and adaptivity for the 
finite element method, Comput. Math. App., vol. 41, nos. 5–6, pp. 735–756, 2001.

 6. S. Balay, W. D. Gropp, L. C. McInnes, and B. F. Smith, Petsc users manual, Tech. Rep. 
ANL-95/11—Revision 2.1.5, Argonne, Ill.: Argonne National Laboratory, 2003.

 7. S. J. Benson, L. C. McInnes, J. Moré, and J. Sarich, TAO user manual (revision 
1.8), Tech. Rep. ANL/MCS-TM-242, Argonne, Ill.: Argonne National Laboratory, 
Mathematics and Computer Science Division, 2005. http://www.mcs.anl.gov/tao.

© 2009 by Taylor & Francis Group, LLC



342 K. R. DILLER ET AL.

 8. A. V. S. Inc., AVS user’s guide, May 1992, National Congress on Computational 
Mechanics, San Francisco, conference presentation.

 9. Z. yu and C. Bajaj, A fast and adaptive algorithm for image contrast enhancement, 
in Proceedings of IEEE International Conference on Image Processing, pp. 1001–1004, 
2004.

 10. C. Bajaj, Q. Wu, and G. Xu, Level set based volumetric anisotropic diffusion, in ICES 
Technical Report 301, Austin: University of Texas at Austin, 2003.

 11. J. Sethian, A marching level set method for monotonically advancing fronts, Proc. 
Natl. Acad. Sci., vol. 93, no. 4, pp. 1591–1595, 1996.

 12. Z. yu and C. Bajaj, Normalized gradient vector diffusion and image segmentation, in 
Proceedings of European Conference on Computer Vision, pp. 517–530, 2002.

 13. Z. yu and C. Bajaj, A segmentation-free approach for skeletonization of gray-
scale images via anisotropic vector diffusion, in IEEE International Conference on 
Computer Vision and Pattern Recognition (CVPR’04), vol. 1, pp. 415–420, 2004.

 14. S. M. Park, G. W. Gladish, and C. L. Bajaj, Artery-vein separation from thoracic CTA 
scans, IEEE Trans. Med. Imag., pp. 23–30, 2006.

 15. R. Araiza, M. Averill, G. Keller, S. Starks, and C. Bajaj, 3D image registration using 
Fast Fourier Transform, with potential applications to geoinformatics and bioin-
formatics, in Proceedings of the International Conference on Information Processing 
and Management of Uncertainty in Knowledge-Based Systems IPMU06, pp. 817–824, 
2006.

 16. W. Lorensen and H. Cline, Marching cubes: a high resolution 3D surface construc-
tion algorithm, in Siggraph, pp. 163–169, 1987.

 17. T. Ju, F. Losasso, S. Schaefer, and J. Warren, Dual contouring of hermite data, in 
Siggraph 2002, Computer Graphics Proceedings, pp. 339–346, Reading, Mass.: ACM 
Press/ACM SIGGRAPH/Addison Wesley Longman, 2002.

 18. T. K. Dey and S. Goswami, Tight cocone: a water-tight surface reconstructor, in 
Proceedings of the 8th ACM Symposium on Solid Modeling and Applications, pp. 127–
134, 2003.

 19. T. K. Dey and S. Goswami, Provable surface reconstruction from noisy samples, 
in Proceedings of the 20th ACM-SIAM Symposium on Computational Geometry,  
pp. 330–339, 2004.

 20. C. Bajaj, G. Xu, and X. Zhang, Smooth surface constructions via a higher-order  
level-set method, in Computer-Aided Design and Computer Graphics, 2007 10th IEEE 
International Conference, Beijing, China, october 15–18, 2007.

 21. T. K. Dey, J. Giesen, S. Goswami, and W. Zhao, Shape dimension and approximation 
from samples, Discr. Comput. Geom., vol. 29, pp. 419–434, 2003.

 22. T. K. Dey, J. Giesen, and S. Goswami, Shape segmentation and matching with flow 
discretization, in Proceedings of the Workshop Algorithms Data Structures (WADS 03) 
(F. Dehne, J.-R. Sack, and M. Smid, eds.), LNCS 2748, Berlin, Germany, pp. 25–36, 
2003.

 23. C. Bajaj, A. Gillette, and S. Goswami, Topology-based selection and curation of level 
sets, in Topology-in-Visualization, Topo-in-Vis’07 (A. Wiebel, H. Hege, K. Polthier, 
and G. Scheuermann, eds.), pp. 45–58, Leipzig, Germany: Springer Verlag, 2009.

 24. y. Zhang, y. Bazilevs, S. Goswami, C. L. Bajaj, and T. J. R. Hughes, Patient-specific 
vascular NURBS modeling for isogeometric analysis of blood flow, Comp. Met. Appl. 
Mech. Eng. (CMAME), vol. 196, nos. 29–30, pp. 2943–2959, 2007.

 25. S. Goswami, T. K. Dey, and C. L. Bajaj, Identifying flat and tubular regions of a shape 
by unstable manifolds, in Proceedings of the 11th Symposium on Solid and Physical 
Modeling, pp. 27–37, 2006.

© 2009 by Taylor & Francis Group, LLC



  CoMPUTATIoNAL INFRASTRUCTURE 343

 26. y. Zhang and C. Bajaj, Adaptive and quality quadrilateral/hexahedral meshing 
from volumetric data, Computer Methods in Applied Mechanics and Engineering 
(CMAME), vol. 195, nos. 9–12, pp. 942–960, 2006.

 27. C. Bajaj, J. Chen, and G. Xu, Modeling with cubic A-patches, ACM Transactions on 
Graphics, vol. 14, no. 2, pp. 103–133, 1995.

 28. y. Zhang, C. Bajaj, and B.-S. Sohn, 3D finite element meshing from imaging data, 
CMAME Unstruct. Mesh Gen., vol. 194, nos. 48–49, pp. 5083–5106, 2005.

 29. C. Bajaj and G. Xu, Smooth shell construction with mixed prism fat surfaces, Geom. 
Model. Comp. Suppl., vol. 14, pp. 19–35, 2001.

 30. y. Feng, D. Fuentes, A. Hawkins, J. Bass, M. N. Rylander, A. Elliott, A. Shetty, R. J. 
Stafford, and J. T. oden, Nanoshell-mediated laser surgery simulation for prostate 
cancer treatment, Eng. Comp., DoI: 10.1007/s00366-008-0109-y, 2007.

 31. K. R. Diller, J. W. Valvano, and J. A. Pearce, Bioheat transfer, in The CRC Handbook of 
Mechanical Engineering, 2nd ed. (F. Kreith and y. Goswami, eds.), pp. 4-278–4-357, 
Boca Raton, Fla.: CRC Press, 2005.

 32. y. Zhang, y. Bazilevs, S. Goswami, C. Bajaj, and T. J. R. Hughes, Patient-specific vas-
cular NURBS modeling for isogeometric analysis of blood flow, CMAME, vol. 196, 
pp. 2943–2959, 2007.

 33. K. R. Diller, Stress protein expression kinetics, Annu. Rev. Biomed. Eng., vol. 8, pp. 
403–424, 2006.

 34. A. Horwich, Protein aggregation in disease: a role for folding intermediates forming 
specific multimeric interactions, J. Clin. Invest., vol. 110, pp. 1221–1232, 2002.

 35. M. N. Rylander, S. Wang, S. Aggarwal, and K. R. Diller, Correlation of HSP 70 
expression and cell viability following thermal stimulation of bovine aortic endothe-
lial cells, J. Biomech. Eng., vol. 127, pp. 751–757, 2005.

 36. A. Peper, C. A. Grimbergen, J. A. Spaan, J. E. Souren, and R. van Wijk, A mathemati-
cal model of the HSP70 regulation in the cell, Int. J. Hypertherm., vol. 14, pp. 97–124, 
1998.

 37. R. A. Coss, Inhibiting induction of heat shock proteins as a strategy to enhance can-
cer therapy, Int. J. Hypertherm., vol. 21, pp. 695–701, 2005.

 38. D. Srinivasan, L. R Burbach, D. V. Daniels, A. P. D. W. Ford, and A. Bhattacharya, 
Pharmacological characterization of canine bradykinin receptors in prostatic culture 
and in isolated prostate, Brit. J. Pharmacol., vol. 142, pp. 297–304, 2004.

 39. P. D. Walden, M. Ittmann, M. E. Monaco, and H. Lepor, Endothelin-1 production 
and agonist activities in cultured prostate-derived cells: Implications for regulation 
of endothelin bioactivity and bioavailability in prostatic hyperplasia, Prostate, vol. 
34, pp. 241–250, 1998.

 40. D. M. Peehl, G. K. Leung, and S. T. Wong, Keratin expression: a measure of pheno-
typic modulation of human prostatic epithelial cells by growth inhibitory factors, 
Cell Tiss. Res., vol. 277, pp. 11–18, 1994.

 41. M. N. Rylander, K. R. Diller, S. Wang, and S. Aggarwal, Correlation of HSP70 expres-
sion and cell viability following thermal stimulation of bovine aortic endothelial 
cells, J. Biomech. Eng., vol. 127, pp. 751–757, 2005.

 42. S. Arrhenius, on the reaction velocity of the inversion of cane sugar by acids, 
Zeitschrift für Physikalische Chemie, vol. 4, p. 226, 1889.

 43. K. J. Laidler, Chemical Kinetics, 3rd ed., New york: Harper & Row, 1987.
 44. F. Henriques and A. Moritz, Studies of thermal injury. i. the conduction of heat to 

and through skin and the temperatures attained therein. A theoretical and an experi-
mental investigation, Am. J. Pathol., vol. 23, no. 53, pp. 1–549, 1947.

© 2009 by Taylor & Francis Group, LLC



344 K. R. DILLER ET AL.

 45. A. Moritz and F. Henriques, Studies of thermal injury. ii. The relative importance of 
time and surface temperature in the causation of cutaneous burns, Am. J. Pathol., vol. 
23, pp. 695–720, 1947.

 46. X. He and J. Bischof, Quantification of temperature and injury response in thermal 
therapy and cryosurgery, J. Biomech. Eng., vol. 31, pp. 355–422, 2003.

 47. J. Roti Roti and K. Henle, Comparison of two mathematical models for describing 
heat-induced cell killing, Radiat. Res., vol. 81, no. 3, pp. 374–383, 1980.

 48. J. Lepock, How do cells respond to their thermal environment? Int. J. Hypertherm., 
vol. 21, no. 8, pp. 681–687, 2005.

 49. J. Pearce and S. Thomsen, Rate process analysis of thermal damage, in Optical-
Thermal Response of Laser-Irradiated Tissue (A. J. Welch and M. J. C. van Gemert, 
eds.), pp. 561–606, New york: Plenum, 1995.

 50. J. Philibert, Some thoughts and/or questions about activation energy and pre-expo-
nential factor, Def. Diffus. Forum, vol. 249, pp. 61–72, 2006.

 51. W. C. Dewey, L. Hopwood, S. Sapareto, and L. Gerweck, Cellular responses to com-
binations of hyperthermia and radiation, Radiat. Biol., vol. 123, no. 2, pp. 463–474, 
1977.

 52. J. Bayer, J. Rädler, and R. Blossey, Chains, dimers, and sandwiches: melting behavior 
of DNA nanoassemblies, Nano Lett., vol. 5, no. 3, pp. 497–501, 2005.

 53. D. Nelson and M. Cox, Lehninger Principles of Biochemistry, 4th ed., New york: 
Worth, 2004.

 54. H. Jung, A generalized concept for cell killing by heat, Radiat. Res., vol. 106, no. 1,  
pp. 56–72, 1986.

 55. W. Tsang, V. Bedanov, and M. Zachariah, Master equation analysis of thermal activa-
tion reactions: energy-transfer constraints on falloff behavior in the decomposition 
of reactive intermediates with low thresholds, J. Phys. Chem., vol. 100, pp. 4011–4018, 
1996.

 56. K. Dill, Theory for the folding and stability of globular proteins, Biochemistry, vol. 24, 
no. 6, pp. 1501–1509, 1985.

 57. X. He and J. Bischof, The kinetics of thermal injury in human renal carcinoma cells, 
Annal. Biomed. Eng., vol. 33, no. 4, pp. 502–510, 2005.

 58. C. Merlo, K. Dill, and T. Weikl, Φ values in protein-folding kinetics have energetic 
and structural components, Proc. Natl. Acad. Sci., vol. 102, no. 29, pp. 10171–10175, 
2005.

 59. T. Weikl, M. Palassini, and K. Dill, Cooperativity in two-state protein folding kinet-
ics, Prot. Sci., vol. 13, no. 3, pp. 822–829, 2004.

 60. y. Feng, J. oden, and M. Rylander, A statistical thermodynamics based cell damage 
models and its validation in vitro, J. Biomech. Eng., vol. 130, no. 041016, pp. 1–10, 
2008.

 61. W. H. Nau, R. J. Roselli, and D. F. Milam, Measurement of thermal effects on the 
optical properties of prostate tissue at wavelengths of 1,064 and 633 nm, Laser Surg. 
Med., vol. 24, no. 1, pp. 38–47, 1999.

 62. A. J. Welch and M. J. C. van Gemert, Optical-Thermal Response of Laser-Irradiated 
Tissue, New york: Plenum, 1995.

© 2009 by Taylor & Francis Group, LLC



345

10
A Mathematical Model to 
Predict Tissue Temperatures 
and Necrosis during Microwave 
Thermal Ablation of the Prostate
S. Ramadhyani, J. P. Abraham, and E. M. Sparrow

10.1 IntroductIon

Benign prostatic hyperplasia (BPH) is a condition commonly encountered in 
elderly men. It involves proliferative (but benign) growth of tissue in the pros-
tate leading to a complex of bothersome urinary symptoms. Transurethral abla-
tion of prostatic tissue by microwave radiation is now an accepted modality for 
the treatment of BPH and is offered as an alternative to a lifelong regimen of 
drugs or invasive surgery [1]. The procedure involves heating prostatic tissue by 
means of a microwave delivery catheter inserted into the prostate via the ure-
thra. Figure 10.1 shows a cross-sectional view of the Targis microwave catheter 
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(Urologix, Inc., Minneapolis, Minnesota), one of several commonly used types. 
The catheter contains a microwave antenna surrounded by coolant channels, the 
latter serving to reduce the temperature elevation of the urethral surface. The 
catheter is positioned in the prostatic urethra, as shown in Figure 10.2. A balloon 

Microwave zone

Catheter

Locating balloon

Seminal vesicles

Bladder neck

Prostate

Capsule
Verumontanum
Ejaculatory ducts

Sphincter muscles

Figure 10.2 Illustration of catheter and locating balloon inserted through the urethra and into the 
bladder cavity.

Coolant 
passages 

Passages for inflation 
of locating balloon 

Passages for 
urine drainage 

Microwave 
antenna lumen 

Lumen for fiber-optic
temperature sensor

Figure 10.1 Cross section of the Targis microwave delivery catheter (Urologix, Inc.). The catheter 
includes a fiber-optic sensor to measure the temperature of the surface of the urethra.
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at the tip of the catheter is inflated once the catheter is passed into the prostate. 
The catheter is then gently retracted to seat the balloon at the bladder neck, thus 
accurately locating the microwave antenna within the prostate. The flow of cool-
ant through the catheter as well as the distribution of microwave heating within 
the prostate are depicted pictorially in Figure 10.3.

Thermal energy generation occurs volumetrically within the prostate, result-
ing in temperature elevation to between 50°C and 85°C within the gland, while 
urethral surface temperatures typically remain under 40°C due to the circulating 
cooling water. Since the urethra is not heated significantly, the procedure may be 
performed with oral analgesia and topical anesthetic with little discomfort to the 
patient [2]. The high intraprostatic temperatures achieved during therapy result 
in necrosis of a sizeable volume of prostatic tissue. over a period of weeks, much 
of this necrosed tissue is removed by the body’s natural processes, while the 
remainder resolves into a compact fibrotic mass. The concomitant reduction in 
prostate volume leads to alleviation of the mechanical obstruction of the urethra. 
In addition, destruction of nerve endings in the zone of necrosis leads to a resolu-
tion of the irritative symptoms of BPH (i.e., frequency, urgency, and nocturia).

A satisfactory response to the treatment hinges on accurate control of the 
microwave power, the coolant temperature, and the duration of the therapy.  
The objective is to achieve a sizeable zone of tissue necrosis while maintaining 
the integrity of the urethra, the prostate capsule, and the adjoining section of the 
bowel. Intrinsic factors affecting the temperature field within the gland include 
the size of the gland, the magnitude of the blood perfusion and its distribution 

Catheter

Coolant flow

z
Distribution of
microwave heating

r

Figure 10.3 Diagram of the cooling catheter passing through prostate tissue that is heated by micro-
wave radiation.
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within the gland, and the composition of the tissue itself. While the size of the 
gland can be measured with good accuracy by noninvasive ultrasound imag-
ing, the blood perfusion and the tissue composition are not easily determinable. 
Nevertheless, it is important to be able to predict the spatial and time-wise varia-
tions of temperature within the gland in order to control the therapy parameters 
and achieve the desired volume of tissue necrosis.

This chapter reports on progress in developing a mathematical model capable 
of predicting intraprostatic temperatures and necrosis zones during microwave 
treatment for BPH. The details of the model are presented, and comparisons 
between model predictions and measurements in human patients are provided.

10.1.1 Previous Modeling Efforts

Significant strides have been made by previous investigators in developing math-
ematical models for prediction of the temperature distribution in the prostate 
during microwave therapy. Xu and coworkers presented a one-dimensional, 
transient, finite difference model of the prostate and compared its predictions to 
temperature fields measured in a nonperfused, tissue-equivalent phantom gel as 
well as temperatures measured in several canine prostates [3]. A Urologix Targis 
catheter was employed for microwave delivery. The Pennes bioheat equation was 
used in cylindrical coordinates to predict the radial temperature distributions 
in the cross sections of the canine prostates. Two different, temporally constant 
values of perfusion were used in the calculation region. The periurethral region 
was assumed to be much more highly perfused than the parenchymal region of 
the gland. While qualitative justification for the use of two different values of 
perfusion was provided on the basis of the vasculature of the canine prostate 
[4], the perfusion values themselves were inferred from fitting the model predic-
tions to one of the data sets. In general, the measured and predicted tempera-
tures in the phantom gel were in very good agreement. The level of agreement 
of model predictions with the canine prostate data cannot be assessed from the 
reported results, but we have observed that better agreement with the data could 
be obtained by allowing the perfusion to increase in response to increases in local 
tissue temperature.

A two-dimensional, transient, finite difference model was developed and pre-
sented by yuan et al. [5]. This model, also formulated in cylindrical coordinates, 
was capable of predicting the variations of temperature both radially and cir-
cumferentially in the cross section of the prostate. The model predictions were 
compared to experimental data obtained in a nonperfused, tissue-equivalent 
phantom heated with a Urologix T3 catheter. The model was used to predict 
temperature fields with various assumed distributions of the perfusion, but no 
comparisons were made against data measured in vivo. In a subsequent clinical 
study, the predictions of this model were compared to intraprostatic tissue tem-
peratures measured in 22 human subjects. The measured steady-state tempera-
ture distributions were found to be in qualitative agreement with those predicted 
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by the model [6]. However, comparisons of the measured and predicted transient 
temperature variations during the initial part of the therapy were not provided. 
Thus, the ability of the model to predict the temperature rise in the prostate dur-
ing the initial heating period was not tested.

Bolmsjo and coworkers have presented a qualitative description of a math-
ematical model developed to predict the temperature distribution produced by 
the Prostalund ProSitex microwave catheter (Lund Instruments, Sweden) [7]. No 
mathematical details are presented, but it appears that their model is similar to 
that developed by Xu et al. [3].

10.1.2 Factors Influencing Model Accuracy

As noted earlier, spatial and temporal variations of perfusion have an impor-
tant bearing on the temperature distribution in the prostate [8]. Prior modeling 
attempts have hinted at the nature of these variations, but no comparisons have 
yet been made between model predictions and measured tissue temperatures dur-
ing the entire course of a microwave treatment. Therefore, although good agree-
ment has been obtained in prior studies by adjusting perfusion levels to match the 
steady-state temperatures, there has been no attempt to incorporate the thermo-
regulatory perfusion response into a predictive model of the tissue temperatures.

other important factors in developing an accurate predictive model include 
accurate thermophysical property data on prostatic tissue, accurate knowledge 
of the specific absorption rate (SAR) of microwave radiation within the vol-
ume of the gland, and accurate treatment of the thermal effects of blood flow in  
the tissue volume. Among these factors, the SAR distribution is, perhaps, the 
most readily quantified on the basis of measured temperature elevations in a vol-
ume of phantom gel. Analytical expressions for the SAR distribution produced 
by the Urologix catheter have been developed in this manner by both Xu et al. [3] 
and Zhu et al. [9]. The thermophysical properties of human prostatic tissue are 
not well established, but the properties of canine prostatic tissue have been mea-
sured by yuan et al. [10]. Those values are used to guide the choice of values in 
the current model.

The rate of blood perfusion and its thermal effects are the least well under-
stood of the various factors influencing the model. Most prior modeling efforts 
have been based on the Pennes bioheat equation, which employs a special term to 
account for the energy inflow and outflow produced by the flow of blood through 
a volume of tissue. This term depends on the local “rate of blood perfusion” as 
well as the difference in temperature between the body core and the local tissue. 
Perfusion is a nebulous concept, and its measurement is difficult. In humans, 
blood perfusion in the prostate is known to vary widely from person to person. 
It is estimated that the range of perfusion values encountered in the elderly male 
population is between 8 ml/min/100 ml and 50 ml/min/100 ml. Various alter-
natives to the Pennes model have been developed, but it continues to be used 
because of its relative simplicity and reasonable accuracy compared to more 
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elaborate formulations [11]. In addition to the energy inflow and outflow, a more 
subtle effect of blood perfusion is an enhancement of the apparent thermal con-
ductivity of the tissue. This enhancement, which is the result of the flow of blood 
in the microvasculature, has received little attention to date, and little informa-
tion is available to guide model development.

10.2 temPerature measurements In human suBJects

Interstitial temperature-mapping studies were conducted on nine volunteer 
human subjects to obtain the necessary experimental database for model cali-
bration. In all cases, the patients were administered a spinal anesthetic, and sev-
eral fiber-optic temperature probes (Luxtron Corp., Mountain View, California) 
were inserted into the prostate through nylon needle-tipped cannulae introduced 
percutaneously through the perineum. The cannula insertion points were guided 
by a template that contained an array of holes for insertion of interstitial needles. 
Insertion through the perineum results in the probe axis being oriented roughly 
parallel to the axis of the prostatic urethra. The locations of the cannulae were 
confirmed by inserting metal needles through the cannulae and placing the 
Urologix catheter in the urethra. Since these objects are radio-opaque, fluoros-
copy could be used to ascertain the needle positions relative to the urethra.

Each fiber-optic probe contained either three or four sensors equally spaced 
along the fiber at either 0.5 cm or 1.0 cm intervals, starting at the tip of the fiber. 
Since it is extremely difficult to precisely ascertain the axial position of each sen-
sor in the gland, the peak temperature reading from each multisensor probe was 
assumed to correspond to the reading at the axial midplane of the microwave 
antenna. The sensors were connected to two Luxtron thermometry units (Model 
3000), each of which had the capacity of monitoring eight sensors. Thus, a total 
of 16 interstitial temperatures could be monitored by the setup. The temperature 
sensors were scanned once every 10 seconds, and the data were automatically 
logged into a laptop computer. Additional details of the temperature-mapping 
technique are available in a prior publication by Larson et al. [6].

Patients were treated using the Urologix Targis microwave catheter. After inser-
tion of the catheter, transrectal ultrasound imaging was used to confirm its proper 
positioning in the prostatic urethra. Rectal temperatures were monitored with a rec-
tal thermometer unit equipped with five resistance temperature detectors (RTDs). 
Coolant was circulated through the channels of the catheter at a rate of 100 ± 10 ml/ 
min at a set temperature of 8°C. Microwave power was applied in increments until 
the target urethral temperature of 40 ± 1°C was achieved. Treatment was continued 
for between 45 and 60 minutes after attainment of the target temperature, with 
appropriate adjustments being made to the power input to maintain the urethral 
temperature within the specified tolerance range. At the end of the treatment 
period, microwave power was discontinued and the coolant circulation was main-
tained for an additional 5 minutes before withdrawal of the catheter.
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10.3 the mathematIcal model

The present model is closely related to the one-dimensional model in cylindri-
cal coordinates developed by Xu et al. [3]. The computational domain is taken 
to be a long tissue cylinder of radius R that encompasses the entire prostate as 
well as a layer of fatty connective tissue surrounding the capsule of the gland 
(see Figure 10.4). The innermost layer of tissue, 5 mm in radial extent, is taken to 
be the periurethral zone. In this section of the chapter, which deals with model 
development, the temperature field is assumed to be purely one-dimensional (i.e., 
only radial variations in temperature are considered), while axial and circumfer-
ential variations are ignored. In Section 10.7, the model is extended to include 
radial and axial variations.

The model is based on the thermodynamic energy balance embodied in the 
Pennes bioheat equation [12]:

 
r ωrt t b b a mc T

t
div k gradT c T T Q Q∂

∂
= - - + +( ) ( )

 
(10.1)

In this equation, T is the tissue temperature, t stands for time, k is the thermal 
conductivity of tissue, c is the specific heat, Q is the volumetric rate of heating 
produced by the microwave radiation (i.e., the volumetric SAR), Qm is the rate of 
heat generation due to metabolism, r is the density, ω is the blood perfusion rate, 
and Ta is the arterial blood temperature. The subscripts t and b stand for tissue 
and blood, respectively.

Equation (10.1) reveals that the time-wise variation of the tissue temperature 
during microwave treatment is dependent on the properties of the tissue (density, 
conductivity, and specific heat), the rate of heating produced by the microwaves, 
the metabolic heat generation rate, and the rate of heat absorbed by the circulat-
ing blood flow. In microwave treatments for BPH, the metabolic heat generation, 
Qm, is negligibly small in comparison to the heat generated by the microwaves, 
and it may be discarded from the equation.

Fatty capsular 
layer 

Prostatic parenchyma 

Periurethral
region

Urethra 

Figure 10.4 Computational domain for model development.
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The microwave antenna is assumed to radiate as a uniform line source located 
at the axis of the catheter. The electromagnetic power flux is, accordingly, taken 
to have the form

 
′′ =

-
q A P e

r
t

r( ) ( )2

2

b

 
(10.2)

where At is a constant of proportionality, b is a constant related to the rate of 
absorption of microwaves in the tissue, and P is the electrical power delivered to 
the catheter. The electromagnetic power flux is maximum at the surface of the 
catheter and diminishes somewhat faster than the inverse square of the radial 
distance. The value of At is determined from experiments in tissue-equivalent 
phantom gel, as described later. The divergence of the power flux yields the volu-
metric rate of absorption of microwave radiation per unit volume of tissue:

 
Q

r
q= +



 ′′2 1b

 
(10.3)

The radial variation of Q is depicted in Figure 10.5. The minor radius of the 
Urologix Targis catheter is 2.5 mm. At this location, the tissue-heating rate is 
close to 107 W/m3. In comparison, at a distance of 2.5 mm from the surface of the 
catheter (5 mm from the axis), the heating rate is only about 106 W/m3. Thus, the 
heating is seen to be extremely intense close to the surface of the catheter but to 
diminish rapidly with increasing radial distance.

1.0E+10 

1.0E+09 

1.0E+08 

M
ic

ro
w

av
e H

ea
tin

g 
(W

/m
3 ) 

1.0E+07 

1.0E+06 

1.0E+05 

1.0E+04 
0 1 2 3 4

r (mm)
5 6 7

Figure 10.5 Radial variation of the function representing microwave heating (Equation 10.3).

© 2009 by Taylor & Francis Group, LLC



  A MATHEMATICAL MoDEL To PREDICT TISSUE TEMPERATURES AND NECRoSIS 353

To predict the temperature distribution within the prostate, the Pennes bio-
heat equation is solved subject to the appropriate boundary conditions. At the 
surface of the catheter (which is the inner boundary of the calculation region), 
the boundary condition is specified by the temperature of the coolant and the 
overall heat transfer coefficient, U, between the tissue and the coolant. For the 
present calculations, the value of U is taken to be 750 W/m2 K. This value was 
calculated based on standard correlations for convective heat transfer in ducts 
and the known thermal resistance of the catheter wall. In addition, a simple calo-
rimetric experiment was conducted to confirm the calculated value. At the outer 
boundary of the calculation region, which is taken to be so far from the catheter 
that the temperature elevation there is small, the conduction heat flow rate is 
assumed to be zero. The outer boundary of the calculation domain is taken to be 
at a distance of 33 mm from the axis.

10.3.1 Thermophysical Properties

Thermophysical properties k, r, and c were obtained from various literature 
sources [3,10,13] and were assigned as follows:

In the prostate:

 r rb b t tc c= = 3.9 * 106 J/m3 K

and

 k = 0.55 W/m K for T < 49°C

 k = 0.42 W/m K for T > 60°C

 k = {0.55 – 0.13 * (T – 49)/11} W/m K for 49°C < T < 60°C

In the capsular layer:

 r rb b t tc c= = 3.9 * 106 J/m3 K

and

 k = 0.25 W/m K

10.3.2 Blood Perfusion Values

observations of both canine and human prostates show that the blood supply to 
the periurethral region is distinct from that to the rest of the gland [4]. The large 
blood vessels around the urethra run parallel to the urethral axis. These blood 
vessels serve as a significant heat sink in the periurethral region. Xu and cowork-
ers measured the blood perfusion in canine prostates and reported higher values 
in the periurethral zone than in the parenchyma of the gland [14]. In addition, 
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the perfusion values were found to be dependent on the temperature of the local 
tissue. Using the data from Xu et al. [14] as a guide, perfusion values in the cur-
rent model are assigned according to the following expressions:
Periurethral Zone

 ω = 1.5 * ωbase for T < 40°C (10.4a)

 ω = 2.25* ωbase for 40°C < T < 43°C (10.4b)

 ω = 3.75 * ωbase for 43°C < T < 48°C (10.4c)

 ω = 5.25 * ωbase for T > 48°C (10.4d)

Parenchyma

 ω = ωbase for T < 40°C (10.5a)

 ω = 1.20 * ωbase for 40°C < T < 43°C (10.5b)

 ω = 1.35 * ωbase for 43°C < T < 48°C (10.5c)

 ω = 1.6 * ωbase for T > 48°C (10.5d)

Capsular Layer

 ω = 0.0012 s–1 (10.6)

The quantity ωbase appearing in the foregoing expressions is a baseline value 
prevailing at the beginning of treatment. This baseline value has to be deter-
mined either by measurement just prior to treatment or by inference from mea-
sured intraprostatic temperatures during treatment. Equations (10.4) and (10.5) 
attempt to mimic the vasodilatation observed in canine prostates by Xu et al. [14]. 
As is evident, the baseline blood perfusion values are incremented by various fac-
tors depending on the extent of the local tissue temperature elevation. Although 
the vasodilatation model is largely based on the measurements of Xu et al. [14], 
the numerical values of the various factors featured in the two equations have 
been adjusted by trial and error to obtain the best overall agreement with the 
measured intraprostatic temperatures in human subjects.

The perfusion adjustment rules described by Equations (10.4) and (10.5) are 
invoked as long as the extent of local “thermal damage” of the tissue remains 
below a threshold level. once the local thermal damage exceeds a threshold 
value, the local blood perfusion is taken to diminish abruptly as a consequence 
of shutdown of circulation in the local microvasculature. It was found necessary 
to incorporate vascular shutdown in the model to replicate certain features of the 
measured temperature variations in human subjects. Further discussion of this 
issue is presented in Section 10.5. The phenomenon of local vascular shutdown 
resulting from thermal damage to the tissue has been noticed by prior investiga-
tors [15,16].
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The extent of local thermal damage is computed by evaluating the “damage 
integral,”

 
W = ∫κ dt

 
(10.7)

as suggested originally by Henriques [17]. The rate constant, κ, was taken to vary 
with temperature according to the expression κ = κ0 * 10 (T – T0)/ z, where κ0 is the 
value of κ at the reference temperature T0 (taken to be 47.5°C), and z = 6.5°C. This 
computationally convenient expression for κ is commonly used for cell death cal-
culations. It is derivable from the standard Arrhenius expression for the variation 
of the chemical rate constant with temperature. The value of κ0 was assigned to be 
4.2 * 10–4 in the parenchyma and capsular layer and 1.5 * 10–5 in the periurethral 
region. The threshold value of the damage integral was taken to be 1.0. once the 
local damage integral exceeded this threshold, the local values of blood perfusion 
were set as follows:
Periurethral Zone

 ω = 1.70 * ωbase (10.8a)

Parenchyma

 ω = 0.2 * ωbase (10.8b)

As with Equations (10.4) and (10.5), the numerical values featured in Equation 
(10.8a,b) were obtained by trial and error until model predictions closely matched 
measured interstitial temperatures in human patients undergoing microwave 
treatment. The difference in the values of κ0 in the periurethral region and the 
parenchyma suggests that the periurethral vasculature is much less susceptible to 
shutdown when subjected to heating. The perfusion adjustment rules presented 
in Equations (10.4) through (10.8) have previously been described in a patent 
application by Ramadhyani et al. [18].

The essential details of the model are now complete. obviously, the compli-
cations associated with variations in the thermophysical properties and blood 
perfusion preclude a closed-form analytical solution of the bioheat equation. 
Instead, a standard, fully implicit, finite-volume, numerical solution scheme is 
employed [19]. The computational domain is discretized into 180 uniform radial 
increments, and time steps of 1-second duration are taken. Extensive numerical 
studies established that the spatial and temporal discretizations were sufficiently 
fine to yield grid-independent solutions.

10.4 studIes In tIssue-equIValent Phantom gel

As noted previously, the proportionality constant At featured in Equation (10.2) 
was determined through experiments in tissue-equivalent phantom gel. The 
phantom gel is a mixture of water, ethylene glycol, and sodium chloride mixed in 
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appropriate proportions to closely replicate the real and imaginary parts of the 
complex dielectric constant of prostatic tissue (ε′ = 55, ε″ = 24). The solution is 
cross-linked by the addition of formaldehyde to create a gel.

A Urologix Targis catheter was placed vertically within a large mass of phan-
tom gel equilibrated to laboratory temperature (24°C). The gel was instrumented 
with several fiber-optic temperature sensors to monitor temperatures at various 
spatial locations. The catheter was operated at an input microwave power of 20 W 
with coolant circulating at 8°C. According to the test protocol, the coolant was 
circulated for the first 5 minutes with microwave power at zero. At the 5-min-
ute time point, power was switched on and maintained at 20 W for a period of  
25 minutes.

To determine the value of At, the mathematical model was run with the actual 
coolant temperatures and power values employed in the phantom-gel test, and 
with the blood perfusion rate set to zero. The value of At was adjusted until a close 
match was obtained between the measured and predicted temperatures at several 
locations in the phantom gel. Figure 10.6 displays a comparison of the measured 
and predicted temperatures at four different locations within the gel. The mea-
surement locations are in the middle horizontal plane of the vertically positioned 
antenna, and are at radial distances of 5, 10, 20, and 30 mm from the surface of 
the catheter. In each case, the continuous dotted curve represents the model pre-
diction, while the discrete data symbols represent the measurements.
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Figure 10.6 Comparison of predicted and measured temperatures over time at several locations in 
phantom gel; At = 0.0095 for the best match.
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At the 5-minute time point (300 seconds), the predicted and measured tem-
peratures begin to rise as a result of the microwave heating. To achieve the level 
of agreement shown in Figure 10.6, the constant At was adjusted to the value of 
0.0095. This value of At was then employed in predicting the interstitial tempera-
tures in human test subjects.

10.5 PredIctIon of InterstItIal temPeratures 
In human suBJects

To facilitate an understanding of the Targis treatment protocol, Figure 10.7 
presents the time-wise variations of the microwave power and the coolant tem-
perature during an actual Targis procedure, along with the measured urethral 
temperature during the treatment. The coolant is automatically maintained at the 
recommended set point of 8°C by the control system through on-off regulation 
of a thermoelectric refrigerator. The small oscillations in the coolant temperature 
indicate this regulation. The power is gradually incremented by the physician to 
drive the urethral temperature to its recommended set point of 40 ± 1°C. once 
the urethral temperature is at its set point, the physician makes small power 
adjustments to maintain that temperature. In Figure 10.7, it is observed that the 
physician employed larger power increments at the beginning of the power ramp 
and finer increments as the target urethral temperature was approached. Toward 
the latter stages of the treatment, it is often necessary to decrement the power as 
the tissue undergoes progressive necrosis and the vasculature shuts down. Such a 
reduction in power is seen in Figure 10.7 at the 27-minute time point.
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Figure 10.7 Variation of microwave power, coolant temperature, and urethral temperature during a 
typical Targis treatment.
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Figures 10.8, 10.9, and 10.10 present direct comparisons of measured and pre-
dicted interstitial temperatures in three of the nine human subjects in the inter-
stitial mapping study. In each case, the model was run retrospectively, using the 
actual coolant and power values used in the treatment. With one exception, none 
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Figure 10.8 Comparison of measured and predicted interstitial temperatures in a human subject: 
P1, M1 at 4 mm from urethra; P2, M2 at 9 mm from urethra; and P3, M3 at 14 mm from urethra. P_ur 
and M_ur are predicted and measured urethral temperatures.
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of the model constants was adjusted to improve the level of agreement between 
the measurements and the predictions. The exception was the value of the base-
line blood perfusion, ωbase. In each case, the value of ωbase was adjusted by trial 
and error to obtain a close fit between the predicted and measured urethral sur-
face temperatures (labeled as P_ur and M_ur, respectively, in each of the fig-
ures). once satisfactory agreement between P_ur and M_ur was achieved, the 
model-predicted interstitial temperatures were compared to the corresponding 
measured values.

A comment on the adjustment of the value of ωbase may be helpful. The Targis 
catheter contains a fiber-optic temperature sensor to monitor the temperature 
of the urethra. Accordingly, it is feasible to adjust the value of the baseline per-
fusion, during an actual treatment, to obtain a match between the predicted 
and the measured temperature history of the urethra. The value of the predic-
tive model lies in being able to accurately predict interstitial temperatures and 
zones of necrosis, once the baseline blood perfusion has been established partway 
through the treatment.

Attention is directed to the pairs of curves P1, M1 in Figures 10.8 and 10.9. In 
Figure 10.8, both curves display a rapid rise between 22.5 minutes and 30 minutes  
(the concave-upward shapes of the curves are noteworthy). This rapid rise is asso-
ciated with the local shutdown of the vasculature at a distance of approximately 
4 mm from the urethra. The model correctly captures this event and accurately 
predicts the resulting sharp temperature increase. An even more clearly defined 
spike in the measured temperature is observed in Figure 10.9. Again, the model 
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Figure 10.10 Comparison of measured and predicted interstitial temperatures in a human subject: 
P1, M1 at 7 mm from urethra; and P2, M2 at 11 mm from urethra. P_ur and M_ur are predicted and 
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accurately predicts the time at which the event occurs and realistically repro-
duces the sharp temperature rise due to vascular shutdown.

By appropriate choice of the blood perfusion values, it was possible to obtain 
extremely close agreement between the measured and predicted urethral tem-
peratures in Figures 10.8 and 10.10. In Figure 10.9, there are noticeable differ-
ences between the two curves, especially in the time range between 27.5 minutes 
and 32.5 minutes. This discrepancy is due to a sudden loss of contact between the 
temperature sensor and the urethral wall in that period. Such events may occur 
due to patient movement or muscular spasms in the urethra.

In general, the level of agreement between the measurements and the predic-
tions in Figures 10.8, 10.9, and 10.10 is satisfactory. Particularly toward the end 
of each of the treatments, the differences between the predicted and measured 
interstitial temperatures are less than 5°C in all three cases. It must be noted, 
however, that larger differences are observed earlier in the treatments, with the 
measured temperatures generally exceeding the predicted values. These differ-
ences are most probably due to a shortcoming in the method used for adjusting 
the perfusion with rises in temperature. As described in Section 10.3, the perfu-
sion is assumed to rise abruptly when the local temperature reaches a specified 
threshold. This approach makes no allowance for time delays or oscillations in 
the vasodilatory response [14]. As additional clinical data become available in the 
future, it may be possible to incorporate a more accurate vasodilatation model.

To provide further perspective on the temperature distribution and the dis-
tribution of necrotic tissue in the gland, attention is directed to Figures 10.11 
and 10.12. Both of these figures present model predictions for the patient whose 
treatment parameters were presented in Figures 10.7 and 10.8. Figure 10.11 shows 
the calculated radial variation of temperature, from the surface of the catheter 
to the outer edge of the calculation domain, at the end of power application 
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Figure 10.11 Radial variation of tissue temperature near the end of a Targis treatment—comparison 
of predictions with two different values of blood perfusion.
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(approximately the 80-minute mark on Figure 10.7). The two curves correspond 
to two different assumed values of the baseline blood perfusion, ωbase. With both 
curves, it is observed that the temperature at the surface of the catheter (the tem-
perature of the urethral mucosa) is low (approximately 42°C) due to the cooling 
effect of the circulating water. With progressive increase in the radial location, 
the temperature initially increases extremely steeply as the cooling effect of the 
water diminishes, while the microwave energy dissipation (SAR) remains very 
strong. For ωbase = 20 ml/min/100 ml, the temperature reaches a peak value of 
about 83°C at a distance of approximately 3 mm from the surface of the catheter. 
Beyond that point, the temperature diminishes steadily with increasing radial 
distance because of the rapid decrease in the SAR function. For ωbase = 30 ml/
min/100 ml, the temperature reaches a peak value of only about 70°C before 
decreasing. For this patient, an accurate match between the measurements and 
predictions was obtained for ωbase = 20 ml/min/100 ml, as seen in Figure 10.5. The 
difference between the two curves shows the great sensitivity of the predictions 
to the assumed value of ωbase. For accurate predictions, it is essential to correctly 
establish the value of the baseline blood perfusion by matching model predic-
tions to the measured temperature of the urethral surface.

The shape of the temperature distribution displayed in Figure 10.11 is charac-
teristic of the Targis treatment system. With this temperature distribution, tissue 
thermal damage is expected to be greatest at about 3 to 5 mm from the surface of the 
catheter. Correspondingly, vascular shutdown is expected to commence at about  
3 to 5 mm from the surface of the catheter and progressively expand (both radially 
inward and outward) with time. Therefore, a temperature sensor located around  
3 to 5 mm from the surface would be expected to register a sharp rise in tempera-
ture, signaling the abrupt shutdown of the microvasculature near that location.

Figure 10.12 displays the radial variation of the computed thermal damage 
at three different instants during the treatment. At 20 minutes, the value of the 
damage integral is less than 0.5 in the periurethral region. At 5 mm from the 
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Figure 10.12 Radial distribution of thermal damage at various times during a Targis treatment.

© 2009 by Taylor & Francis Group, LLC



362 S. RAMADHyANI, J. P. ABRAHAM, AND E. M. SPARRoW

catheter surface, the computed damage integral rises sharply to about 0.8 and 
then declines with increasing radial distance. Thus, none of the tissue in the com-
putational domain has reached the damage threshold of 1.0 up to this time. At 40 
minutes, the picture is dramatically different. A significant portion of the com-
putational domain (between 0.37 mm and 11.7 mm) is now composed of tissue 
in which the damage integral exceeds 1.0. At the end of treatment, 80 minutes, 
the zone of necrosis has widened as additional thermal damage has accrued in 
the intervening time. The figure clearly illustrates the growth of the necrotic zone 
over time as the treatment progresses. Note that the bumpy shape of the damage 
integral curve at 20 minutes is an outcome of the different values of κ0 assigned 
to the periurethral region and the prostatic parenchyma.

10.6 comParIson of oBserVed and PredIcted 
Zones of tIssue necrosIs

An independent data set was used to assess the accuracy of the model. A separate 
clinical study had previously been conducted by Urologix Inc. to measure the size 
of the necrotic lesion created by the Targis treatment. In a randomized trial, patients 
had been treated for two different durations—28.5 minutes and 60 minutes [20]. 
Magnetic resonance imaging (MRI) of the prostate was done on all patients one 
week after the treatment. Images were obtained with gadolinium contrast agent to 
delineate the boundary of the zone of necrosis. It has been shown in previous studies 
that this zone correlates well with the histologically determined zone of cell destruc-
tion [21]. one such MR image is presented in Figure 10.13. The zone of necrosis is 
the irregular (approximately circular) dark region. In the middle of this region is a 
small black circle with a lighter center. This small circle marks the location of the 
urethra. The prostate itself is the gray zone surrounding the necrotic region. The 
boundary of the prostate is clearly delineated, particularly near the top.

Figure 10.13 shows one particular transverse section of the prostate. In each 
patient, MR images were obtained at multiple transverse sections, the distance 
between adjacent slices being fixed at approximately 2 mm. By electronically pro-
cessing all the image slices from a given patient, it was possible to reconstruct a 
full, three-dimensional image of the whole prostate as well as the zone of isch-
emic necrosis within the gland. Through such reconstruction, it was possible 
to determine the volume of the whole gland, and the ischemic zone within the 
gland, for each patient. The electronic analysis of the MR images was done at 
the Mayo Clinic (Rochester, Minnesota) on all study patients, and the results 
reported here are from that analysis.

10.6.1 Prostate

Figure 10.14 presents a comparison of the numerical model predictions with the 
data from the Mayo Clinic analysis of the MR images. The abscissa plots the 
necrosis area predicted by the one-dimensional model, while the ordinate plots 
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Figure 10.13 Magnetic resonance image showing zone of necrosis in a human subject.
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Figure 10.14 Relationship between predicted necrosis area and measured necrosis volume.

© 2009 by Taylor & Francis Group, LLC



364 S. RAMADHyANI, J. P. ABRAHAM, AND E. M. SPARRoW

the necrosis volume measured by MRI. The necrosis area is computed as π (r2 
2 – 

r1 
2), where r2 and r1 are the radii of the outer and inner boundaries of the necrotic 

zone. The best-fit line as well as the individual data points from 21 patients are 
shown. The plot shows that there is an approximately linear relationship between 
the calculated necrosis area and the measured necrosis volume. The standard 
deviation, s, of the difference between the best-fit straight line and the measured 
necrosis volumes is 2.3 ml.

A strictly linear relationship between the two variables would be expected if 
the SAR distribution of the antenna were invariant in the axial direction and if 
all the tissue properties were perfectly invariant in the direction parallel to the 
urethra. Although these conditions are not strictly satisfied, the generally good 
agreement between the predictions and the measurements provides confidence 
in the validity of the simplifications invoked in the model.

10.7 eXtensIon of the model to account for Phase change

Examination of Figures 10.8, 10.9, and 10.10 reveals that peak interstitial temper-
atures during Targis treatments can approach or even exceed 80°C. An excessive 
application of microwave power might result in temperatures reaching 100°C, 
with the resulting generation of water vapor in the heated zone. Such a scenario 
can have disastrous consequences to the patient as the pressure generated by the 
vapor drives heated liquid deeper into the tissue, thus greatly extending the zone 
of necrosis. Current microwave delivery systems have numerous safety features 
to forestall the occurrence of such a situation. Nevertheless, there is one docu-
mented instance of patient injury occurring as a result of excessive treatment 
with an earlier-generation microwave system [22].

To account for vapor evolution at 100°C, the Pennes model described by 
Equation (10.1) is modified to an enthalpy form as follows:

 
∂
∂

= - - + +h
t

div k gradT c T T Q Qb b a m( ) ( )ωr
 

(10.9)

The quantity h in the foregoing equation represents the specific enthalpy of 
the tissue. It is defined by the following equations:

 h c T Tpre= - ° < < °( ) ( ),r 37 C 37 100 C  (10.10a)
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(10.10b)

 h h c T Tpost= + - ° > °( ) ( ) ( ),101 101r C 101 C  (10.10c)

According to Equation (10.10a), the datum for enthalpy is set at 37°C. Between 
37°C and 100°C, there is no phase change, and the enthalpy increases linearly with 
temperature. The quantity ( )rc pre is the product of the density and the specific heat 

© 2009 by Taylor & Francis Group, LLC



  A MATHEMATICAL MoDEL To PREDICT TISSUE TEMPERATURES AND NECRoSIS 365

of tissue prior to phase change. According to Equation (10.10b), phase change 
is assumed to occur between 100°C and 101°C. The quantity Cliq appearing in 
Equation (10.10b) takes the value 0.8, which represents the concentration of liquid 
in normal tissue. In the temperature range from 100°C to 101°C, the concentra-
tion of liquid drops from 80% to 0% [23]. For temperatures greater than 101°C, it 
is assumed that no liquid is present. According to Equation (10.10c), the enthalpy 
increases linearly with temperature. The quantity ( )rc post appearing in Equation 
(10.10c) is the product of the density and the specific heat of dry tissue. The super-
scripts “pre” and “post” refer, respectively, to temperatures less than 100°C and 
greater than 101°C. For temperatures less than or equal to 100°C, the thermal 
conductivity and specific heat of prostatic tissue are specified in Section 10.3.1. 
For temperatures greater than 101°C, the thermal conductivity and the quantity
( )rc post take on the values 0.2 W/m K and 2.2 × 106 W/m3 K, respectively.

The enthalpy-based formulation enables prediction of tissue temperatures up 
to 100°C with good accuracy. once phase change begins, the accuracy of the 
predictions is degraded by the fact that liquid water in the tissues is moved by the 
pressure generated by the evolving vapor. This effect is not reflected in the model. 
Nevertheless, it is interesting to employ the enthalpy-based model to examine the 
consequences of an excessive microwave treatment delivered to one particular 
patient. These computations, reported by Abraham et al. [22], were performed in 
axisymmetric cylindrical coordinates. Thus, temperature variations both radi-
ally and longitudinally were captured by the computations. Since the prostate is 
not axisymmetric but approximately ellipsoidal, Abraham et al. [22] considered 
two axisymmetric geometries to obtain upper and lower bounds on the solution. 
In one case, the diameter of the computational domain is based on the anterior–
posterior dimension of the prostate, while in the other, it is based on the lateral 
dimension of the gland.

The computational domains used are depicted in Figure 10.15. Figure 10.15a 
depicts the lateral view, while Figure 10.15b depicts the anterior–posterior view. 
In each case, it is seen that the computational domain encompasses the prostate, 
the bladder, a layer of connective tissue around both the prostate and the bladder, 
and the urinary sphincter at the pelvic floor. The computational domain is closed 
by a layer of “highly perfused” tissue, taken to be 10 mm thick, within which the 
perfusion is set to a value of 0.063-1 sec. This layer, in reality, is mainly composed 
of intestine. The temperature is set to the body core value of 37°C at the outer 
boundary of the highly perfused layer. The possible presence of a pool of urine 
within the bladder is also considered in the model.

The microwave power delivered to the treatment catheter is depicted as a func-
tion of time in Figure 10.16. It can be seen that microwave power delivery was 
maintained for a period of about 110 minutes during this particular treatment. In 
contrast, current protocols limit the treatment duration to about 45 minutes.

As described earlier in Section 10.5, the value of ωbase was iteratively adjusted 
until a good match was obtained between the measured and model-predicted 
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catheter temperatures. The comparison is shown in Figure 10.17, and it is seen 
that the model replicates well the time-wise variations registered by the catheter 
temperature sensor.

The computed temperature distributions are depicted at two different time 
points in Figures 10.18 and 10.19. As seen in Figure 10.18, the peak tissue 
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Figure 10.15 Schematic diagrams of the computational domain: (a) lateral view; and (b) anterior–
posterior view.
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Figure 10.16 Microwave power levels used during the treatment.
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Figure 10.17 Comparison of measured and predicted catheter temperatures used for the determina-
tion of blood perfusion rate; ωbase = 38 ml/min/100 ml for best fit.
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Figure 10.18 Temperature distributions at 3500 seconds in the prostate and adjacent anatomical 
structures. At left, the lateral view; and at right, the anterior–posterior view.
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temperature in the prostate is already around 90°C after 3500 seconds of treat-
ment. Although treatments are typically terminated at around this duration, in 
this particular instance microwave delivery was continued for much longer. As 
seen in Figure 10.19, peak temperatures within the prostate eventually reached 
and exceeded 100°C. The extent of the injury to the surrounding tissues is 
described in detail by Abraham et al. [22].

10.8 conclusIons

This chapter describes a mathematical model for the calculation of tissue tem-
peratures and zones of tissue destruction during transurethral microwave abla-
tion of the prostate. The model, which is based on the Pennes bioheat equation, 
accounts for increases in the blood perfusion with increases in temperature. 
The model also accounts for an abrupt reduction in perfusion when the ther-
mal damage exceeds a critical threshold. The perfusion adjustment rules as well 
as the various model constants have been derived by matching model predic-
tions to bench-top measurements as well as in vivo measurements in human 
patients.

30 mm
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13 50 70 90 10537 60 80 100

Figure 10.19 Temperature distributions at 4800 seconds in the prostate and adjacent anatomical 
structures. At left, the lateral view; and at right, the anterior–posterior view.
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Comparisons have been presented between model-predicted tissue tempera-
tures and measurements in human patients undergoing microwave ablation 
treatment. Comparisons have also been presented between model-predicted 
necrosis volumes and necrosis volumes measured in human patients by MRI. 
These comparisons show that the model is able to predict necrosis volumes within 
+/– 3.5 ml with 90% confidence. This ability of the model is clinically valuable. In 
Targis treatments of 60 minutes duration, necrosis volumes have been observed 
to range between 3 ml and 30 ml, with the lower limit corresponding to the most 
highly vascularized gland and the upper limit to the least vascularized gland. The 
model provides the physician with the ability to adjust the treatment duration on 
a patient-specific basis to achieve a more uniform volume of necrosis, optimally 
around 12 to 15 ml for the average 45 ml prostate.

It is shown that during normal microwave ablation treatments, peak tissue 
temperatures can approach 90°C. In unusual circumstances, tissue tempera-
tures may approach, or even exceed, 100°C. A method has been described for 
extending the model to account for the possibility of phase change in these rare 
circumstances.

nomenclature

At: constant of proportionality in Equation (10.2)
c: specific heat
h: specific enthalpy
k: thermal conductivity of tissue
P: electrical power input to the catheter
Q: heat generation rate per unit volume in tissue by microwaves
q″: microwave power flux from the catheter
r: radial coordinate
T: temperature
Ta: arterial blood temperature
t: time

greek symBols

b: attenuation constant of microwave radiation in tissue
κ: thermal damage rate constant
κ0: rate constant at the reference temperature of 47.5°C
W: damage integral
ω: blood perfusion rate
ωbase: baseline blood perfusion rate before the start of treatment
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